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Preface

This monograph covers some selected problems of positive fractional 1D and 2D
linear systems. It is an extended and modified English version of its preceding Pol-
ish edition published by Technical University of Bialystok in 2009. This book is
based on the lectures delivered by the author to the Ph.D. students of the Faculty of
Electrical Engineering of Bialystok University of Technology and of Warsaw Uni-
versity of Technology and on invited lectures in several foreign universities in the
last three years.

The monograph consists of 12 chapters. 4 appendices and a list of references.

Chapter 1 is devoted to the fractional discrete-time systems. The solution to the
state equations of fractional discrete-time linear systems is derived. Necessary and
sufficient conditions for the positivity, the reachability and the controllability to zero
are established. The minimum energy control problem for the positive fractional
systems is formulated and solved. The solution to the fractional different orders
discrete-time linear systems is also derived. The fractional continuous-time linear
systems are considered in Chapter 2. The definitions of fractional derivatives are
recalled and the solutions to the fractional state equations of continuous-time lin-
ear systems are derived. Necessary and sufficient conditions for the internal and
external positivity and the reachability of the systems without and with delays are
established. The fractional positive 2D linear systems are addressed in Chapter 3.
The solution to the state equations of fractional 2D linear systems is derived. The
necessary and sufficient conditions for the positivity, the reachability and the con-
trollability of the systems are established. The positive Roesser type model, the
Fornasini-Marchesini type models and the general 2D model are discussed. The
positive 2D linear systems with delays are also considered. The pointwise com-
pleteness and the pointwise degeneracy of standard and positive linear systems are
considered in Chapter 4. First the pointwise completeness and the pointwise de-
generacy of the standard discrete-time and continuous-time linear systems without
and with delays are analyzed. Next the considerations are extended to the posi-
tive and fractional linear systems. The pointwise completeness and the pointwise
degeneracy of electrical circuits are also investigated. The pointwise completeness
and the pointwise degeneracy of linear systems with state feedbacks are considered
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in Chapter 5. Gain matrices of the state feedbacks are chosen so that the closed-
loop systems are positive and pointwise complete. Conditions are established under
which there exist such gain matrices. It is shown that the pointwise completeness
and the pointwise degeneracy of the standard and fractional continuous-time linear
systems are invariant under the state feedbacks. The realization problem for positive
fractional discrete-time and continuous-time linear systems is addressed in Chap-
ter 6. Sufficient conditions for the existence of positive fractional realizations of
a given transfer matrix are established for SISO and MIMO linear systems. Pro-
cedures for computation of the realizations are given and illustrated by numerical
examples. Chapter 7 is devoted to the cone discrete -time and continuous-time linear
systems. The relationship between the cone and positive systems is discussed. Nec-
essary and sufficient conditions for the reachability and controllability to zero of the
cone fractional systems are established. Sufficient conditions for the existence and a
procedure for computation of cone realizations for continuous-time linear systems
with delays are also given. The stability of positive and fractional linear 1D and
2D systems is addressed in Chapter 8. Necessary and sufficient conditions for the
asymptotic stability of the positive systems without and with delays are established.
The relationship between the asymptotic stability of positive 1D and 2D linear sys-
tems is given. It is shown that checking of the stability of positive fractional 2D
linear systems can be reduced to checking of the stability of corresponding posi-
tive 1D linear systems. The practical stability of the fractional 1D and 2D linear
systems is also investigated. Chapter 9 is devoted to the stability analysis of frac-
tional linear systems in frequency domain. It is based on M. Busowicz papers. First
the stability of fractional continuous-time linear systems and of fractional systems
with delays of retarded type is investigated. Next the stability of fractional discrete-
time linear systems of commensurate orders in frequency domain is analyzed. The
robust stability of the convex combination of two fractional polynomials is also in-
vestigated. In Chapter 10 the stabilization problem of positive and fractional 1D and
2D linear systems by state feedbacks is addressed. Gain matrices of the state feed-
backs are chosen so that the closed loop-systems are positive and asymptotically
stable. The LMI approaches are applied to the stabilization problem for 1D and 2D
linear systems. Chapter 11 is addressed to the singular fractional continuous-time
and discrete-time linear systems. Using the Weierstrass decomposition of the sin-
gular pencil of matrices the solutions to the singular fractional systems are derived.
Singular fractional electrical circuits are considered. It is shown that the singular
systems can be reduced to equivalent standard fractional systems. The decomposi-
tion of the singular systems into dynamical and static parts is also presented. The
last Chapter 12 is devoted to the continuous-discrete (hybrid 2D) linear systems.
The solution to the general model of the systems is derived and the necessary and
sufficient conditions for the positivity of the model are established. The reachability
of the positive continuous-discrete linear systems is analyzed. Necessary and suffi-
cient conditions for the asymptotic stability of the positive systems are established.
The robust stability of the scalar general model of the systems is investigated. The
positive realization problem for the linear systems is also considered.



Preface VII

In Appendix A some basic definitions and properties of the Laplace transform
and the z-transform are recalled. The infinite long cable with zero inductance is
presented in Appendix B as an example of linear fractional continuous-time system.
In Appendix C the right inverses of matrices and their application to finding the
solution of the matrix linear equation are presented. Basic definitions of element
operations on real matrices are recalled in Appendix D.

It is hoped that this monograph will be value to Ph.D. students and researches
from the field of fractional systems.

I would like to express my gratitude to Professors J. Klamka and P. Ostalczyk,
the reviewers of the Polish edition of the book, for their valuable comments, sug-
gestions and remarks which helped to improve the monograph. My special thanks
go to Professor M. Busowicz who was the scientific editor of the Polish edition of
the book.

I wish to thank very much my Ph.D student Krzysztof Rogowski, who has
checked the calculations in this edition of the book, and has given many valuable
comments and remarks.

I wish to extend my gratitude to Mr. Przemystaw Czyronis for the preparation of
the manuscript of this English edition.

This monograph was supported by the Ministry of Science and Higher Education
in Poland under work No. NN514193933.

Tadeusz Kaczorek
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Chapter 1
Fractional Discrete-Time Linear Systems

1.1 Definition of n-Order Difference

Definition 1.1. A discrete-time function defined by

A=A - A o = Y (1) (">xi_k, (1.1
k=0 k
i=1,23,... , ne€Z, xeR,
where
n\__ n :n(n—l)---(n—k—|—1) ’ (12)
k k!(n—k)! k!

is called the n-order (backward) difference of the function x;.

Definition 1.2. The fractional n-order (backward) difference on the interval [0, k] of
the function x; is defined as follows

k /n
0AlX; = Z(l)/< ,>x,-_,. (1.3)

j=0 J

From (L)) it follows that the n-order difference can be written as a linear combina-
tion of the values of discrete-time function in n + 1 points.

The definitions are valid for n being natural numbers and integers.

Note that (I.2) is also well defined for fractional and real numbers. In general
case n can be also a complex number.

Example 1.1. From (I.I) we have for:

n=1: Axi:xifx,-,l,
n=2: A2x,-:Ax,-—Axi,1 =X —2x;_1+X;i_0,
n=3: A3xi:A2xi—A2x,~_1 =x; —3x;_1+3x;_2—x;_3.

T. Kaczorek: Selected Problems of Fractional Systems Theory, LNCIS 411, pp. 1-B3.
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2 1 Fractional Discrete-Time Linear Systems

From (T3)) we obtain for:
n=-—1:

k k
_ (=1
oA = 2(—1)1( i >xkj=xk+xk1 oo =Y X,
j=0 j=0

n=-2:

k k

(=2
UA,;Zxk:Z(—l)/<j>xk,_xk+ 4 (k4 Dxo= Y, (j+ Dxi_j.
Jj=0 Jj=0

Definition 1.3. The discrete-time function

k
2 ( )xk i (1.4)

where 0 < ¢ < 1, ¢ € R and

o 1 for k=0
k)| Meslelekt) gy g —123, (1.5

is called the fractional c-order difference of the function xy.

Example 1.2. Using (I.3) for 0 < o < 1 we obtain for:

k=1: (—1)1<’;‘> =0 <0,
k=2 (1)2<°‘>M<0,

2 2l
k=3 (—1)3@) :—W <0.

1.2 State Equations of the Fractional Linear Systems

1.2.1 Fractional Systems without Delays

The state equations of the fractional discrete-time linear system have the form:

Aaka =Ax;+Bu, 0<a<l, (1.6a)
Vi = Cxy+Duy, keZy, (1.6b)

where x; € R", u, € R™, y, € R? are the state, input and output vectors and A € R™*",
BeRY™m CecRPX" D e RP*™,
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Substituting the definition of fractional difference (T.4) into (I.6a), we obtain

k+1 o
X1+ 2, (—1) (j>xk—j+1 = Axy + Buy, (L.7a)
j=1
or
k1 o
Xpp1 = Axi+ 3, (—1)7! <j>xkj+l + Buy,
j=1
k+1 o
= Agxi+ Y (= 1)/ (j)xij + Buy, (1.7b)
j=2
where
Ag =A+al,. (1.8)

Remark 1.1. From (L7B) it follows that the fractional system is equivalent to the
system with increasing number of delays.

In practice it is assumed that j is bounded by natural number 4. In this case the

equations (I.6) take the form:

h
; o
Xer1 = Agxy + 2(1)1<j+1>xkj+3uk, keZy, (1.9a)
j=1
Vi = Cxi + Duy. (1.9b)
Remark 1.2. The equations (I.9) describe a discrete-time linear system with &
delays.
1.2.2 Fractional Systems with Delays

Consider the fractional discrete-time linear system with & delays:

h

A%xig1 = Y (Arxiok+ Buuioy), i€ Zy, (1.10a)
k=0

vi = Cx;+ Du;, (1.10b)

where x; € R", u; € R™, y; € R? are the state, input and output vectors and Ay € R™*",
By €R™™ k=0,....h;C € RP*", D € RP*™.
Substituting the definition of fractional difference (L4) into (II0d) we obtain:

i+1 h
; o
Xiy] = 2(—1)/+1 (j)xij+1 + z (Akxi—k —|—Bkui_k), (1.11a)
=1 k=0

y; = Cx;+Du;, i€Zy, (1.11b)
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If i is bounded by the natural number L then from (T.11) we obtain:

Lt i fa h

xip1 = Y, (—1)7F ( .)xij+l+Z(Akxi—k+Bkui—k)» (1.12a)
j=1 J k=0

yi = Cxi+Du, i€Z, . (1.12b)

1.3 Solution of the State Equations of the Fractional
Discrete-Time Linear System with Delays

1.3.1 Fractional Systems with Delays

The state equations of the fractional discrete-time linear system with g delays has
the form:

k+1 q

o

X1+ E (—1)J<j)xk_j+1 = E (Arxk—r+Bruk—r)a keZ,, (1.13a)
j=1 r=0

yi = Cx+Duy, 0<a<l, (1.13b)

where x; € R”, u; € R™, y, € R? are the state, input and output vectors and A, €
R™" B, e R™™ r=0,1,...,q; C € RP*" D& RP*™_ g is the number of delays.

Applying the z-transform (2°) method we shall derive the solution of the state
equation (I.134) of the fractional system [79].

Theorem 1.1. The solution of the equation ([_13d) has the form

q k—r1 kb1 —j+1 C a
Xe=Dxo+ Y, Y DB+ Y, Y (—1)1! (J.)‘Pk—z—sz
r=0 i=0 j=1=1

q —r q —r
+ Y DA+ Y, Y, BBy, (1.14)
r=01=—1 r=01=—1
where
xx#Z0, wu#0, k=0,—1,....,—q , (1.15)

are initial conditions and the matrices @y are determined by the equation

k+1 k
; o
q)k+1 = @, (A() + O(In) + 2(—])l+1 ( i) ¢k7i+l + 2 DA, (1.16a)
=2

= i=1
Dy = 1, (1.16b)
fork=0,1,... .

Proof. Let X(z) be the z-transform (2) of the discrete-time function x; defined by
(A.13). Applying the z-transform (Appendix A.3) to the equation (I.13a) we obtain
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kil _
g[xk+l]+2(1)]<?>gp[xkj+l ZA Z[xx—r +ZB Zug—].  (1.17)

j=1 r=0 r=0

Using (A.14) to (I.17) we get

k+1 —j+1
zxo+2 ( ) X @)+ Y wz ] (1.18)
I=—1
—r q _r
= ZA,Z_’ X(2)+ z xz |+ ZBrz_r U(z)+ z uzz_l] ,
r=0 I=—1 r=0 I=—1

where U (z) = 2 [u].
Multiplying (LI8) by z ! and solving with respect to X (z) we obtain

k+1 a ) q -
X(z) = 2(—1)]( .)z/ln— YAzt
=0 J r=0
k+1 ) —j+1
x xo—&-Z(—l)Hl( )z Iy xz +2Arz -l lez !
j=1 I=—1 I=—1
q —r
+ Bz U@+ Y, wz| - (1.19)
r=0 I=—

Substituting of the expansion
k+1 o _ q .
> (_1),( .)zfln YA =Y et (1.20)
=0 J r=0 k=0

into (LL19) yields

Z(Dkz x0+22(15kz_k ~1B.U(z)

=0r=0

bl —jt1
> 2 (= /+1(])le i

j=1l=-1

q —r q —r
+ Z Z Arxlzfrflfl_’_z z Brulzirilil

r=01=—1 r=0/=—1

+ 2 Dz "

(1.21)

Applying the inverse z-transform and the convolution theorem (Appendix A.1) to
(L21) we obtain the desired solution (L.14).
From definition of the inverse matrix we have

|f§ (71)1 (7) Z7j1n - i ArZrl]

=0 r=0

=1, (1.22)

2 (Dszk
k=0
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Comparison of the coefficients at the same powers of z %, k = 0,1,...; from ([.22)
yields:

ZO: Dy 1, =1,
7l —Ag+ @ —al, =0 = @ =Ag+ oy,
T @ - D(Ag+aly) + - =0= Dy = D (Ag+ ady) — Do (I, (5) — Ar)

and in general case the equation (LT6). O

1.3.2 Fractional Systems without Delays

In this section we shall consider the fractional discrete-time linear system without
delays. Substituting in (IL.I4) ¢ = 0 we obtain the following theorem.
Theorem 1.2. The solution of the equation (L7) has the form

k—1
X = Dpxo+ Y, Di—i—1Bui, (1.23)
i=0

where the matrices @y are determined by the equation
k+1 ) o
i1 = D (A+ o)+ Y, (—1)! ( l. ) Dpip1, Po=Iy (1.24)
i=2
Theorem 1.3. Let

kil L ,
det Z(—l)’( ,)Inz_J—Az_l
J

J=0

M .
= ay—iz ', (1.25)
i=0

be the characteristic polynomial of the fractional system (LZ) for k = L. The matri-
ces @y,..., Dy satisfy the equation

Y ai® =0. (1.26)

Proof. From definition of the adjoint matrix and (I.23)) we have

Lt1 la , > A\ (& .
D (—I)J( .)InZ] —Az N = (Yo ) Yaniz ), (1.27)
=0 J i=0 i=0

where Adj F denotes the adjoint matrix of F.

Adj
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Comparing the coefficients of the same powers of z~! in (.27, we obtain (.26},
since the degree of the matrix

L+1 o '
Adj Z(—l)’( ,)Inz/—Azl
j

J=0

Y

is less than M. O

Theorem[I.3]is an extension of the well-known Cayley-Hamilton theorem for frac-
tional discrete-time linear systems.

Remark 1.3. The degree M of the characteristic polynomial (1.25)) depends on k and
it increases to infinity for k — co. Usually it is assumed that & is bounded by natural
number L. If k = Lthen M = N(L+1).

1.4 Positive Fractional Linear Systems

In this section the necessary and sufficient conditions for the positivity of the frac-
tional discrete-time linear system:

k+-1
O
.kar] + Z (—l)j (j))ijJr] = Axk+Buk, k € Z+, (1283)
j=1

Vi = Cxy + Duy, (1.28b)

will be established, where x; € R", u;, € R™, y;, € RP are state, input and output
vectorsand A € R"*", Be R"*" C ¢ RP*" D¢ RP*™,

Let R be the set of real nx m matrices with the nonnegative entries and
R" = Rnxl

+ T B

Definition 1.4. The system (T.28) is called (internally) positive fractional system
if xy € R", y; € R for every initial conditions xy € R”. and all inputs u; €
Rﬂ, ke Z+.

Lemma 1.1. If 0 < o < 1, then

(—1)”‘(‘?‘) >0, i=12,... . (1.29)

l

Proof. The proof will be accomplished by induction. The hypothesis is true for i = 1

since
(1! <°1‘> —a>0.

Assuming that (—1)*"1(%¥) > 0 for k > 1 we shall show that the hypothesis is valid
for k+ 1. From (L.3) we have
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(_1)k+2< o ):(_1)k+20‘(05—1)"'(0‘—k+1)(05—k)

k+1 kKl(k+1)
o\ k—a
= (= 1)kt ——>0.
(=1 k) k+1
Therefore, the hypothesis is true for k + 1. This completes the proof. d

Remark 1.4. In a similar way it can be shown that for | < o0 < 2

(—1)”1(9‘) <0, i=23,... .

1

Lemma 1.2. Let 0 < o < 1 and

A+ al,] e R, (1.30)

then
B ERTN k=12,... . (1.31)
Proof. The proof follows immediately from (T.24). O

Theorem 1.4. The fractional system (L28) is (internally) positive if and only if:
Ag=[A+oal,| eRY" and BeRY™, Ce Rixn, D e ]Rixm. (1.32)

Proof. Sufficiency follows from Lemma[l.2] and the equation (I.23). From it
follows that if @, € R, B R, xo € R’} then x; € R}, k € Z.. Similarly from
we have y; € R” if the conditions are satisfied.

Necessity. Let u; = 0 for k € Z... For positive system from (L.28) for k = 0 we
have x; = [A + aly)xo = Agxo = A1 € R”, and yo = Cxg € R Therefore A, €
R"" and C € R, since xo € R”. and by Definition [[4]it is arbitrary. Assuming
xo = 0 from (T.28) for k = 0 we obtain x; = Bug € R, and yo = Dug € R, and this
implies B € R and D € RE™", since up € R and it is arbitrary. o

Definition 1.5. The fractional discrete-time linear system (LII)) with & delays is
called (internally) positive if x; € R and y; € R” for any initial conditions x; € R",
k=0,-1,...,~hand all inputs u; € R, i € Z.

Theorem 1.5. The fractional discrete-time linear system (L_L1) with h delays is (in-
ternally) positive for 0 < o < 1 if and only if

(04
A+ ey € R, ck(l)"“(k) By eRY™, k=1,....h;
CeRY", DeRY™. (1.33)

Proof. The proof is similar to the proof of Theorem .4l O
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1.5 Externally Positive Fractional Systems

Definition 1.6. The fractional discrete-time linear system (I.28) is called externally
positive if for any inputs u; € R"?, k € Z and xy = 0 we have y; € Rﬁ, keZ..

Definition 1.7. The output of the single-input single-output (SISO) linear system
for the unit impulse
{1 for i=0
uj =

0 for i>0’

and zero initial conditions is called the impulse response of the system.

In a similar way we define the matrix of impulse responses g; of the multi-input
multi-output (MIMO) linear systems.

Theorem 1.6. The fractional discrete-time linear system (L28) is externally positive
if and only if
g ERVM keZy, (1.34)

and the matrix of impulse responses is given by

D or k=0
8k = % (1.35)
CO, B for k=1,2,... .

Proof. Sufficiency. The output of the system (I.28) with zero initial conditions and

any input ; € R is given by

Sr_iti, keZ,. (1.36)

k
Yk =

i=0

If (L34) holds and ; € R, then from (L36) we have y; e RY , k € Z,..
Necessity follows immediately from Definition[T.7] O

Remark 1.5. Every (internally) positive linear system is always externally positive.
This follows from Definitions[[.4] and [[L&

Example 1.3. Consider the fractional system (I.6a) for 0 < o« < 1 with the matrices:
1 0 0
A—[O_a], B—L], (n="2). (1.37)

The system is positive since

A+ aly] = {(1 +a) 0} e R,
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Using (T.24) for k =0,1,... we obtain:

1
@O = (A+al,) Dy = [( *00‘) 8}, (1.38a)
o o2 +5042 0
b, = (A—i—OCIn)(Dl— (2)@0: (2) all-a) | (1.38b)
2
o o
D3 = (A+O£In)(pz— (2>(D1 + <3>(D0
3(024+5042) (o 1) —o(o—1) (2045) 0 ]
= 8 o(l-a)2-a) | (1.38¢)
6 J
From (1.23)) and (1.24) we have
k—1 0
X =Dexo+ Y, Doy L} uj, (1.39)
i=0

where @y is defined by (T.38).

1.6 Reachability of Fractional Discrete-Time Linear Systems

Definition 1.8. A state x; € R”" is called reachable in (given) ¢ steps if there exists
an input sequence uo, uy, . .. ,uq—1, which steers the state of the system (L.28) from
xo = 0 to the state xy, i.e. x, = xy. If every given state x; € R" is reachable in ¢
steps then the system is called reachable in ¢ steps. If for every state x; € R"
there exists a number g of steps such that the system is reachable in g steps then the
system is called reachable.

Theorem 1.7. The fractional system ([.28)) is reachable in q steps if and only if
rank [B @B ... ®,_B| =n. (1.40)
Proof. From (I.23) for k = g and xo = 0 we have

Mq,1
g—1 Ug—2
xp=®@uxo+ >, Pyi1Bui=|[BPB... & B|| : |. (1.41)
i=0

i=
uj

uo

From Kronecker-Capelly theorem it follows that the equation (LZT)) has a solution
for every x; if and only if the condition (L40) is satisfied. 0
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Theorem 1.8. In the condition (L40) the matrices @y,..., D,y can be substituted
by the matrices A, . . . ,AZfl, ie.

rank [B @B ... ®, |B] = rank [B ALB ... Ag;lB} —n (142

Proof. To simplify the notation the proof will be accomplished for n = 4. From

(L24) for ¢; = (—1)""1(%), we have

B ®\B ®,B @3B
[B AoB (AL +c21,)B (A} +2c2A0 + c31,)B]
In 0 6'21,, 6'31,1

01, 0 2cl,
_ 2 3 2
= [BAuB ALB A}B| Oon . On

00 0 I,

Hence rank [ B @B @B @3B | = rank [ B AqB A}B A}B], since postmultiplica-
tion of the matrix [B AqB A%B A}B]| by the nonsingular matrix does not change
the rank of the matrix. O

Theorem 1.9. The fractional system ([.28) is reachable if and only if one of the
equivalent conditions is satisfied:

a) The matrix [I,z — Aq, B] has full rank, i.e.
rank [l,z—Aq,B] =n, VzeC. (1.43)

b) The matrices [I,z—Aq), B are relatively left prime or equivalently it is possible
using elementary column operations (R) to reduce the matrix [I,z— A, B] to the

form [I,,0], i.e.
Iz —Aq, B] 2 11,,0]. (1.44)

Proof. First we shall show that the condition (1.43) is equivalent to the condition
(L42). Let v € C" be a vector such that v/ B =0 and vI' A, = zv” for z € C. In this
case VVAgB =2"B=0,TAZB=2TA,B=0,... vTAL 'B=0and

W7 BAaB...Ag;‘B} —0. (1.45)

From (L43) it follows that the condition implies v = 0 and v' [I,z — Ay, B] = 0, and
this is equivalent to a (T.43). If the condition (T.42) is not satisfied then there exists
a vector v satisfying (L43) or rank[l,z — A, B] < n for z € C. The reduction holds
if and only if the condition is satisfied. O

Example 1.4. Using (I42), (143) and (I.44) check the reachability of the system

with the matrices:
0 1 0

0
Ag=10 0 1|, B=10
—1-2-3 1
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a) From (T.42)) for n = 3 we have

00 1
rank [BAgB AZB| =rank [0 1 —3 | =3.
1-37

By Theorem[L.8] the pair (A, B) is reachable.
b) From ([43) we have

z—-1 0 |0
rank [,z —Aq,B]=rank [0 z —1 |0| =3 for VzeC.
122431

Using the elementary column operations we shall show that the matrices [I,z —
A and B are relatively left prime:

z—1 0 [0] RB+4x(—==3)] [z—-10 |0

R[2+4x(-2)
0z —11]0 Rh+4§§71ﬁ 0z —1]0

12 z43]1 00 0|1
ST |07 RiI+2x(2)
R[2+3x(z R[(2x(—1
K@l oo —1jof @b (0],

00 01 —

Therefore, by Theorem [[9the pair (A4, B) is reachable.

Remark 1.6. The fractional system is reachable only if the matrix (A, B) has n
linearly independent columns. If the matrix (A, B) has no n linearly independent
columns then the matrix [B,AyB, ... 7A(q{lB] does not have n linearly independent
columns. This follows from the condition (.43} for z = 0.

1.7 Reachability of Positive Fractional Discrete-Time Linear
Systems

Definition 1.9. A state x; € R’ of the positive fractional system is called
reachable in (given) g steps if there exists an input sequence u; € R, for k =
0,1...,g— 1, which steers the state of the system from xy = O to the state xy, i.e.
xq = xy. If every (given) state xy € R’} is reachable in g steps then the positive sys-
tem is called reachable in g steps. If for every state xy € R’ there exists a number ¢
of steps such that the positive system (I.28) is reachable in g steps then the system
is called reachable.

Definition 1.10. A square real matrix is called monomial if its every column and its
every row has only one positive entry and the remaining entries are zero.

The inverse matrix of a real matrix with nonnegative entries has nonnegative entries
if and only if it is a monomial matrix. The inverse matrix of monomial matrix can
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be found by its transposition and replacing each element of the transpose matrix by
its inverse. For example the inverse matrix of the matrix

0b0 0lo
A=1a00|, hastheform A~'= %00 ,
00c 001

where a,b,c > 0.

Theorem 1.10. The positive fractional system (L.28) is reachable in q steps if and
only if the matrix
R,=[B®B ..., B], (1.46)

contains n linearly independent monomial columns.

Proof. In asimilar way as in the proof of Theorem[I.7lwe obtain the equation (L4T).
For given xy € R, we can find the input sequence uy € R, k=0,1,...,g— 1 if and
only if the matrix (I46) contains n linearly independent monomial columns. O

Remark 1.7. The matrix (I.46) can not be substitute by the matrix
ﬁqz[BAﬂruAg*B, (1.47)

since for positive fractional systems the matrices in general case have different num-
ber of linearly independent monomial columns.

Example 1.5. Consider the fractional positive system (I.28) with the matrices:

01 O 0
A=|1-o 1 |, B=|0]. (1.48)
1 0 -« 1
In this case
oal0
Adal]=|101] cR¥ (1.49)
100

and the matrix (I.47) for ¢ = 3 has the form
001
Ry=[BABALB]=|010],
100

and it contains three linearly independent monomial columns but the matrix

00 1
Ry=[B®B®,B|=|01 0 ,
10 &el)

contains only two linearly independent monomial columns.
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Theorem 1.11. The positive fractional system ((L.28) is reachable only if the matrix
A+ aly, Bl (1.50)
contains n linearly independent monomial columns.

Proof. From (I.24) for k= 0,1,... it can be easily shown that
D = A ap A+ an A+ agoly, (1.51)

where a;; € R, i=0,1,...,k—1.
From matrix (IZ8) and the equation (I.31) it follows that the number of linearly
independent monomial columns of the matrix (T.46) can not be greater than of the

matrix (30). O
Example 1.6. Consider the fractional system (L.28) with matrices (T.37). Using

(L.46) we obtain matrix
10

which has only one monomial column. By Theorem [[.10] the system with (T.37) is
unreachable. However using (I.30), we obtain matrix

Ry=[B ®B| = [OO},

A+ oy, B = {1+a00}’

0 0|1

which has two linearly independent monomial columns.

Theorem 1.12. The positive fractional system (L.28) is reachable only if the matrix
[B,(A+ ody) B], (1.52)

contains n linearly independent monomial columns.

Proof. From (L.3])) for the positive system we have

k
(DkBZ zakiAlaBa (153)
i=0

where Ay =A+aly, a;; >0, k=0,1,...,q—1,i=0,1,... k.

Note that besides the matrix B, only the matrix @;B may have additional lin-
early independent monomial columns. The matrix fork=2,3,...,q—1does
not introduce additional linearly independent monomial columns to the matrix

(L.46). O

Remark 1.8. If all m columns of the matrix B are linearly independent and monomial
then the matrix (I32)) has n linearly independent monomial columns only if the
matrix Ay has at least n — m linearly independent monomial columns.
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Example 1.7. Consider the positive fractional system (I.28) with the matrices:

aip— o ap 1 0

_ a; ap—oa 0 1 - . o
A= as| ay; —o 0 5 az,ZO, i=1,2,3,4; J—1,2,
as) as 0 —«o
00 0
00 0
a) B=|,,1. b B=],
10 1
Taking into account that
ajjap 10
A, — any a2201
“ az; az 00
as azn 00

in the case a) we obtain the matrix

0001
0010
0100]°
1000

[B @B =

which has n = 4 linearly independent monomial columns. Therefore, in this case the
system is reachable in g = 2 steps. In the case b) we obtain the matrix

00 ain

01 any
[BDB DB ...| = 00 s E

10 ag+ 49

which contains only two linearly independent monomial columns. By Theorem|[I.10)
the positive fractional system is unreachable.

It is well-knew that the observability is a dual notion. The presented considerations
for the reachability of the positive fractional linear systems can be extended to the
observability of this class of systems.

1.8 Controllability to Zero of the Fractional Discrete-Time
Linear Systems

Definition 1.11. The fractional system (I.28) is called controllable to zero in (given)
number of ¢ steps if there exists an input sequence ug, 1, ..., Uy 1, which steers the
state of the system from xy # O to the final state xy = 0.
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The fractional system (T.28) is called controllable to zero if there exists a natural
number ¢ such that the system is controllable to zero in g steps.

Theorem 1.13. The fractional system (L.28) is controllable to zero in q steps if
rank [B @B ... ®,_|B] =n. (1.54)

Proof. From (L.2Z3) for k = g and x, = 0 we have

q-1 Ug—2
—@uxg=» @y Bui=[B®B... 0 B|]| " |. (1.55)
470 .

=

uo

The equation (I33) has a solution uy, k = 0,1,...,q — 1 for arbitrary vector @,xq
if the condition (I.34) is satisfied. This is a sufficient but not necessary condi-
tion for the controllability to zero since even if the condition is not satis-
fied the equation (IL33) can be satisfied for arbitrary xo, when @, = 0 and u; = 0,
k=0,1,...,q—1. |

Theorem 1.14. For the controllability to zero of the fractional system ([.28) the
following equality holds
rank {B AgB ... Ag‘lB] —rank [B B ... &, |B]. (1.56)

Proof. To simplify the notation we shall accomplished the proof for n = 4. From
({24), we have
B @B @B @3B
= [B AuB (A% +c2ly)B (A} 4 2c2A0 + c31,)B |
10 Cz]n C3In

01 0 20l
= [BAuB ALB A}B] 00 I o
00 0 I

where ¢; = (—1)"1(%).
The equality (1.33)) holds since postmultiplication of the matrix

[BAuB ALB A}B]
by nonsingular matrix does not change its rank. ad

Theorem 1.15. The fractional system (L. 28) is controllable to zero if and only if

rank [3 AgB ... AT'B qbq} — rank [B AgB ... AZle] .57
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Proof. From (I.23) for k = g and x, = 0 we have

g—1
0= Xg = ‘I)qu + 2 ‘Dq,ileui
i=0
Ug—1
Ug—2
= qx0+[B (plB... (I’q,]B} . 5 (158)
uop
or
Ug—1
Ug—2
~Duxg=[BPB... DB ) (1.59)
o
The equation (I.39) has a solution u;, . .. ,u,—; for arbitrary xo if and only if
rank [B @B ... @, B ®;] =rank [B ®B ... &,_B| =n. (1.60)
By Theorem[I 14l the conditions (I.37) and (I.6Q) are equivalent. |

Remark 1.9. The condition (I.34) is only sufficient condition but not necessary for
the controllability to zero of the system (I.28) since condition (I.34) implies only
the condition (I37).

Theorem 1.16. The fractional system (L. 28)) is controllable to zero if and only if one
of the following equivalent conditions is satisfied:

a) The matrix [I, — Aqd, B) has full row rank, i.e.
rank[l, —Aqd,B)=n, VdeC. (1.61)

b) The matrices [, — Aqd], B are relatively left prime or equivalent it is possible
using elementary column operations (R) to reduce the matrix [I, — Aqd,B] to
the form [I,,0), i.e.

[l —Aad,B] % [1,,0]. (1.62)

Proof. The equivalence of the conditions (I.37) and (L.6I) follows from Kudera
theorem. The controllability to zero means that if there exists an unreachable mod
then it is finite. Assume that [[,z — Ay] = [I, — Agd], where d = z~!. Substituting
[I, — Aqd)] instead of [I,z — Ay] to the reachability condition we neglect the finite
mods. Therefore, the condition (L&) is necessary and sufficient for the controlla-
bility to zero. The reduction (L.62)) can be performed if and only if the condition

(T&T)) is satisfied. O

Example 1.8. Check the controllability to zero of the fractional system (I.28) with
the matrices:
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001 1
Ag=|100], B=|0]. (1.63)
Oal 0
a) Using (L&I), we obtain
10 —d |1
rank[l, — Aqd,B] =rank | —d 1 0 |0|=3, VdeC
0 —ad1-d|0

By Theorem[L.T6]the pair (A, B) is controllable to zero if and only if a # 0.
b) Performing the following elementary column operations we can check whether
the matrices [I, — Aqd] and B are relatively left prime:

10 —a [1] R 0 0 0 |1
R[3+4x(d

~d 10 |0 K 0 1 0 0

0 —ad1-d|0 —ad® —ad 1—d |0
R[1-3x (ad+a)) 00 O |1 R[3+1x(d-1)]
R[1x(—1/a)] R[1.4]
ko] |01 0 [0 R[34] []0].
Al 1 1o1-dfo| —24

By Theorem[L.T6 the pair (A, B) is controllable to zero in g = 3 steps.

1.9 Controllability to Zero of Positive Fractional Discrete-Time
Linear Systems

Definition 1.12. The positive fractional system is called controllable to zero
in g steps if there exists an input sequence u; € R, i=0,1,...,¢g — 1, which steers
the nonzero arbitrary initial state xo € R", to the final state x; = 0. The positive
fractional system (T.28)) is called controllable to zero if there exists a natural number
q > 0 such that the system is controllable to zero in g steps.

Theorem 1.17. The positive fractional system ([.28) with B # 0 is called control-
lable to zero in q steps if and only if

D, =0. (1.64)
Moreover, ui =0 fori=0,1,...,q— 1.

Proof. From (L.23) for k = g and x, = 0 we obtain the equality (L33). This equality
for positive system can be satisfied for every x if and only if the condition (.64 is
satisfied and 4; =0 fori =0,1,...,q— 1. O

Lemma 1.3. For positive fractional system (L.28) the condition (L.64) is satisfied if
and only if g =1 and
@ =A+al, =0. (1.65)
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Proof. From (L.31) with a;; > 0 and Lemma [[_T]it follows that the condition (T.64)
is satisfied if and only if ¢ = 1 and (L.63). O

Corollary 1.1. The positive fractional system (L28) with B # 0 is controllable to
zero if and only if ¢ = 1 and the condition ([.6J) is satisfied.

1.10 Minimum Energy Control of Positive Fractional Systems

Consider the positive fractional discrete-time linear system (.28). If the system
is reachable in g steps then exist many input sequences which steer the state of
the system from xo = 0O to the final state xy € R’} . Among these sequences we are
looking for a sequence u; € R, i =0,1,...,g—1, i € Z,, which minimizes the
performance index

qg—1
I(u) = uj Quj, (1.66)
=0

where Q € R™*"™ is a symmetric positive definite matrix and ¢ is the number of steps
needed to steer the system from xo = O to the final state x; € R’} .

The minimum energy control problem for the positive fractional system (L.28)
can be stated as follows [102]: Given the matrices A, B, degree o of the system
(L.28), number of steps ¢, the finite state x; € R, and the matrix Q of (L.66). Find
an input sequence u; € R", i =0,1,...,g — 1, which steers the state of the system
from xo = 0 to x; € R’ and minimizes the performance index (L.66).

To solve the problem we define the matrix

W =W(q,0) =R,0R} € R™", (1.67)
where R, is given by (L46) and
Q =blockdiag[Q~! ... Q7] e RI"™*". (1.68)

From (L.67) it follows that the matrix W is nonsingular if and only if rank R, = n. If
this condition is satisfied then the system is reachable in ¢ steps. In this case we can
define for given xy € R’} the following input sequence

iy 1
lg—2 _
dog= | . | =0ORIW lxy. (1.69)

fo
From (L.69) it follows that #; € R fori =0,1,...,q—1if

OR[W~! e R, (1.70)
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and this implies

o lermm  wleRY (1.71)
Theorem 1.18. Let the fractional system ([.28) be reachable in q steps and the con-
dition (LZI) be satisfied. Moreover let u; € R, i = 0,1,...,q — 1 be an input se-
quence which steers the state of the system from xo = 0 to the final state xy € R’}

The input sequence f; € R", i = 0,1,...,q — 1 also steers the state of the system
from xo =0 to x; € R, and minimizes the performance index (L.6G), i.e.

1(a) < I(@). (1.72)
The minimal value of the performance index (L.66)) for (L.69) is
() = xp W~ xp. (1.73)

Proof. If the fractional system (I.28) is positive, reachable in ¢ steps and the as-
sumption (L7 are satisfied then for x; € R”. we have &; € R fori=0,1,...,g—1.
We shall show that the input sequence (.69) steers the state of the system from

xo =0to xy € R Using (L23) for k = ¢, xo = 0 and (L67), (L.69), we obtain
Xq = Ryilog = R;ORLW ™~ 'xy = xy,
since RqQR;W’l =1,.
Both input sequences o, and 7, steer the state of the system from xp = 0 to
xy € R and we have xy = Ryilo, = Rytloy, i.€.
R, [ﬁoq — ﬁoq] =0. (1.74)
Using (1.74) and (L.69), we shall show
” — 1T A~
[diog —Tiog]~ Qilog =0, (1.75)

where O = block diag|Q,...,Q].
Transposing (L74) and postmultiplying it by W ~!x; we obtain

. _ T _
[flog —Tiog]” RIW ™ 'x; = 0. (1.76)
Using (1.69) and (I.76), we obtain (I.73), since
. _ T A . _ 1T A= _ . _ T _
[0y —Tiog]~ Qitog = [thog —Tiog] QQR:? w le = [diog — Tiog R; w le =0,

where Q@ = Iym.
Using (I.73) it is easy to show that

T A— AT An — ~ 1T A 1— N
110, Qg = 9, Qliog + [Tlog — fiog] " O [tog — flog] - (1.77)
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From(IL.77) it follows that the inequality (I.72)), is satisfied since
_ L 1T A= R
[”011 - uoq] 0 [uoq - "Oq] > 0.

To find the minimal value of the performance index we substitute (T.69) into (L.66)
and using (L&7), we obtain

A p—

A AT An _ T _
I(h) = uquuoq = @R;W le] 0 [QRgW le}
= xtW 'R ORI W iy = xf Wy,

since W_quéRg =1, O

If the assumption of Theorem [1.18] are satisfied then the minimal energy control
problem can be solved by the use of the following procedure.

Procedure 1.1

Step 1. Knowing the matrices A, B, Q and «, ¢ find the matrices R, and Q, using
and (L.68).

Step 2. Knowing R, and Q, and using (L.67) find the matrix W.

Step 3. Using (L.69), find the input sequence do, i1, ... , ly—1.

Step 4. Using (T.73), find the value of 1(#).

Example 1.9. Consider the fractional system (T.28) for 0 < o < 1 with the matrices:

—o 0 1
A:{1 2}, B:[O], n=2. (1.78)

Find the optimal input sequence which steers the state of the system from xy = 0 to
the final state xy = [1 1]7 in ¢ = 2 steps and minimizes the performance index (L.66)
for 0 = [2].

The fractional system (I.28) with (I.Z8) is reachable in g = 2 steps. It is easy to
check that the assumption of Theorem are satisfied. Using Procedure [LT] we
obtain the following:

Step 1. In this case

R,=[B®B|= {(1)(1)]

and 110
0 =diag[Q"! Q1}=5[01].

Step 2. Using (L&7), we obtain
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Step 3. Using (L.69), we obtain
. | _ HpTu—1 1
It is easy to check that the input sequence (1.79) steers the state of system in

g =2 steps from xg = 0 to x7 = [1 1]7.
Step 4. In this case the minimal value of the performance index is

1(@) = x; W=y = [11] [38] [” =4 (1.50)

Corollary 1.2. Note that in the case of positive fractional system by suitable choice
of state-feedback we may modify the reachability matrix Ry, and the minimal value
of the performance index.

1.11 Fractional Different Orders Discrete-Time Linear Systems

Consider the fractional different orders discrete-time linear system

A%q(k—&-l) :A]])C](k)-i-Alzxz(k)—‘y-Bll/t(k)7 keZ.,, (1.81a)
APy (k+1) = Ayyxi (k) + Axoxa () + Boul(k), (1.81b)
where x| (k) € R", x3(k) € R", u(k) € R™ are state and input vectors, respectively

and A;; € R"*" By e R"*™M j j=1,2.
The fractional derivative of o order is defined by

k k

= 2‘6(—1)’ (‘;)X(k—j) = Z()Ca(j)x(k—j), (1.82a)
=

co(j) = (—l)’<j> = (—l)fa(a_l)"f(a_j+l)7 (1.82b)

J!

c(0)=1, j=12,....
Using (I.82) can write the equation (.81} in the form

k+1
)C](k"‘rl) =A1ax1(k +A12X2 ZCO‘ )C] k ]+1)+B]M( ),(183&)

k+1
x(k+1) :Azlxl(k)+A2[3x2(k) z ﬁ( Nxa(k— j+ 1)+ Bou(k). (1.83b)
Jj=2

where Ajq = A1 + Odnl, A2[3 =Ap —|—l}],12.
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Applying to (I83) the z-transform we obtain

Iz — A1a+21 an( ), z A —Aqp
—Ay; L,z — A23+2J 2I,,zcﬁ( )z i+
Xi(z) | _ |zx10 By
<[] - [+ (] 1
where X;(z) = Z[x;(k)] = X gxi(k)z %, i= 1,2, U(z) = Z’[u(k)] and x19 = x; (0),
X20 ZXZ(O).
From([@)wehave
. ~1
Iz — Ala"‘zlféca( Nzt —An
—Az) Inyz—Asp +le-5 ep()z /™!
2xX10
U . 1.85
: {Lm] “[5)eo} i
~1
Iy z— Ala—l-zj 2coc( )zt —Ajp
—Aj I,z —Asg +2] 2Inzcﬁ( )zt

@, (D), (1.86)

™

0

J

where the matrices @ are defined by

I, (n=n+m) for i=0
CD,': A(Diflfqu)i,27“~fDi,1(D0 for i:1,2,...,k . (187)
A¢i—1_Dl(Di—Z_"'_Dk(I)ifkfl for i:k+1,k+2,...

From definition of inverse matrix we have

[InZ—A —Diz7 ' —Dyz %2 —-. —Dkz_k] [(P()Z_l + @iz Dz } =1,
(1.88)
where ( )
Alg A1 colk+ 1)1, 0
A= , Dy= ! . 1.89
|:A21 Azg] k { 0 cp(k+ 1), (159

Comparison of the coefficient at the same power of z~! we obtain

Dy =1, O =ADy), D, =AD —D Dy,
@y — ADy — D, ®) — Dy, ... . (1.90)

which can be written in the form (T.87).
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Substitution of into (T.83) yields
&;Eg ] = jgodvﬂ [gﬂ +j§)cb,-z*<f“> [g;] U(2). (1.91)
Applying the inverse z-transform and the convolution theorem to (T.91)) we obtain
{xl(k)] — @, [xm} +§q>k_-_1 {Bl} ui. (1.92)
x2 (k) x| AT B
Therefore, the following theorem has been proved.

Theorem 1.19. The solution to the fractional equation (L8I)) with initial conditions
x1(0) = x19, x2(0) = xa9 is given by (L.92), where @y is defined by (L.87).

1.12 Positive Fractional Different Orders Discrete-Time Linear
Systems

Consider the fractional different orders discrete-time linear systems described by
the equation (L8] and

y(k)=C {283] + Du(k), (1.93)

where x1 (k) € R", xp(k) € R"2, u(k) € R™, y(k) € R” are the state, input and output
vectors and C € RP*" D ¢ RP*™,

Definition 1.13. The fractional system (L81), (L.93) is called positive if x; (k) €
R, xy(k) € R'2, y(k) € RY. for any initial conditions x;o € R}', x50 € R’? and all
inputs u(k) € R fork € Z.

Theorem 1.20. The fractional discrete-time linear system (L81), (L93) with 0 <
o < 1,0 < B < 1is positive if and only if

_ Ao A1 nxn B nxm pXn pxm
A_[AzlAzg]€R+’ B, eRY™, CeRPY, DeRPF™. (1.94)

Proof. Necessity. Let e?’ be i-th column of the n; x n; identity matrix, j = 1,2. From
for k=0, u(0) =0, x30 =0 and xjo = ¢;' we have x| (1) = Ajqe;’ € RY and
x2(1) = Azief" € R'}!. This implies the nonnegativity of i-th (i = 1,...,n) columns
of the matrices A1 and A;. Similarly for k =0, u(0) = 0, x;0 = 0 and xp = € we
have x; (1) = Ajz¢f? € R'? and x»(1) = Ayge;? € R'2. To show that B; € R *™ and
B, € R?>™™ we assume in (L.83) for k = 0, x;(0) = 0, x2(0) = 0 and u(0) = € and
we obtain x1(0) = Bye!" € R and x»(0) = Bye”" € R"?. In a similar way we prove
CeRI™and D e RY™.



1.12 Positive Fractional Different Orders Discrete-Time Linear Systems 25

Sufficiency. In Lemma [[1] was shown that if 0 < & < 1 and 0 < 8 < 1 then
ca(j) <0and cg(j) <O for j=2,...,k+ 1. From (L89) if follows that D; € R,
fori=1,...,n and from(L.87) we have ®; € R"*" for i =0,1... since A € R}
From (L.92) we have x; (k) € R}, x,(k) € R?, k € Z since [g;] € R"™ and
u(i) € R, i € Z,. Finaly from (L.93) we have y(k) € Rf_, k € Z. since C € RP*",
D e RP*™ xi(k) € R, xy(k) € R? and u(k) € R, k € Z.. ]

These considerations can be easy extended to fractional system consisting of n sub-
systems of different fractional order [161].






Chapter 2
Fractional Continuous-Time Linear Systems

2.1 Definition of Euler Gamma Function and Its Properties

There exist the following two definitions of the Euler gamma function.

Definition 2.1. A function given by the integral
I'(x) :/ rle7'dt, Re(x) >0, 2.1
0

is called the Euler gamma function.
The Euler gamma function can be also defined by

X

I = lim —— 1')"" Gy FECMOT 2 (2.2)
where C is the field of complex numbers.
We shall show that I' (x) satisfies the equality
I'(x+1)=xI(x). (2.3)

Proof. Using (2.1, we obtain

=

Fx+1)= / re'dr = / Pde' =re| =x / e dr = xI'(x).
0 0 0 0

Example 2.1. From (2.3) we have for:

x=1: r2)=1-r(1)=1, since F(l):/owe_’dtzl,
x=2: TI(3)=2.T2)=1.2=2,
x=3: I(4)=3-T'(3)=3-2-I'(2)=3.

T. Kaczorek: Selected Problems of Fractional Systems Theory, LNCIS 411, pp. 27-52.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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In general case for x € N we have
I'n+1)=nl'(n)=n(n—1)I'n—1)=n(n—1)(n—2)---(1) =n!

The gamma function is also well-define for x being any real (complex) numbers. For
example we have for

x=15: TI(25=15-I'(1.5)=1.5-0.5(0.5),
x=-05: T(0.5)=-05-T(=0.5)=—0.5-(—1.5)(—1.5).

2.2 Mittag-Leffler Function

The Mittag-Leffler function is a generalization of the exponential function %' and
it plays important role in solution of the fractional differential equations.

Definition 2.2. A function of the complex variable z defined by
k

- Z
%@_%ﬁﬁTﬁ (2.4)

is called the one parameter Mittag-Leffler function.
Example 2.2. For o = 1 we obtain
< z < 2
E@Q =Y rrrr =25 =¢
S Ck+1) S k!
i.e. the classical exponential function.

An extension of the one parameter Mittag-Leffler function is the following two
parameters function.

Definition 2.3. A function of the complex variable z defined by

Zk

Eqp(z) = Z m,

k=0

2.5)

is called two parameters Mittag-Leffler function.

For § =1 from (2.3) we obtain ([2.4).

2.3 Definitions of Fractional Derivative-Integral

2.3.1 Riemann-Liouville Definition

It is well known that to reduce n-multiple integral to 1-tiple integral the following
formula
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" X ruy Un—1 1 * n—
le:/o /0 /0 f(u,,)dun---dugdulzm/o (x—u) 1f(“)d147 (2.6)

can be used, where f(u) is a given function. Using the equality (n— 1)! = I'(n),
the formula (2.6) can be extended for any n € R and we obtain Riemann-Liouville

fractional integral
1 ! _
ol;"Z‘rm)/ (t=0)* ' f(r)dr, @7

0

where o € R, is the order of integral.
Definition 2.4. The function defined by

D20 = 4 pe) = S ot ()]

dr*’ Y drn
1 a
- mﬁ/o (=) (), 2.8)

is called Riemann-Liouville fractional derivative-integral, where n — 1 < a < n,
neN.

Example 2.3. Consider the unit-step function

1 for t>0
f(t):]l(t):{o fsi izo.

Using (2.8), we obtain

d® A
—1t)= =——— | t—7)" % d
are 1) F(n—a)dt”/o( 2 4
SR K (t—1)"* L SRS
I'h—a)dt" [n—o o I'(n—o)n—odt
1 1 =

= mn_a(n—a)(n—a—1)...(1_a)t,a:

rl—o)

Therefore, the & order Riemann-Liouville derivative of unit-step function is a de-
creasing in time function.

Theorem 2.1. The Riemann-Liouville derivative-integral operator is linear satisfy-
ing the relation

REDEIAL (1) + ug(6)] = ASDY (1) + u 5DPg(t), AmeR. (2.9
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Proof.

EDFF0)+18(0) = gy gy (= " AS(®) + (e

_ A [ n—o—1
= T o) dt"/o(t T) f(t)dt
u ﬁ/l _ p\n—a—1
+ Ti—adr Jo (t—1) g(t)dr
= 25D f (1) + W GDF (1)
O

Theorem 2.2. The Laplace transform of the derivative-integral (2.8) has the form

ZBEDEf(1)] =s"F(s) = Y, sF 1P 0T). (2.10)

»
M=
L

Proof. Using the definition given in Appendix A.2 we obtain

7 [0 = [57 (ﬁ [[e= o) |

nF n o
.
va 2 Tt ol ()]

O
2.3.2 Caputo Definition
Definition 2.5. The function defined by
1 r o fW(r)
C o _
oD; f(t)il“(n—a)/o (t_r)aﬂindr, (2.11)

is called the Caputo fractional derivative-integral, where n — 1 < o < n,n € N.

Remark 2.1. From definition 2.5 it follows that the Caputo derivative of constant is
equal to zero.

Theorem 2.3. The Caputo derivative-integral operator is linear satisfying the
relation

GDIAL(t) + pg(t)] = A D (1) + u§ Di*g(t). (2.12)

Proof. The proof is similar to the proof of Theorem 2.1] 0
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Theorem 2.4. The Laplace transform of the derivative-integral (2.I1)) has the form
Z[§DXf(1)] = s"F(s) — i s* 7k pk=(oF), (2.13)
k=1
Proof. Using the definition given in Appendix A.2, we obtain
2[§o850] = 2|

_ 1 n—o—1 (n)
- a2 2 [100]
_ 1 F(n — OC) n _ . n—k p(k—1) (n+
N [s F(s) I;s f (0™)
i kf (k—1) 0+)
O
2.4 Solution of the Fractional State Equation of
Continuous-Time Linear System
Consider the continuous-time linear system described by the equation [100]:
o dx(1)
oD/ x(t) = e = Ax(t)+Bu(r), 0<a<l, (2.14a)
y(t) = Cx(t) + Du(t), (2.14b)

where x(1) € R”, u(r) € R™, y(t) € R? are state, input and output vectors and A €
Rnxn7 Be Rnxm’ Ce R[}X", D € RP*m,

Theorem 2.5. The solution of the equation (2.14d) has the form

X(t) = o (1)x0 + /0 " @ — D)Bu(t)dr, x(0) = xo, 2.15)
where
o oo Aktka
@o(t) = Eq(At ):%m’ (2.16)
oo Akt(kﬂ*l)otfl
D(t) = _— . 2.17
0= 2 F a1 .17)

Eq (At%) is the Mittag-Leffler function and T"(x) is the Euler gamma function.
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Proof. Applying the Laplace transform to (Z.14d) and taking in to account

X(9) = ZI(0)] = /O " x(t)e ", (2.18a)
Z[D%(1)] = s%X(s) — s* 'x0, (2.18b)
we obtain
X(s) = [Ls® — A [s* o +BU(s)], U(s) = Llult)). (2.19)
It is easy to show that
[Ls%—A] ' = Iﬁ‘aA"s—U‘“)“, (2.20)

since
[I,s* — (ZA" ~(ktDa > =1,. (2.21)
Substituting of 2.20) to 2.19), yields

ZAk (ka+1) )C + zAk k+1)0{BU( ) (2.22)
k=0 k=0

Using the inverse Laplace transform and the convolution theorem (Appendix A.1)

to (2.22) we obtain

x(t) = 27 X(s)] = 3, AL s~k xg + YAk [ DBy ()
k=0 k=0
t
— By(t)xo+ / ®(1 — 7)Bu(t)dx, (2.23)
0
where
< sk o1 [ —(kot1) o Ak
Dy(t) = Y Az |5~ -y -
() Z;) [ } kzzor(kaﬂ)

o pkp(kt1)a—1

(1) = £ {[Ls"—A] 7'} = g)Ak.z] [ﬁkﬂ)a} - ,;)7F[(k+ el

Remark 2.2. From (2.16) and (2.17) for « = 1 mamy

oo

At
= = :eAt.
@y (1) = D(1) ,g;)l“(kJr 0
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Remark 2.3. From classical Cayley-Hamilton theorem it follows that if
det[l,s* —A] = (s*)" +a, 1(s*)" '+ 4+ a1s* + ap,
then

A"+ a, (A" A% apl, = 0.

Example 2.4. Find the solution of the equation (2.144d) for 0 < o < 1 and:

A_[g(l)}, B_m, xo_m, u(t) = 1(1)

Using (2.16) and (2.17), we obtain:

= Akghe At*
ot) =Y ————— =h
o(t) ETka+1) 7 T(a+1)
oo pkp(k+D)a—1 o1 201
(D(I) = =Dh +A R
kg(‘)l"[(k—kl)a] I'le) TI(2o)

Substituting (2.27) and u(z) = 1 into (2.13), we obtain

33

(2.24)

(2.25)

(2.26)

(2.27a)

(2.27b)

x(t) :x0—|—ALta)+/0w (L(I—T)al—p AB (t—1)2a1> .

I'lo+1 I'a

N Axot® N Bt N ABr*®
= X
""Tla+1) "T(a+1) TQRa+1)

I'Ca)

1+r<a+1>

where I'(a+ 1) = ol (o).

t2a

1+ F(a+1) + F(2a+1)]

Theorem 2.6. The solution of the equation (2.14d) for n — 1 < o0 < n and Caputo

definition has the form
n
:2 x=D(0") +/(I)I—T)Bu( )dr,

where
o pkp(ka+1)—1 > Akglkt1)o—1

@) :kgf)m7 o) :k=om.

Proof. Taking into account (A.1), (Z.I3) from (Z.14a) we obtain:

X(s) = [Ls* —A]” zsa’ =DM 4+BUG) |, Uls) = ZLu)).

=1

(2.28)

(2.29)



34 2 Fractional Continuous-Time Linear Systems

Substituting of 2.20) into (Z.29), yields

X(S) ZAk —(k+1)o lz o— l (- 1)(0+)+BU()

k=0 =1

— ZZAk ket ) (1=1) (o) ZAk kD (s). (2.30)

Applying the inverse Laplace transform and the convolution theorem (Appendix
A.1) to (230), we obtain

Z ZAkg { koc-s-l)} x(l—l)(0+)+ iAkg—l {S—(k+1)aBU(S)
k=0i= k=0

= 3 @) (07) + /0 " ®(t - 7)Bu(t)d, 231)

where

ky(kot-1)—1
Ak 1 [ ko] _ 5 AT ’
kZB [ } %F(kowrl)
o pkg(k+1)o-1

_ ko1 [ ~(ki)a] _ N AT
S )= 3 e

O

Theorem 2.7. The solution of the equation 214d) for n —1 < oo < n and the
Riemann-Liouville definition has form

n 1
x(t) = Y @ (0)x D (07) + /0 @(t — T)Bu(1)d, (2.32)
=1
where o Ak ko=l o Akg(k+1)o—1
Dy(t) = , D)= —————.
S T[(k+1)o—1+1] & T[(k+1)0]

Proof. Taking into account (A.1) and Z.10), from (2.14a) we obtain:

X(s) = [l.s* — A" Zsl =D +BU(s) |,

=1

Substituting of Z.20) to 2.33)), yields

U(s) = Lu()]. (2.33)

zAk —(k+1)o [2 - l (a— l)(0+)+BU()

=1

_ ZZAIC —(k+1)o+1— 1 (o—1) O+ +2Ak (k+1) OCBU( ) (234)
k=01=



2.5 Positivity of the Fractional Systems 35

Applying the inverse Laplace transform and the convolution theorem (Appendix
A.1) to (Z34), we obtain

2 zAkog [ (k4+1)o+1— 1} (afl)(0+)

k=01=

LY Ak {s_(k“)“BU(s)}
k=0

= 3 @@ (0) ¢ /0 "o — 7)Bu(t)dx, (2.35)
=1 -

where

S kot [t atio1] _ e AkilErDocd
= A - - - =
=A% {s } Zr[(k+l)oc—1+1]’

k=0 k=0
o Ak (k+1)o—1

Akg k+1) — A 1
kzg) [ } IZ‘OF[(k—F )]

O

Remark 2.4. From comparison of (2.28) and (2.32) it follows that the component of
the solution corresponding to u(¢) is the same.

2.5 Positivity of the Fractional Systems

Definition 2.6. The fractional system (2.14) is called (internally) positive if the state
vector x(1) € R". and the output vector y(r) € R” for s > 0 for all initial conditions
xo € R} and all inputs u(r) € R, t > 0.

Definition 2.7. A real square matrix A = [a;;] is called Metzler matrix if its off di-
agonal entries are nonnegative, i.e. a;; > 0 for i # j.

Lemma 2.1. Let A c R"" and 0 < o« < 1. Then

Dy(t) = i ﬂ eR" for t>0 (2.36)
S Cko+1) ~ =7
o pkp(k+1)a—1 y
o)=Y RV f > 0. 2.37
®) zr[(k+1)oc]e + for iz 237

if and only if A is a Metzler matrix.

Proof. Necessity. From:

Bo(t) = I+ =24

O T T T la+1) ’
[oc—l t2a—1

(1) = +A 4

"oy M0
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it follows that @y(r) € R i @(r) € R" for small value > 0 only if A is a
Metzler matrix.
Sufficiency. It is well-known [77] that

M ERY for t>0 (2.38)

if and only if A is a Metzler matrix.
Using (2.36), we can write

- )k o)k <kl — ok
<p0<r>—eAf“—2(r(A’) @A) )_k K- Tkot1) (4r%)

(ko+1) & ) & Tlka+l) &

k=0

for t > 0, since k! > I'(ka.+ 1) for 0 < oo < 1. From 2.38) and @2.3) we have
@y(1) > eM” > 0 for 1 > 0. The proof for (Z37) is similar. O

Theorem 2.8. The fractional continuous-time system(2.14) is (internally) positive if
and only if:
AEM,, BeRY"™ CeR", DeRU™. (2.39)

Proof. Sufficiency. By Theorem 23] the solution (Z.14ad) has the form Z.13) and
x(t) € R, ¢t > 0, if the condition is satisfied since @y € R"*", xo € R’} and
u(t) e R fort > 0.

Necessity. Let u(t) =0, > 0 and xp = ¢; (i-th column of the identity matrix
I,). The trajectory does not leave the orthant R only if the derivative of order
o, x*(0) = Ae; > 0, what implies a;; > 0 for i # j. The matrix A is a Metzler
matrix. From the same reason for xo = 0 we have x*(0) = Bu(0) > 0, what implies
B e R*™, since u(0) € R” can be arbitrary. From foru(t) =0,1 >0 we
have y(0) = Cxo > 0 and C € RY™", since xo € R, can be arbitrary. In a similar way
assuming xo = 0, we obtain y(0) = Du(0) > 0 and D € R™", since u(0) € R is
arbitrary. 0O

2.6 External Positivity of the Fractional Systems

Definition 2.8. The fractional system Z.14) is called externally positive if for all
u(t) € R", t > 0 and zero initial conditions xo = 0 the output vector y(t) € R%,
t>0.

Definition 2.9. Output of the fractional SISO system with zero initial conditions for
Dirac impulse u(t) = (r) is called the impulse response of the system. In a similar
way we define the matrix of impulse response of the MIMO fractional system (2.14).

Lemma 2.2. Matrix of the impulse responses g(t) of the fractional system (2 1d)is
given by
g(t)=CO(r)B+D6(r), t>0. (2.40)

Proof. Substituting (Z.13) into (ZI4B) and taking into account xo = 0, u(t) = &(¢),
y(t) = g(t) we obtain
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o) = /0 "Cd(t— 1)BS(2)dT+ DS(1) = COMB+DS(1).  (2.41)

a

Theorem 2.9. The fractional system (Z14) is externally positive if and only if
g(t) eRT™ for t>0. (2.42)

Proof. Sufficiency. The output y() of the system (2.14) with zero initial conditions
for the input u(¢) is given by

V1) = /0 ot — Du(t)dr. (2.43)

If the condition is satisfied then from (2.43) we have y(t) € RY, ¢ > 0.
Necessity. The necessity follows immediately from the fact that the matrix of

impulse responses in a particular case of the output of the system for u(t) = 6(¢)

and 0 () is nonnegative for 7 > 0. O

Corollary 2.1. The matrix of impulse responses (2.40) of internally positive system
(2I4)is nonnegative for t > 0.

Between the internal and external positivity we have the following relationship.

Corollary 2.2. Every fractional continuous-time (internally) positive system (2.14)
is always externally positive.

2.7 Reachability of Fractional Positive Continuous-Time
Linear System

Definition 2.10. A state x; € R of the fractional system (2.14) is called reachable
in time 7 if there exists an input u(r) € R for t € [0,77] which steers the state of
system from zero initial condition xo = 0 to the finial state x; = x(¢7). If every state
xy € R’} is reachable in time 7y, then the system is called reachable in time #y. The
system (2.J4) is called reachable if for every x; € R’ there exist 7 and an input
u(r) € R fort € [0,17], which steers the state of system from xo = 0 to x;.

Theorem 2.10. The fractional system(Z14) is reachable in time ty, if the matrix
i
R(ty) = / @(t)BB" &7 (1)dt, (2.44)
’ 0
is monomial. Moreover the input which steers the state from xo = 0 to xy is given by

u(t)=B" @ (t; — )R (tf)xs, t€0,tf], (2.45)

where T denotes transpose.
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Proof. We shall show that the input (2.43)) steers the state of the system 2.14) from
xo=0tox f-
Substituting of (Z.43)) into (Z.13) we obtain

x(ty) = /Otf ®(1y— T)BB" @' (17 — T)R ' (1y)x7dT
— / ! @ (t; — 1)BB" @7 (t; — 1)dTtR ™ (17)x/ (2.46)
0
= R(tp)R ™ (t)xp = xy.
O

Theorem 2.11. If the matrix A = diag [a a> ... a, | € R"" and B € R for m =
n are monomial matrices then the system (2_14) is reachable.

Proof. From 217 it follows that if A is diagonal then the matrix @(r) and ®(¢)B
are also monomial for monomial matrix B From 2.44)written in the form

R(ty) = Otf @(1)B[®(1)B]" dr, (2.47)

it follows that the matrix (Z.47) is monomial. By Theorem[2.IQlthe fractional system
is reachable. g

Example 2.5. We shall show that the fractional system (2.14) with the matrices:

10 01
A= [0 [0, .

is reachable. Taking into account that

k
A"—FO] —{10}, for k=1,2,...,

00 00
and using (Z.17) we obtain
oo Akt(k-‘rl)oc—l (Dl(f) 0 :|
D)= ) —————— = , 2.49
®) ,Z;)F[(kﬂ)a} { 0 @) (2:49)
where
> pk+a-1 &) ol
D (1) = , 1) = ,
1#) ,Zor[(kﬂ)a] T T (@)
and
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In this case from (2.47) we have

(2.50)
JO

tr ' ]
R(t;) = Of ®(7)B[@(7)B]" d7 = / f {(Dlo(r) @%O(TJ &

The matrix (230) is monomial and by Theorem the fractional system is
reachable.

Remark 2.5. Tt is well-knew that the standard system

X=Ax+Bu (2.51)
with the matrices:
00...0 ao |
10...0 aj
0
A= 01...0 aj , B = o, (252)
00...1 ay—1 0
is reachable for all values of the coefficients a;, i =0, 1,...,n — 1, since the reacha-
bility matrix
[BAB ... A" 'B] =1,. (2.53)

The system (2.31)) is also reachable as a positive system if a; > 0,i=0,1,...,n—2.
The fractional system (2.14) with (2.32) is reachable even fora; = 0,i=1,...,n—1
if there exist u(r) > 0, t € [0,77] which satisfied condition

(tf—‘r)”’l

t AV,
xp = /0 T y(n)dr. (2.54)

(tf—r.)"‘x’l
I (na)

This condition [2.34) follows from Z.13) for xy = 0, m and the fact that for
a;=0,i=0,1,....n—1,wehave A =0fork=n,n+1,... and

ta—l
)
Akp(k+1)o— 1 n—1 pkp(k+1)o—1 !

I'2a)
B == 7B:
Z M+ Do)’ zor[(k+1)a] :
no—1
It"(na)

This example shows that the reachability conditions for the fractional system 2.14)
are much stronger than for positive system (2.31) [100].
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2.8 Positive Continuous-Time Linear Systems with Delays

Consider the continuous-time linear system with g delays described by the state
equations

(1) = Aox(t) + i Apx(r — dy) + Bult), (2.55a)
k=1
y(t) = Cx(t) + Du(r), (2.55b)

where x(7) € R", u(r) € R™, y(t) € R? are the state, input and output vectors and
Ay R k=0,1,...,¢; BERY™ C e R, D e RY™, and dy (dy > 0), k =
1,2,...,q are delays.

Initial conditions for (2.534) have the form

x(t)=xo(t) for re€[-d,0], d=max(dy), (2.56)

where xo(¢) € R" is given.

Definition 2.11. The system (2.33) is called (internally) positive if x(r) € R, y() €
R’ for any xo(r) € R". and all inputs u(z) € R”, 1 > 0.

Theorem 2.12. The system (2.33) is (internally) positive if and only if

AgEM,, AR k=1,..q: (2.57a)

BERY™, CeRP" DeRP™ (2.57b)

Proof. Necessity. The equation (2.33d) for x(r —dy) =0, t € [d,0] and u(r) = 0,
t > 0 takes the form

x(r) =Apx(r), te€][0,d]. (2.58)

It is well-known [52, 77] that x(¢) € R" of (2.38) only if Ay € M,,. Assuming in
C33d) u(t) =0,1>0,x0(—dy) = e, i =1,...,n (i-th column of the identity matrix
L), x(—=d;) =0, j=0,1,....,k—1,k+1,...,n for t = 0 we obtain %(0) = Aze; =
Ay € R, where Ay; is i-th column of Ay e R, k=1,...,¢. From (Z.334d) forr =0
and xo(r) = 0, 1 € [—d,0] we have ¥(0) = Bu(t) and B € R’™, since by definition
u(0) € R™ is arbitrary. The necessity of C € RY™", D € R can be shown in a
similar way as for positive systems without delays [52, 77].
Sufficiency. The solution of the equation (Z33a) for ¢ € [0,d] has the form

q
x(r) = e 4 /Ot M0 (2 Axo(t —dy) +Bu(r)> dt . (2.59)

k=1



2.8 Positive Continuous-Time Linear Systems with Delays 41

Taking in to account that 40’ € R, t > 0, for Ay € M, and the condition (2.37),
from we obtain x(r) € R, 1 € [0,d], since xo(t) € R, t € [—d,0] and u(r) €
R", ¢ > 0. From (Z.35B) we have y(t) e R}, 1 € [0,d], since x(1) € R". and u(r) € R".
Using the step method we can extend the considerations for the intervals [d,2d],
2d,3d), ... . 0

Definition 2.12. Let to the asymptotically stable positive system (2.33) a constant
input u(r) = u € R/ be applied. The vector x, satisfying the equation

0= )» Awx.+Bu (2.60)

q
k=0

is called the equilibrium point (state) of the system (2.33) for constant input u.

If the positive system (2.33) is asymptotically stable then the matrix

A= iAkeMn (2.61)
k=0

is nonsingular and from (2.60) we have

xe = —A"'Bu. (2.62)
Remark 2.6. For positive asymptotically stable system

~A"l e R, (2.63)
This follows immediately from (2.62)), since xo € R and Bu € R is arbitrary
[52, 77].

Theorem 2.13. The equilibrium point x, for positive asymptotically stable system
.23 is strictly positive, i.e. x, > 0, if Bu > 0.

Proof. 1f A € My, and Bu > 0 then from (Z.60) we have x, € R”.. The hypothesis will
be proved by contradiction. Assume that x, = 0 then from (2.60) we have Bu = 0.
This contradicts that Bu > 0. This completes the proof. O

These considerations can be extended for positive fractional continuous-time linear
systems with delays.
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2.9 Positive Linear Systems Consisting of n Subsystems with
Different Fractional Orders

2.9.1 Linear Differential Equations with Different Fractional
Orders

Consider a fractional linear system described by the equation

d%
|' dt‘)‘)lq—l IVAH ...Aln-l {xl] IVBI pr—1< oy < py

: = . S lu preN={1,2,...}, (2.64)
AR e A R H R

where x; € R™, k= 1,...,n are the state vectors, Ay; € R, B € R™%*™ k, j=
1,...,n and u € R™ is the input vector.
Initial conditions for (2.64) have the form

) =x eR™, k=1,...m j=01,...,p—1. (2.65)

Theorem 2.14. The solution of the equation (2.64) for py—1< o < pr, k=1,...,n
with initial conditions (2.63) has the form

x(r) = /t (@1 (t —T)Bio+ -+ P(t — T)Buo] u(t)d7

JO
P1 ko4 tknom+j1—1 (]'17])
o o J1=1 I (ky o +--+kn0ty+j1) " 10
+ 3 S T : . (2.66)
ki=0  k,=0 Pn kpog+etknontjn—1 (j—1)

.fnzl F(kl a1+"'+knan+j/1)xn0

where

x1 (1) X10
x(t) = GRN, N=nj+ -+, x=|: |, (2.67a)
Xn(t) Xn0
B 0
0 :
Bio=1| .|, Bw=]|" |, (2.67b)
: 0
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oo oo t(kHrl)O€1+k2052+~-~+kn05n*1
D(t) = Tiy ..y ,
®) klz;o knz=‘o L [(ky + L)ou 4 koot + -+ - 4 kot

(2.67¢)
o ad tkl(xl+"'+kn,1Ocn,1+(kn+1)06n_1
o,0)=Y - ¥ 7, ,
(1) kéo ];:40 b Pl on 4 A k101 + (kn + 1) 0t
and
Iy for ky=---=k,=0
Aqp - A
0 -0 k=1
for ! ’
.‘. . k2 — =k, = O
[ 0 - 0
"0 0]
0 0 ki =-=ki_1=0,
Ajl Ain for kl = 17
0 0 kivi=-=k, =0,
Ty = o (2.67d)
L 0 : O -
[ 0
kk=-=k,_1=0
. . . fOr 1 n—1 bl
0 --- 0 ki =
_Anl Ann
To.oTor.a++To.o1Ti.10 for ki=-=k,=1
T Tr. —
10..01k 1.k hon for Kyt thy>0
+ 1o 01Tk kyy Jon—1
0 for at last one ki<0,i=1,...;n

Proof. Using the Laplace transforms

Xe(s) = L)), k=1,....m U(s) = Llu(r)), (2.68)
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and (A.10) we may write the equations 2.64) for py — 1 < o < pi; pr € N,
k=1...,nin the form

Iy s — Ay —Ap - —Ap Ay Xi(s)
—An A - —Au—d Iﬁnsan —Ann Xn(s)
B, Sh sy ™Y
=
= |U@s)+ : : (2.69)
n —J jin—1
B, zynzlsan /nx’% )
From (2.69) we have
- ~1
Xi(s) Lis™ —Ap —Ap - A1 An
Xn(s) L —An —Ap - —An—i Iﬁ,,san —Ann
B, 2511:1Sa1_j1x561_1>
x | UGs)+ : . (2.70)
Bn 25_7::1 sanfjnxi%"il)

Comparing the coefficients at the same powers of s~ % it is easy to verify that
Ly —Aps™ o —Aps™ . .
N —(k kn n —
2 Thy. S (k1o +-+know) | _ p
0 k=0

- B =
—An1s On o Iﬁn —Auns O :

(2.71)

where matrices Ty, x, are defined by (Z.67d).
Using (2.71) we obtain

_1
L s™ —An —An - A1 A

—An1 —Ap - —Ap— Iﬁnsan —Au

]ﬁlsal 0 Iﬁ| fAlls_O‘l ,Alns—al

0 o Iys® | | —Aus® e Iy — Ags

n
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-1

I, —AjsTH o Ao 1ﬁls—061 0
—Anls_aﬂ . Iﬁn _Anns_an 0 R Iﬁns_a"
- - [ﬁls*al e 0
S S B e L o
k=0  kp=0 0 B
substituting of 2.72)) into 2.70) yields
Xi(s) N N Iy s~ - 0
. = z z Tkl X S_(klal""”""knan)
X,(s)| B0 M= 0 o by
B Z?I]ZISOC' 7j'x(1{)'_1)
X U(s)+ :
n —J jn—1
Bn zfnzl §%n f"x,% )
= z z T, ke { [B1()S_[(k1+1)a1+k2a2+”'+k”a”]
k=0  k,=0

+ ... _|_Bnos_[klal+"'+kn—1an—l+(kt1+1)an]:| U(S)
SR
+ s~ kot tho) : : (2.73)
n — i ln—1
\;Z?n=1 § ]nx’(’lé) ) J
Applying the inverse Laplace transform and the convolution theorem to Z73) we
obtain

Xi(s) o .
s =27 Y Y Ty, { [BIOS*[(M+1)a1+k2a2+-~-+k,,an]
Xn (S) k1=0 kn=0

+ o +Bn0s_[k"x‘+"'+k"*‘O‘”*“"”“”"q Uls)

P1 —J1 (1=1)
2,'1:15 10
e )

Pn —J (jn* 1 )
Zjnzl § ”_xno



46 2 Fractional Continuous-Time Linear Systems

x1(7) )
: = /0 [(Dl(t—T)Blo+"'+(pr1(l—T)Bn()]u(‘[)df
Xn (1)
pi o _etethontn ol (-1
- - =1 T o+ Hen Gt 1) 10
+ z z Ty ko , (2.74)
k1=0  k,=0 P ko +otknontjn=1 (j,—1)

j,,:l F(k1a1+"'+knail+jn) n0

: -1 1 I
since .Z [S““] = a1 O
In a particularcase if 0 < oy < 1, k=1,...,n; (py =+ = pp = 1), then
p1 _fetetheti -l (i-1)
- - =1 Tlaq+ ka0 177) 10
2 2 T, : =®d()x,  (275)
k=0 k=0 Pn kroq+otknontin=1  (j,—1)
jn=1 T (ky 0+ O ) 10
where
had > tklal+"'+knan
Dy(t) = T; ) 2.76
v klzz'o kHZ:'O ST (ko +-+ ka0 + 1) (270

2.9.2 Positive Fractional Systems

Definition 2.13. The fractional system (2.64) is called positive if x;(1) € Rff‘,
k=1,...,n,t > 0 for any initial conditions x;p € R"*, k = 1,...,n, and all input
vectors u € R, ¢t > 0.

Let M, be the set of n x n Metzler matrices, i.e. real matrices with nonnegative
off-diagonal entries.

Theorem 2.15. The fractional system ([2.64) for py —1 < a < py, pr €N, k =
1,...,nis positive if and only if

[All---Aln
A=| : . | EMy, (2.77a)
e )
B,
e R, (2.77b)

BI’[
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Proof. To simplify the notation the proof will be given for n = 2. First we shall
show that

@ (1) eRTT (A=m +nm) for k=0,1,2 and >0, (2.78)
only if (Z.774) holds. From the expansion (2.67d) we have

& 0] | [An A e
Q)= |'g 1, *{ 0 0 }r(aﬁl)
[0 0 } 1%
| A21 A | T'(ap +1)
-Iﬁl 0 7 ta171 A11A12 t2(X1*1
L O In, | T(on) 0 0 |I(2a)
r 0 0 t(X1+05271

7+
| A2i Azz} I'(og+0)
_Iﬁl 0:| tazfl |:A11 A12:| tO(1+0£271
| 0 Iy, | T'(n) 0 0 |I'(og+omm)
[0 0] 2!

—+

| A2 Azz} I'20)

+o (2.79a)

. (2.79b)

(2.79¢)

(2.794d)

From (2.79) it follows that @ () € R, k = 0, 1,2 for small value of t > 0 only if
the condition (2.774) is satisfied.
In a similar way as in [100, 135] it can be shown that if (2.77) holds then

Dy(t) eRY", >0, (2.80)
and .
D\ (1)B1o+ D»(t)Bor € R, 1t >0. (2.81)

In this case from (2.66) we have x(¢) € R"., t > 0 since by definition x, € R". and
u(t) € R, t > 0. The remaining part of the proof is similar as in [100, 135]. O

2.9.3 Fractional Linear Electrical Circuits

Consider linear electrical circuits composed of resistors, supercondensators (ultra-
capacitors), coils and voltage (current) sources. As the state variables (the compo-
nents of the state vector x) the voltage across the supercondensators and the currents
in the coils are usually chosen. It is well-known [51, 196] that the current i(7) in
supercondensator with its voltage uc(¢) is related by formula

dauc(l‘)
dr®

ic(t)=C for O0<a<l, (2.82)

where C is the capacity of the supercondensator.



48 2 Fractional Continuous-Time Linear Systems

Similarly, the voltage u;(f) on the coil with its current iy (¢) is related by the
formula

dPig(r)

ur(t)=L 2P

for 0<pB <1, (2.83)

where L is the inductance of the coil.
Using the relations (2.82), 2.83) and Kirchhoff’s laws we may write for the
fractional linear circuits the following state equation

daXC
o Al A X B
@@ | _ | A1 A1 c 1
ldﬂxL] - [AZI A22:| |:xL:|+|:32:|67 (2.84)
drP

where the components of x¢c € R"! are voltages across the supercondensators, the

components of x;, € R™ are currents in coils and the components of e € R” are the
voltages of the circuit.

Example 2.6. Consider the linear electrical circuit shown on Fig. 2] with known
resistances Rj, R», R3, capacitances Cy, Cy, inductances L1, L, and sources voltages
e, en.

G L, G

[l ~ ~ f

I Al

Ul 11 — 12 U2

m] 2l ]
i€ e i

Fig. 2.1 Electrical circuit. O O
Illustration to Example 2.6. -/ -/

Using relations (2.82)), (2.83) and Kirchhoff’s laws we may write for the circuit
the following equations:

. d%u, ) d%u,

1 = Cl dl‘—a]’ I = C2 dr% ; (2853)
. dPiiy .

ey = (R] +R2)ll +L1m +up —R3l2, (285b)
. dPi, .

ey = (Ry+R3)ir + Lo——— + up — R3ij. (2.85¢)

diP:
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The equations (2.83)) can be written in the form

d“lul
o, u
dt® u e
dhiy | =A 1 +B[ej7 (2.86)
drPi i
d2ip 1)
drP2
where
0 0 é 0
1
A= = >, 2.87a
|:A21 A22:| _Ll_1 0 _R1L+1R3 12_? ( )
0 —L B _RiRs
Ly Ly Ly
00
By 00
B= = 2.87b
HEEY s
0z

From (2.87) it follows that the fractional electrical circuit is not positive since the
matrix A has some negative off-diagonal entries.

If the fractional linear circuit is not positive but the matrix B has nonnegative
entries (see for example the circuit on Fig. 2.T)) then using the state-feedback

e=K {"C]. (2.88)
we may usually choose the gain matrix K € R™*", (n = ny +njy) so that the closed-
loop system matrix (obtained by substituting of (Z.88)) into (Z.84)))

A, =A+BK, (2.89)
is a Metzler matrix.

Theorem 2.16. Let A be not a Metzler matrix but B € R'*™. Then there exists a
gain matrix K such that the closed-loop system matrix A, € My, if and only if

rank [B,A. — A] = rank B. (2.90)
Proof. By Kronecker-Cappely theorem the equation
BK=A,—A, (2.91)

have a solution K for any given B and A, — A if and only if the condition (2.90) is
satisfied. O
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Example 2.7. (Continuation of Example 2.6). Let

1
00 G (1)
00 0 =
Ac=| 4 Ri-+Rs a% for >0, k=1,2,3.4. (2.92)
0" o
0 &2 as _ RytR3
L L L

In this case the condition (2.90) is satisfied since

00 0O O 0 0 00
00 0O O 0 0 0 0
rank[B,Ac—Al=| L o atl o ( @R |=rank| 1 o |=2.(2.93)
Ly | Ly w1 as—Rs Ly L ;
0 0 - 0 0 £
The equation (2.91) has the form
00 0 0 0 0
00 kll k12 k]3 k14:| 0 0 0 0
- ! —R ) 2.94
i ? LQI koo ko3 koa ‘”LT 0] ()R a3L1 3 (2.94)
ar+1 ag—
O z; 0 iz 4L2 3 O

and its solution is

ki1 k12 k13 k1a a+1 0 0 a3—R;
K= = . 2.95
[k21 koo ko3 koa 0 awy+las—R; O 2.95)

The matrix (2.93) has nonnegative entries if a; > 0 for k = 1,2,3,4.

On the following two examples of fractional linear circuits we shall shown that it
is not always possible to choose the gain matrix K so that the two conditions are
satisfied:

a) the closed-loop system matrix A, € M,
b) the closed-loop system is asymptotically stable.

Example 2.8. Consider the fractional linear circuit shown on Fig. with given
resistances R, capacitance C, inductance L and source of voltage e.

Using (2.82), (Z:83) and the second Kirchhoff’s law we obtain for the circuit the
state equation

dauc
l% :A[“ic]we, O<o<l; 0<B<l: (2.96)
arB
where
1
A{_OL_CB]’ B{(j} (2.97)
L L L
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¢ L
| | /YY)
Il
Ue
R
; e
Fig. 2.2 Electrical circuit. ()
Illustration to Example 2.8. —/

From (2.97) it follows that A is not a Metzler matrix but B € Ri. It is easy to see
that the condition (2.90) is satisfied for

o L
Ac= {g ﬁ] (2.98)
L L

and
K=[kik]=[a+1b]. (2.99)

Note that the characteristic polynomial of the matrix (2.98])

s f%
_a B R-D
LS T

R—b a

_otp T a &

SO T e
(2.100)

det

Ls*—An  —Ap }
~Ay LysP—Ap

has one nonnegative coefficient and closed-loop circuit is unstable for a > 0 and
any b.

Example 2.9. Consider the fractional linear system shown on Fig. with given
resistances Ry, Ry, capacitance C, inductance L and source of voltage e. Using the
relations (2.82), (2.83)) and the second Kirchhoff’s law we obtain for the circuit the
state equation

dauc U
[ dn :A{ ZC} +Be, (2.101)
aP
L
/YY)
a] ) e
Fig. 2.3 Electrical circuit. -«
N

Iustration to Example 2.9.
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where

11 0
A=| RC T | B:[I} (2.102)
L L L

The matrix A is not a Metzler matrix but B € Ri. Itis easy to check that the condition
(2.90) is satisfied for

_ 11
A= fézc b_CRl ] , a,b>0, (2.103)
L L
and from (2.91) we obtain
0 00
L L L
and
K=[kik]=[a+1b]. (2.105)

In this case the characteristic polynomial of the matrix (2.90) has the form

R —b
_ o+B 1 o -
ST Y T Re” T R
(2.1006)
and it is possible to choose the values of parameters a, b so that the closed-loop

system is asymptotically stable [266].




Chapter 3
Fractional Positive 2D Linear Systems

3.1 Definition of (Backward) Fractional Difference of 2D
Function

Definition 1.3 of (backward) fractional difference of o-order will be extended to
two-dimensional (shortly 2D) discrete function x;;.
Definition 3.1. The 2D discrete function

i jk

A% =Y Y calk,Dxigj—, O<a<l, (3.1a)
k=01=0

is called the (backward) fractional difference of o order of the 2D function x;; where

(k1) 1 for k=1=0 kleZ, (3.1b)
C b = — .o —k— .
* (—pkrrete e KD for k41> 0
3.2 State Equation of Fractional 2D Linear Systems
The model described by the state equation:
A%Xipy jy1 = Aoxij +A1xi1 j+Axxi ji
+ Bouij + Biujy1,j+ Boui ji 1, (3.2a)
Yij = Cxij—i—Du,-j, (3.2b)

is called the fractional general model of o order of 2D linear systems where x;; € R",
uij € R™, y;; € R are state, input and output vectors and Ay € R"*", B € R™",
k=0,1,2,C e RP*" D e RP*™

Using Definition 3.1 we may write the equations (3.2a)) in the form

i1 j—k+1

Xl + 2, D, Calk,Dxikin jr+1 (3.32)
k=0 =0
k+1>0

= Aoxij +Arxiy1,j +Aox; j1 + Bowij + Biuiyyj+ Baug ji1-

T. Kaczorek: Selected Problems of Fractional Systems Theory, LNCIS 411, pp. 53-B0]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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From (BD) it follows that the coefficients cq (k,!) in (31d) strongly decrease with
increasing k and /. In practice usually it is assumed that i and j are bounded by some
natural numbers L; and L. In this case the equation (3.3a) takes the form
Li+1L—k+1
Xl + 2 >, calk,DXiogi1j-it (3.3b)
k=0 =0
k+1>0
= Aoxij +A1xiy1,j +Aoxi jr1 + Bouij + Biuiy 1 j+ Baui ji 1

Remark 3.1. From (3.3d) it follows that the fractional 2D linear system is a linear
system with increasing number of delays in state vector.

Boundary conditions for (3.3d) have the form:

Xj0, i€ Zy, and Xxoj, j € Zy. (3.4)

3.3 Solution of the State Equation of the Fractional 2D Linear
System

Applying 2D z-transform we shall derive the solution of the state equation (3.34d)
with boundary conditions (3.4).

Theorem 3.1. The solution of the state equation (3.3d) with the boundary condi-
tions (B.4) has the form

Xij = Z Tip,j-1 (Alxp0+31“p0) + Z Ti1,j-4 (A2x0q+B2“0q)

p=1 qg=1
i—1 _ i1 _ —

+ Y Tiporjm1Aoxpo+ Y, Tim1j—g—1A0x0q + Ti—1,j—1Aouo0 (3.5)
p=1 q=1
i—1j—1

+ 2 ZT’*P 1,j—g—1Bottpg + Z 2 <Tl*17 1j-gB1+Tipj—g- 132)”}?4
p=0g=0 p=0g=0

where the matrices Ty, are defined as

I for p=g=0
ATyt g1+ A Ty g1 + AT, 1 4
P 4
Tpg = —Z ZCa(p—k,q—l)Tkl for p+qg>0, (3.6)
k=01=0
and k+I1<p+qg-—2
0 (zero matrix) for p<0 andlor q<0

and Ay = Ay — o, for k=0,1,2.
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Proof. Let X (z1,z2) be the 2D z-transform of the discrete function x; J, defined by
(A.15). Applying the 2D z-transform to equation (3.32) and using Appendix (A.3),
we obtain

X(z1,22) = G '(z1,20) {(Bo + B1z1 + B2z2) U (z1,22)
+ 2122[X (21,0) + X (0,22) — xo0]
41 il
+ Y ca(0,0)212," 71X (0,22) + Y, calk,0)z 22X (21,0)
=1 k=1

M X0,22)| _ =z X(21,0)
z1 [A1B1] |:U(0,Z2):| 22 [A2B;] {U(zl,o) ; (3.7a)
where

i+1 j—k+1 -1 _ . .

G(z1,22) = |22+ Y, Y, calk)z E 0L, Ry~ Az — Aoz
=052
(3.7b)

and U(Z],Zz) = D@”[u,'j].
Let

)= Zqul (p1) e+, (3.8)

p=0g=0

From the equality

G (21,22)G(z1,22) = G(21,22)G (21, 22) = I,

we have

= (Z > Tray AR qH)) G(z1,22)
p=0g=0
G(z1,22) (2 quZI (p+1) 5 q+1)>, (3.9)

p=0g=0

Comparing of the coefficients at the same power of z i z, in the equation (3.9), we
obtain (3.6). Substituting of (Z.8) into (3. 7a), yields
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1 ~(g+1
X(z1,22) (2 Y Tpezy Ptz 0F )> {(Bo+Biz1 + Byz2)U (21,22)

p=0¢=0
+ ZIZZ[X(ZI ,0) +X(O722) —X()()]
A X(OaZQ) — X(Z],O)
-7 [AlBl] {U(O,Zz)} -2 [Asz} [U(Zl,())} (3.10)
Jtl i+1
+ Y (0,021, X(0,20) + Y, ca<k,0)z;k+112x(zl,o)} ,
=2 k=2

Applying the inverse 2D z-transform and the convolution theorem we obtain the
desired solution (3.3). O

3.4 Extension of the Cayley-Hamilton Theorem

From (3.7b) we have

G(z1,22) = 2122G(z1,22), (3.11)
where
_ i1 j—k+1
G(zi,2) =hi+ Y, Y, healk D)z "' —Agz ' — A1, — Ay (3.12)
k=0 =0
and
N1 N
det[G(z1,22)] = 2. Y any—iwy 12 "5 (3.13)
k=01=0

It is assumed that i and j are bounded by some natural numbers L; i L, which
determine the degrees N and N,.
From (3.11)) and (3.8) it follows that

- -1 —15-1 e _p -
G '(z1.2)=5'5"'G (z.2)=2"'5" > Y Tz "2 %, (3.14)
p=0g=0
and
(1,2 Z Zquzl %Y, (3.15)
p=0¢=0

where T}, is defined by (3.6).

Theorem 3.2. Let (3.13) be the characteristic polynomial of the system (3.2). Then
the matrices Ty satisfy the equation

Ny
ZZMm— (3.16)

k=01=
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Proof. From definition of inverse matrix, (3.13) and (3.13) we have

NN
Adj[G(z1,22)] = (Z > an,—kn,-121 2 > (2 > Tpz” _q), (3.17)
p=0¢=0
where Adj [G(z1,22)] is the adjoint matrix of G(z1,22).

Comparison of the coefficients at the same power of sz' 23 M in equation (317,
yields the equality (3.16), since the degrees of the polynomial matrix (3.17) with
respect to z; ' and z, ! are less than N; and N;. d

Theorem[3.2]is an extension of the classical Cayley-Hamilton theorem to fractional
2D linear system described by (3.2)).

3.5 Positivity of Fractional 2D Linear Systems

Lemma 3.1. If |a| < 1, then:

I
(k l){<0 for O<a< kicZ. . (3.18)

>0 for —1<oa<0

Proof. Using (3.1B) for 0 < o < 1, we obtain

(a+1—k=1)
k!
{—oc for k+1=1

_W for k+1>1

ca(k,l) = (,l)kHO!(oc— 1)-

since
a(oe—1)---(o+1—k=1)= (=) a(l—a)--- (k+1—1—c) for k+I>1.

The proof of the second part is similar. O

Lemma 3.2. If0 < o < 1 and

A RV for k=0,1,2, (3.19)
then

Ty € R for p,q€Z,. (3.20)
Proof. 1If the conditions (3.18), (3.19), are satisfied then from (3.6), we obtain
3.20). |
Theorem 3.3. The fractional 2D linear system(3.2) for 0 < « < 1 is positive if and
only if:

A RV B e R fork=0,1,2, C€ R, D e RP™. (3.21)
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Proof. Sufficiency. If the conditions (3.21)) are satisfied then by Lemma 3.2 T),, €
R and from @3) we have x;; € R”. for i, j € Z since x;p € R}, xp; € R’} and
u;j € R" for i, j € Z,. From (3.2B) we have y;; € RY since C € RY™", D € R
and Xij € Ri, Uujj € Rﬁ fori,jeZ,.

Necessity. It is assumed that the system is positive and xgp = ep, i = 1,...,n
(eni is i-th column od the identity matrix 1,), xo1 = x10 =0, u;; =0, i, j € Z . From
equation (3.3a) fori = j =0and u;; =0, i, j € Z we obtain x|} = Age,; = Ag; € R
where Ay; is i-th column of Ag. This implies Ay € R since i = 1,...,n. If we
assume that xjg = e,i, o0 = xo1 = 0 and u;; = 0, i, j € Z then from (3.3a) for
i=j=0 we obtain x;; =Aje, =A; € R" what implies A€ R In a similar
way we may show that A, € R Assuming ugo = epni, uij =0, i,j € Zy i+j>0
and xo9 = x19 = xo1 = 0 from m, fori= j =0, we obtain x;; = Boei = Bo; € RT
fori=1,...,m what implies By € R"*". The proof of By € R’*™ for k = 1,2 and
C e R, D e RI™ is similar. O

3.6 Reachability and Controllability of Positive Fractional 2D
Linear Systems

Definition 3.2. The positive fractional 2D linear system (3.2)) is called reachable at
the point (h,k) € Z4 x Z if for zero boundary conditions (3.4) and every vector
xy € Rl there exists a sequence of inputs u;; € R”! for

(i,j) €D ={(i,j) €EZy xZy :0<i<hO0<j<ki+j#h+k}, (3.22)

which steers the state of the system from zero boundary conditions to the state xy,
e xXpx = Xf.

Theorem 3.4. The positive fractional 2D linear system (3.2) is reachable at the
point (h,k) if and only if the reachability matrix

Ry = [MO Mll M;i M12 M]% My ... My My ... Mh,k] (3.23)
contains n linearly independent monomial columns, where:

My = Tj—1 x—1Bo,

M! =Ty iy 1Bi+Thio1x-1Bo, i=1,....h

MJZ =Th—1,-1B2+Th—14—j—1Bo, j=1,....k

Mij =Ty iy j—j—1Bo+Th—is—j1B1 +Th—i1 1B, (3.24)
i=1,....h j=1,.../k

Proof. Using (3.3)) for i = h, j = k and zero boundary conditions we obtain

Xf :thu(h,k), (3.25)



3.6 Reachability and Controllability of Positive Fractional 2D Linear Systems 59

where
1T T T T T T T T T 1T
u(h,k) = [ugo ufy ... who gy - ugy ufy ... uj ug; ... uh_’k] (3.26)

and T denotes the transpose.
For positive fractional system (3.2) from (3.23) and (3.24) we have M, € R"*",
M} e R, MJZ- eRY™ M;; e RY™, i=1,...,h; j=1,...,k; and matrix Ry €

R (DD =1m Brom @23) it follows that there exists a sequence of inputs u;; €

R” for (i,j) € D for every x; € R”. if and only if the matrix (3.23) contains n
linearly independent monomial columns. O

The following theorem formulates only the sufficient conditions for reachability of
the positive fractional system (3.2).

Theorem 3.5. The positive fractional 2D linear system(3.2) is reachable at the point
(h,k), if rank Ry = n and the right inverse R}, of the matrix (3.23) has nonnegative
entries
-1 h+1) (k+1)—1
re= RE [RuRE] ™ € RIUHDEFDtman, (3.27)
Proof. If rankRy;, = n, then there exists the right inverse of Ry, and (3.27) holds
then from equation (3.25) we obtain
u(h, k) :Rkaf c R[ihﬂ)(kﬂ)—l}m’

for every xy € RY} . O

Example 3.1. Consider the positive fractional 2D linear system (3.2) with the
matrices:

- 01 - 10 - 10

om0 B[], B[] e

A P ) i

To check the reachability at the point (&,k) = (1, 1), of the system we use Theorem

B4 From (3.23) and (3.24) we obtain:
MozBoz[(l)], M%:Blz{ﬂ, M%:Bg:“], (3.29)
and

101
Ry =My M| M%]:{Oll]. (3.30)
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The first two columns of the matrix (330) are linearly independent monomial
columns. By Theorem [3.4] the positive fractional system (3.2) with (3.28) is reach-
able at the point (1,1). The input sequence which steers the state of the system from
zero boundary conditions to any given state xy € Ri at the point (1, 1) is given by

Uoo
=x¢ and up; = 0.
|:M10:| f o1

Using (3.27) and (3.30), we obtain
2 —1

N RN PR
Rl =Rjy [RuRfy] =01 [12} =3 -1 2 1. (3.31)
11 11

From (3.31) it follows that the condition (3.27), is not satisfied although the system
is reachable at the point (1,1). Note that the system is reachable at the paint (1,1)
for the arbitary order a, 0 < o < 1 and any matrices Ay, k =0,1,2.

Definition 3.3. The positive fractional 2D linear system (3.2) is called the system
with finite memory if its characteristic polynomial has the form

det[G(z1,22)] = ez} 2y, (3.32)
where c is a constant coefficient.

Lemma 3.3. If the positive fractional 2D linear system(3.2) is a system with finite
memory then

N

xpeiJ) = D, (Timpj1A1 + T p—1,j—140) Xp0

S|
I

_|_
M\.

(Ti-1j-gA2 + T j—g-1A0) Xoq

=

+ Ti—1,j-1A0x00 = 0, (3.33)
fori > ny, j > ny and any nonzero boundary conditions (3.4)).
Proof. Using (3.8) and (3.32), we obtain 7;; = 0 for i > n, j > n and the equality
(3:33)) holds for any nonzero boundary conditions (3.4). |
Definition 3.4. The positive fractional 2D linear system (3.2) is controllable at the
point (h.k) € Z x Z for any nonzero boundary conditions:

)C,'()ERZ_, i€Zsy and )CojGRr_z_, JjEZ, (3.34)

if for every vector x; € R’} there exists a sequence of inputs u;; € R} for (i, j) € Dp
such that xp; = x.
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Theorem 3.6. The positive fractional 2D linear system (3.2) is controllable at the
point (h,k) (h > ny,k > ny) for any nonzero boundary conditions (34) if and only if
it is a system with finite memory and the matrix (3.23) contains n linearly indepen-
dent monomial columns.

Proof. Using (3.3) for i = h, j = k and taking into account that x,; = x7, we obtain
Xf 7xbc(hak) - thu(hak)a (3.35)
where Ry and x;.(h, k) are defined by (3.23) and (B33), respectively.

If the positive fractional system (3.2) is a system with finite memory then
by Lemma 3.3 there exists a point (h,k) (h > nj,k > ny) such that the equal-
ity (3.33) is satisfied and xf = Ryu(h,k). In this case by Theorem 3.4] there ex-
ists a sequence of inputs u;; € R for (i,j) € Dy, satisfied (3.23) if and only if
the matrix contains n linearly independent monomial columns. Otherwise
xf — xpc(h,k) & Rpgu(h,k), since boundary conditions (3.34) are arbitrary and the
vector x; € R is also arbitrary. In this case does not exist a sequence of inputs
ujj € R for (i, j) € Dy, satisfying the equality (3.33). 0

3.7 Controllability to Zero of Positive Fractional 2D Linear
System

Definition 3.5. The positive fractional 2D linear system (3.2) is called controllable
to zero at the point (h,k) (h > ny,k > ny) if for any nonzero boundary conditions
(B34) there exists a sequence of inputs u;; € R for (i, j) € Dy, which steers the
state of the system from nonzero boundary conditions to the zero state x;; = 0.

Theorem 3.7. The positive fractional 2D linear system (3.2)) is controllable to zero
at the point (h,k) (h > ny,k > ny) if and only if it is a system with finite memory.

Proof. By Lemma 3.3 for a system with finite memory the condition (3.33) is satis-
fied for & > ny, k > ny. For x; = 0 from (3.33)) we have
pe (k) -+ Rugau (B, k) = 0. (3.36)

The equation (3.36) is satisfied for u(h, k) = 0. If the condition (333), is not satisfied
then does not exist u(h,k) € IR{[JEhH)(kH)*”m satisfying ([3.30), since for positive
system Ry € RTKHU(HU*]W and xp. (h,k) € RL. O
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3.8 Models of 2D Linear Systems
3.8.1 Positive 2D Linear Systems

The model described by the equations:

Xip1,j+1 = AoXij +A1xip1 j + A 41
+ Bouij + Biujv1,j + Boui j11, (3.37a)
yij = Cxij+Dujj, i,j € Ly, (3.37b)

is called the general model of 2D linear systems, where x;; € R", u;; € R™, y;; € R?
are state, input and output vectors and A, € R"™", B, € R"™*"™ k=0,1,2, C € RP*",
D € RP*™,

Boundary conditions for (3.37) have the form:

xo€R", i€Zy, x;eR", jeZ; . (3.38)

Definition 3.6. The model (system) (3.37) is called (internally) positive if x;; € R”.
and y;; € Ri, i € Z for all boundary conditions x;,0 € R' ,i € Z 1, xo; €R', j € Z
and all inputs u;; € R, i, j € Z.

Theorem 3.8. The model (system) (3.37) is positive if and only if
A RV B e RV fork=0,1,2, CERY™, D e RT*™. (3.39)

Proof. The proof is given in [77].

Substituting (3.37a) B; = B, = 0 and By = B, we obtain the first Fornasini-
Marchesini model (FF-MM) and substituting in (3.37d) A9 = 0 and By = 0, we
obtain the second Fornasini-Marchesini model (SF-MM).

The Roesser model of 2D linear system has the form:

h
Xivlj | _ A11A12} {xﬁ} {B“]
- + ijs 3.40a
[xiv,jﬂ] [AN Axn | | X By | " ( )
x}.l' . .
vij = [C1 G ] L’y’_] +Duij, i,j €Ly, (3.40b)
1

where x?j € R™ and lej € R™ are horizontal and vertical state vectors at the point
(i,7), uij € R™, y;; € R” are input and output vectors and Ay € R"™*™ k[ =1,2;
By € RMX™M By e R™2%™M Cp € RP*™M Gy € RP*™2, D € RPX™,

Boundary conditions for (3.40) have the form:

W ERM, EZ., XyeR", i€y . (3.41)

Definition 3.7. The Roesser model (3.40Q) is called (internally) positive if xlhj eRY,
xj; € R and y;; € RE, i, j € Z for allxgj eR"M, jeZi,xjy€eR™, i€ Zy and all
inputs u;; € R, i, j € Z..
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Theorem 3.9. The Roesser model is positive if and only if:

An A nxn {311] nxm
SHIN e R 3.42a
{AZI Azz] + B * ( )
[Cl Cz} eERI" DeRI™ n=n|+ny. (3.42b)
The proof is given in [77].
Defining:
h
| _1 00 _ |An A
Xij |:ny aAl A21 A22 aA2 0 0 y (3433)
_10 _ | B
B]—{Bzz],Bz—[ 0 }, (3.43b)

we may write the Roesser model in the form of SF-MM

Xit1,j+1 = A1Xip1,j +A2Xi j1 + Bruiyy j+ Baui i1 (3.44)

3.8.2 Positive Fractional 2D Linear Systems

Definition 3.8. The fractional horizontal difference of of a-order of the discrete
function x;; is defined by the relation [166]

Abxij = ca(k)xii (3.452)
k=0

wherex e R,n—1<a<neN=1,2,...and

1 for k=0
k)= 3.45b
¢a(k) {(—D"(Z‘)z(—l)kw for k>0 (3.45b)

Definition 3.9. The fractional vertical difference of -order of the discrete function
x;j is defined by the relation [166]
J
Apxij =Y cp(D)xiji1, (3.46a)
=0
where e R,n—1<B<neN=1,2,...and
1 for [=0
cg(l) = 3.46b
o {<—1>l(’?> L B I
Lemma3.4. [f0< o <1(0<f <1), then

ca(k) <0, (cg(l) <0) for k=12,... . (3.47)
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Proof. The proof will be accomplished by induction with respect to k. The hypothe-
sis is true for k = 1, since from (3.43D)) for k = 1 we have ¢ (1) = —or < 0. Assuming
that the hypothesis is valid for k£ > 1 we shall show that it is also true for k+ 1. From
we have

e 1) (L1 (ki 1) _ (l)k@ @Y w0

since cq (k) < 0. O

Consider the fractional 2D linear system:

Agxly An A ] [ B
J| = ij .
All;xxj+1 Ay Ay x;}] + B, Uijj, (3.48a)
o g
vij = [C1 Q] |V | +Duwj, i,j €Ly, (3.48b)
1

where xi-’j € R" and xj; € R"™ are horizontal and vertical state vectors at the point

(i,7), uij € R™, y;; € R? are input and output vectors at the point (i, j) and Ay €

R k[ = 1,2; By € RM¥™, By € R™*™ C) € RP*M, C; € RP*™, D € RP*™,
Using Definitions 3.8 and 3.9, we may write the equation (3.48d) in the form

i+1

- Ca(k)thk 1,j
x?—&-l,j AN A x,h] B Z’z ey B]
Vo = = Y A + uij, (3.49)
x[,j+1 Ay Ap xij J y B;
' D ep(Dx:
=2

where K] 1 =An+ OCInl and Zzz =A»n+ ﬁ]nz.

From it follows that the fractional 2D linear system is a system with in-
creasing number of delays in state vectors. From and it follows that
the coefficients ¢ (k) and cg (/) in strongly decrease with increasing k and /.
In practice usually it is assumed that k and / are bounded by some natural numbers
L and L. In this case the equation takes the form

L1+1 N
_ co (k)X iy ;
o] [An A [x] ,Z‘z B Bi| 3.50
¥ - Ay A v Ly+1 + B Uij. ( )
i j+1 21 A22 | | X5 N 2
> cp(Dx} 111
=2

Boundary conditions for (3.48), (3.49) and (3.30) have the form:

xh. for jeZy, and xjy for i€Z, . (3.51)

J
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Theorem 3.10. The solution of state equation (3.49) for the boundary conditions
331) has the form

X i 0 J h
KIED RN ERES £ 9L
p=0 q=0

ij x;o
i
+ 2 2 (T p1j-gBro+Tipjg-1Bor) pg, (3.522)
p=0g=0
where
By 10
Bio = [ 0 } , Boi= {Bz} , (3.52b)

and the transition matrix Ty, € R™" is defined as follows

I, for p=0,9g=0

Tpg =< T10Tp—14+To1Tpy1+Y for p+q>0(p,qeZy) (3.52¢)

0 (zero matrix) for p<0 andlor q<0

where
r—-% [C“(k)l"l O]T i[o 0 }T (3.52d)
k=2 U 510 gD, rat .
_ Z]] A12 o 0 O

T10 = l: 0 0 :| s T01 = |:A21 Kzz . (3526)

Proof. Let X(z1,z2) be the 2D z-transform of the discrete function x;;
X(z,2)= 2] =Y, Y xijzr s (3.53)
i=0j=0

Using (3.33), we obtain

2 [ y| =2 [X(@,2) - X"(0,2)] (3.54a)

oo

where X"(0,25) = Y x{’)jzz_j,
j=0

z [x;'),jJrl] =22 [Xv(zl 22) = X' (z1 70)] ) (3.54b)
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where X" (z1,0 Zx,ozl )

i+1 i+1
an l k| = ZCG(k)zl_kHXh(zhzZ), (3.54¢)
k=2

since

i=0 j=0 i=—k j=0
=z [Z DIETEIE j} =2,X"(z1,22). (3.54d)
i=0 j=0
Similarly
j+1 Jj+1
LY gD i1 | = X epD)z XY (21, 22), (3.54¢)
1=2 =2
since

oo oo = =3

z {XZH} =Y sz'v,jflzfiz;j = > x}}jzl_izzijil

i=0 j=0 i=0 j=—1

=z [Z DA ”] =5'X"(z1,22)- (3.54)

i=0j=0
Using (3.34), to (3:49) we obtain

[th(m,zz)—th(O,m)] _ Fu A12:| {J;’(zhzz)]

2X"(21,22) — 22X"(21,0) Ay Ay (z1,22)
i+1
D ca (k)7 X" (21,22) 3
- |2 + [B;] Ul(z1,22) (3.55)

zcﬁ SIXY (21, 20)

where U(z1,22) = £ (uij).

Premultiplying (3.33) by the matrix blockdiag(l,, z; ', 14,25 '], we obtain

X'z1,22) | _ g 3 'Bi X"(0,27)
|:XV(ZI,22):| =6 (Zl’zz){ L;lBJ Ul(z1,22) + [XV(ZI’O)} } (3.56)
where

Gii(z1,2) —z; A } (3.57)

G , = —
(z1,22) { -7 145, Gn(z1,22)
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and
i
Gi1(z21,22) = I, —ZflAn + 2 Ca(k)kaInp
k=2
iy ! I
Gn(21,22) = In, — 25 A+ Y, cg(1)25 Iy
=2
Let
Hz1,22) 2 2 Tpqzi 257 (3.58)
p=0g=0
and 11 712
T T
Tpq = {TZI Tz%] (3.59)
where Tlfé have the same dimension as Ay; for k,/ = 1,2.
From the equality
G '(21,22)G(21,22) = G(21,22)G ' (a1,22) = I
and (3.38) and (3:39) we have
|:In1 — A+ ca(k)z B *ZflAlz }
-2 1Az] I}’lz —2Z5 1A22 + 2;:2 cB (I)Z2_ Inz
Tll T12 B I 0
(Z 2 {Tm Tz%} 2 {01 Py } (3.60)
p=04¢=0

From (3.60) it follows that

C % [l Tl c 1 21 -p -

22\ Ty AT R+ X ca)Ty g = AT, R | 275" = Iy (3.61a)
k=2

(=) oo _ p B B
>y (T,}; —ANT? ,+ Y ca()T) %, —A]2T531,q> 775,7=0 (3.61b)
k=2

p=0g=0

> > (T,,Z; —AnTy, 1+20ﬁ — AT, 17l,1> 7',9=0  (3.6lc)
p=0g=0

55 (13Tt S st %t <6, Gota
p=0g=0

Comparing the coefficients at the same powers of z i z, in the equation (3:61), we

obtain (3.32d).
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Using (3:38) and applying the inverse z-transform and the convolution theorem to

([B:36), we obtain (3.524). O

Consider the system (3.50) and

= Gii(z1,22) —2; 'An

G(z1,22) = b — 3.62
(z1,22) Ay o) (3.62)
where
_ _ L;
Gi(z1,22) = In, — 2, '"Ap1 + Z Ca(k)Z;kInl7
k=2
_ _ L
Ga(21,22) =Iny, — 25 A+ Y, cp(1)2; Iy
=2
Let
o N Ny o
detGlz1,22) = Y, X any-pNr—21 27 (3.63)
p=0¢g=0

where Ni,N, € Z are defined by the natural numbers L; i L in (3.30).

Theorem 3.11. Let (3.63) be the characteristic polynomial of the system (3.30). The
matrices T,y satisfy the equation

N N

> Y apgTpg =0. (3.64)

p=0g=0

The proof is similar to the proof of Theorem[B3.2][166].
Theorem B.11] is an extension of the classical Cayley-Hamilton theorem to the
fractional 2D linear systems described by the Roesser model (3.49).

Definition 3.10. The system (3.49) is called (internally) positive fractional 2D
Roesser model if xf’] e R, xj; € R’? and y;; € RY, i,j € Z, for any boundary
conditions xgj ERY, jE€Zy, xiy €eR?, i€ Z, and all inputs u;; € RY, i, j € Zy.

Theorem 3.12. The fractional Roesser model (3.49) for o, € R, 0 < o < 1,
0 < B < 1is positive if and only if

[Zu Ap
Az A

] eRY, [gi] eRY™, [C1 G eRY", DeRI™, (3.65)

The proof is similar to the proof of Theorem[3.3][166].
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3.8.3 Positive 2D Linear Systems with Delays

Consider the autonomous 2D Roesser model with g delays in state vector

{ l+1,j:| ZA/C[ i— /w}7 i,jEZ,, (3.66)

lj+1 i,j—k

where xflj eRY, xj; € R’? are horizontal and vertical state vectors at the point (i, /)
and

Ay = [2; fgj k=0,1,...,q . (3.67)
Defining:
;‘Z f})j
7, = K %, = s (3.68)
x?fq,j i,j—q

we may write the equation (3.66) in the form

¥ X
{l“d}:A{_;l}, i,jE€EZ,, (3.69)
Xij+1 Xij
where
(A9 AL AT AT A% AL L AG Ag
Ly 0. 0 0 0 0 .. 0 O
0 0 ..., 0 0 0.. 0 0 Nk
A= 0 4l At 4a a0 a1 ga-1ge | SRVT O GT0)
21 “221 =+ 4221 21 4122 4122 - 4222 22
0 0... 0 015, O0.. 0 O
L0 0 ... 0 0 0 0 ... L, O]

N =(g+1)(n+np).

The Roesser model with g delays (3.66) has been reduced to Roesser model without
delays but with greater dimensions.

Theorem 3.13. The Roesser model with q delays (3.66)) is positive if and only if
Ay € Rg‘ﬁnl)x("ﬁm for k=0,1,...,q orequivalently A€ RﬁXN. (3.71)

The proof follows immediately from Theorem[3.9] applied to the model (3.69).
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Consider the autonomous general model with ¢ delays

q
Xitljr1 = D, (ARXi—g jke + ApXipt ke jok FARXi g jr1-k) s I EZy,  (3.72)
k=0

where x;; € R’} is the state vector at the point (i, j) and A} € R™", k=0,1,...,q;
t=0,1,2.
Defining vector

x,'j
Xi—1,j-1
Xij= ) , (3.73)
Xi—q,j—q
and the matrices
[AQAY ... AY | AYT AGAL AL A
I, 0... 0 O 00 0 0
ZOZOIn...OO’Kl:OO OO’
10 0 ... I, O] 00... 0 O
[AFAT ... A7 | A7
00... 0 O
ZQZ 00... 0 O ; (3.74)
|00 ... 0 O |
we may write (3.72) in the form
Xit1,j+1 =AoXi j +A1Xip1 j+ AN 11, i,) €Ly, (3.75)

The general 2D model with g delays has been reduced to the equivalent general 2D
model without delays but with greater dimensions.

Theorem 3.14. The general 2D model with q delays (372) is positive if and only if
A €RY for k=0,1,...,9; t = 0,1,2 or equivalently if and only if A, e RN
1=0,1,2; N=(q+ )n.

The proof follows immediately from Theorem[B3.§ applied to the model B73).
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3.9 Positive Fractional 2D Linear System of Different Orders

3.9.1 Definition of (Backward) Difference of (o, B) Order of 2D
Function

Definition 3.11. The function defined by
B i e B i
A%Pxij=3 > (-1) <k> <l>xi—k,j—l = > caplkD)xigj1, (3.76a)
k=01=0 k=01=0
n—l<a<n, m-1<B<n, n,meN, ofeR,

is called the (backward) difference of (c, 8)-order of the function x;; where

Aa’ﬁx,’j = A,qu»ﬁx,'j,

and
1 for k=0 and [=0
(—1yk et {ekt]) for k>0 and [=0
cap(k,l) = (—l)liﬂ(ﬁfl)"}(ﬁfl+l) for k=0 and [>0
(—1ykriele o b DBB-D-B1E)  for k>0 and 1>0
(3.76b)

3.9.2 State Equations of Fractional 2D Linear System

The state equations of the general fractional 2D model of linear systems have the
form:

AP it jir = Aoxij+ Arxisr j +Aoxi o1
+ Bouij +Biujy1,j + Bouj ji1, (3.77a)
vij = Cxjj+ Duyj, (3.77b)

where x;; € R", u;; € R™, y;; € RP are state, input and output vectors and A; € R**",
By e R k=0,1,2,C € RP*" DeRP*™,

From we have
i+1j+1
A%Priy 1 = 2N caplhDxiirt jo141
k=0(=0
i+1 j+1
=xipjr1t 2, 2 Caplh DXkt joig (3.78)
k=0 =0
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Using (3.78) we may write the equation (3.77d) in the form

. . . i+1  j+1
Xip1, 41 = Aoxij + A+ Aoxij1 — D, D Cap(kiD)Xigir j—141
k=0 =0
kJ£L k+1>0
+ Bouij + Biuiy1,j+ Boui ji1, (3.79a)
where:
K() = AO —Caﬁ(l, 1) ZAO — Otﬁ]n,
Zl :AI—CQB(O,l)ZAl—‘rﬁIn, (3.79b)
Kz =A2—Caﬁ(l,0) =Ar+ od,.
Let

Dij={k,l€Zy, 0<k<i, 0<I<j}, D=Dij41\Di,
then the equation (3.794) takes the form
Xit1,j+1 = Koxij +K]xi+l,j +szi,j+l - Z _ZDCaﬁ (kal)xi—k+1,j—l+1
i,je
+ Boujj+ Biui1,j+Bouj ji1. (3.79¢)
From it follows that the coefficients ¢, (k, ) strongly decrease when k and

[ increase. In practice usually it is assumed that i and j are bounded by some natural
numbers L and L. In this case the equation (3.7/9al) takes the form

Li+1 Lr+1
Xip1,j41 = Aoxij +Axipj+Aoxij1— D, D, Cap(kiD)Xigir j—141
KA K120
+ Bou;j +B1u,-+1,j + B2ui,j+1 . (3.79d)

Remark 3.2. From (3.9) if follows that the fractional 2D linear system is a system
with increasing numbers of delays in state vector.

Boundary conditions for have the form:

Xi0,1 € Zy, and xoj,j € Zy. (3.80)

3.9.3 Solution of the State Equations of the Fractional 2D Linear
Systems

Applying the 2D z-transform (2°) we shall derive the solution of the state equation
(3.79a)) of the fractional 2D linear system.
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Theorem 3.15. The solution of the state equation (3.79d) with boundary conditions
(3:80) has the form

1 j-1 j—1
Xij = 2 ZTt—p Lj—q— 130“1%1‘*‘2 th—p/ —g-1B1ltpg

p=04=0 p=0g=0
i—1 j
+ 2 Y Tipotj-gBattpg + Z Tip jXpo + Z T, j—g%0q — TijXo0
p= Oq 0 q=0
- — X i — X
- 2 Tijg-1 [ A1 B ] L,O"] =2 Tip1j[A2 Ba] [upo}
9=0 9] p=o P
i+l ik jbj!
+ 3, Y cap(k0)Tip i jrpo+ Y, Y, cap(0,1)Ti j—g1¥0g (3.81)
k=2 p=0 1=249=0
where the matrices Tyy are defined as follows
I fOV p=qg= 0
Tpy = AoTp-14-1+A1Tp g1 +A2T), 14— Y for p+qg>0
0 (zero matrix) for p<0 andlor g<0

(3.82)

and

P 4
T:Zanﬁ(p—k,q—l)Tkl for kJil#p—1,g—1 and k+Il<p+q-—1.
k=01=0

Proof. Let X(z1,z2) be the 2D z-transform of the discrete function x;;, defined by
(A.15). Taking in to account
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i+1 j+1 i+1 Jj+1
z 2 > coplbDxigirjorii | =Z | Y D caplhsDXiogit,j—it1
A e viAa !
i+1 J+l
+ Y cap(k,0)xi4r1 1+ D Cap (00X it
=2 i—2
i+1 j+1
= Z anﬁ (k, D)z 21X (21,22)
A
i+1

+ Y caplk,0)z 2 [X (21,22) — X (21,0)]
k=2

j+l
+ Y cap(0,D)z12," 7 X (21,22) — X(0,22)]
=2

i+1  j+1
= 2 Z Cap (k)7 51X (21,22)
kl;él k+l>1
i+1 ol Jj+1 .
= Y capk, 0027 22X (21,0) = Y 6p(0,1)212, 71X (0,22),
k=2 =2

and applying the 2D z-transform to (3.79a) and using Appendix A.3, we obtain

X(z1,22) = G~ (21,22) {(Bo + Biz1 + B2z2)U (21, 22)
+ lez[X(Zl,O) +X(0,z2) _XOO}

VAR i+1
+ Y cap(0,0)212, 71X (0,22) + Y, cap(k,0)z ¥ 22X (21,0)
=2 k=2
vy X(0,22) X (21,0)
-2 [AlBl] |:U(O7Z2):| —22 Fsz] [U(zl,O) , (3.83a)
where
1
G = |aoht S S cugh e V50 Gy Fy A
(z1,22) = |ziz2la+ Y, Y, coplki D)z, z 0—A1z1 —Arz
kl;éol k<lFI>l
(3.83b)
and U(z1,22) = ff[u,-j].
Let
'(z1,22) Z Zqul (P ~lat), (3.84)

p=0g4=0
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From the equality

G '(21,22)G(z1,22) = G(z21,22)G (z21,22) = L,

we have

= (2 > Toazy (P, qﬂ)) G(z1,22)
G(z1,22) <2 3 Tpezy Pz q“)). (3.85)

p=0g=0

Substituting of (3.83B) into (3.83) yields

oo oo o i1 j+l
:zz vl 2 +222 2 capk 1)z, ~(p k), <q+l>
p=0g=0 p=0¢=0 k=0
ki1 k+l>1
- 2 ZAOTMZl P+ 53 A 2 ZAleZI Z (1)
p=0g=0 p=04=0
- i iZZTPqZ;(pH)ZEqa
p=0g=0
and
o oo i+1  j+1
ZZ q+z anﬁkl)pkql AoTp-14-1
p=0a=0 A T

- KITP#]*] _K2Tpfl-,q] ZIPZ;q'

Comparing the coefficients at the same powers of z; and 7, in equation (3.83) we

obtain (3.82). Substituting (3:84) into (3:83a) we obtain

1), ~(g+1
X(z1,22) (2 > Tpoz, (p1) St )> {(Bo+Biz1 + B222)U (z1,22)

p=0g=0
+ z122[X (21,0) + X (0,22) — x00)
— 21 [A1B1] [ 07@3} — 2 [A28,] B%gﬂ (3.86)

J+l1 i+1

+ Y cap(0,0)21, X (0,20) + Y cop <k70)z1"“z2x(zl,0>} :
[=2 k=2
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Applying the inverse 2D z-transform to the equation (3:86)) and taking into account
Tpy = 0 for p < 0 and g < 0, we obtain the desired solution (Z.81). m]

Using (3.82) it can be easily shown that for i, j € Z, we have

i i
Xij = 2 2 Tip—1,j—q—1Bottpg + 2] 21 (Ti—p.j—q—lBl + Ti—p—l,j—qB2) Upq
p=lg=

p=0g=0
i ] i i—k
+ Z T,-,p’j,lBlupo—&- 2 Tifl,ijBZMOq"_ 2 2 Caﬁ (k7 O)Ti—P—kﬁJ’xPO
p=1 g=1 k=2 p=0
i _ _ i=p
+ Y | Tipot Ao+ Tip 1AL — Y, Y, capli—p—k,j— )Ty | xp0
=1 k=0 (=0
D, D
J . . ij—4q
+ X | Tictjmg1A0+ Tim1j—gAo— D, Y, capli—k, j—q—1)Tu | xoq
g=1 k=0 i=0
D; D
J j-l
+3 3 cop(0,0)T; j—g—1%0q
1=24¢=0

. i

+ | Tiorj1Ao— D, Y, capli—k,j— DT | x00,
k=0 =0
Ds  Dg

where:
Dy=k+il<i+j—p—1, Dy=kil#i—p—1,j—1,
Dy=k+Il<i+j—qg—1, Dy=kil#i—1,j—q—1, (3.87)
Ds=k+I<i+j—1, Dg=kl#i—1,j—1.
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After some manipulations the solution can be rewritten in the form

i J
2 Z (Ti—Pﬁj—q—lBl ‘*‘Ti—p—LJ—qB2) Upq
=1g=1

i
Xij = Z 2 Tip-1,j—q—1Bottpg +
p=04=0

i J
+ 2 Tip,j—1B1upo + 2 Ti1,j—qBauog
g=1

i—

z Z caﬁ (k l)Tlfp k,j—1 | Xp0

i
+ Y | Tpotj1Ao+Tipj 1A —
=1
i k+l>l kl;é]
J B _ i j-q
+ Y | Tictjg1 Ao+ T j—gAo— Y, Y, capk )Tk j—q1 | Xog
= k=1 1=0
? kI>1 k]
_ iJ
+ | Ticrj1Ao— Y, Y cap(k,)Tiogji | Xo0,
k=1 I=1
k1L
or
i i
Xij = Z Z Tip—1,j—g—1Bottpg + Z Z (Ti*p-,j*qlel +Ti*p*1«,j*qBZ) Upq
p=0g=0 =1g=1
i Jj
+ Z Tip,j-1Biupo + Z Ti1,j—Bauog
g=1

p=1
i—p j—1

i
2 T p—1,j— 1A0+Tt—pj lAl 2 zcaﬁ(i_p_kzj_l)Tk,l Xp0
k=0 [=0

p=1 D, D>
J i—1j—
+2 T 1,j—q— 1A0+T 1,j— qAZ_ZZCaﬁl_k] q_l)Tkl X0g
D3OID4?

il
X

i—1j-1

+ | Toj1Ao— Y, Y capli—k,j—DTis | Xo0-

k=0 =0
Dy

where D;, i = 1,2,3,4; are given by G.87) and D7 =k +1 <i+ j—2.

3.9.4 Extension of the Cayley-Hamilton Theorem

From (3.83bH) we have _
G(z1,22) = 2122G(21,22)

(3.88)
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where
. Li+1Ly+1 . _ _
G(z,22) =hi+ Y, Y, hcopk )z ¥z —Agz 2! —Agzy ' —Ayz . (3.89)
k=0 [=0
and
. Ny N,
det [Glz1,22)] = 2. Y amy kw121 "33 - (3.90)
k=01=0

It is assumed that i and j are bounded by some natural numbers L; i Lp, which
determine the degrees N; and N,.

From (3.88) and (3.84) it follows that

_ 1 —1=-1 1l e - p
G 1(Z17Z2) = 1Z21G (11722) =2 1Z21 Z Z quZ] p12q7 (391)
p=04¢=0
and N
(@,2) =Y X Tt "5, (3.92)
p=0g=0

where T),, are defined by (3.82).

Theorem 3.16. Let([3.90) be the characteristic polynomial of (3.Z2). The matrices

T satisfy the equation
M N

z Zalekl =0. (393)

k=0{=0
Proof. From definition of the inverse matrix and (3.90), (3.92) we have

N1 M
Adj [G(a1,22)] = (Z D ANk Ny 1%1 ‘2 ) (Z D Togzy "2y )7 (3.94)

01=0 p=0g=0

where Adj [G(z1,22)] is adjoint matrix of G(z1,22).

Comparing the coefficients at the same power of zl_lez_ M in equation (3.94),

we obtain (3.93)), since the degree of the polynomial matrix (3.94) is less than N; i
N,. O

Theorem[3.16is an extension of the classical Cayley-Hamilton theorem to the frac-
tional 2D linear systems described by (3.77).
3.9.5 Positivity of the Fractional 2D Linear Systems

Lemma 3.5. If
a) 0<oa<landl <P <2then

caplk,l) <0 for k=1,2,...; 1=2,3,..; (3.95a)
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b) 1<a<2and0< B <1 then
coplhl) <0 for k=273,..; 1=12,.; (3.95b)
c) 0<oa<landl < <2 then
coplk,1) >0 for k=273,...; (3.95¢)
and

cap(0,1) >0 for 1=23,...; (3.95d)

Proof. The proof will be accomplished by induction. The hypothesis (3.954) is true
fork=1and [/ =2 since

caﬁ(l,z):(—1)3W<o.

Assuming that the hypothesis is true for the pair (k,!), k+{ > 3, we shall show that
it is also valid for the pairs (k+ 1,1), (k,l+ 1) and (k+ 1,14 1).

From (3.76b) we have

k—o

caﬁ(k+1,l):cal;(k,l)k+—l <0,

since cop(k,l) <Ofork=1,2,..;1=2,3,....
Similarly
I-B

Caﬁ(k,l+ 1) = Caﬁ(kJ)l—f——l < 0,

since cqp(k,1) <Ofork=1,2,...;1=2,3,...;and
(k—o)(I—P)
Ca[g(k'i‘ 1,l+ 1) :Caﬁ(k,l)m < 07

since cqyg(k,l) <0 for k =1,2,...; 1 =2,3,.... Proofs for (3.95b), (3.95d) and
(3.93d) are similar. ]

Remark 3.3. Taking in to account (3:93d) and (3.93d) we shall assume that for 0 <
a<landl <f <2

i+1 Jj+1
Y capk, Dxig1,;=0, Y cap(0,0)xi11,j—11 =0. (3.96)
k=2 =2

Lemma 3.6. If the conditions (3.93) are satisfied and

A ERYM for k=0,1,2, (3.97)
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then
Tpy € R for p,q€Zy. (3.98)

Proof. If the conditions (3.93), (3.96), (3.97) are satisfied then from (3.82) we
obtain (3.98). 0O

Definition 3.12. The system (3.77) is called (internally) positive fractional 2D linear
system if x;; € R’} and y;; € Rﬁ, i,j € Z, for any boundary conditions x;o € R’}
i€Z4,x0; €ERY,i€Zy and all inputs u;; ERY i, j € Zy.

Theorem 3.17. Let the assumptions (3.96) be satisfied. The fractional 2D linear
system 372 for0 < a <land1 < <2(or1 <o <2and0< B < 1)is positive
if and only if:

A €RVM B e R fork=0,1,2, C€ R, D e RP™. (3.99)

Proof. Sufficiency. If the conditions (3 are satisfied then by Lemma 3.6 7, €
R7" and from (3.81) we have x;; € R",. forz ,J € Z, since xip € R, xo; € R’} and
ujj € R for i, j € Zy. From we have y;; € RY since Ce R, D € R’frxm
and x;; € R, u;; € RY fori,j € Zy.

Necessity. Let the system be positive and xog = e,i, i = 1,...,n (ey; is i-th column
of the identity matrix 7,), xo1 = x10 =0, u;; =0, i,j € Z+ From [B794) for i =
j=0and Uij = 0, i,j € Z+ we obtain x1; = Apeni = Ag; € R’ , where Ag; is i-th
column of Ay. This implies Ay € R, since i = 1,...,n. If we assume that xjo =
eni, Xo0 = Xo1 =0 and u;; =0, i, j € Z, then from for i = j = 0 we have
x11 =Aje, =Ay; €R", whatimpliesA; € R, Ina similar way we may show that
Zz € Rﬁ_xn. Assuming ugg = ey, u;j =0,i,j € Z1 i+ j > 0and xo0 = x19 = x01 =0
from (3.794d), for i = j =0, we obtain x1; = Boe,,j = By; € R fori=1,...,m, what
implies By € R"*™. In a similar way we may show that B; € R",*" for k = 1,2 and
CeRI*". De Rixm. O

Remark 3.4. From and it follows that if & = 8, 0 < a < 1, then
cop(k,l) > 0 for k,l = 1,2,... and the fractional 2D linear system (3.77) is not
positive.

The considerations presented for Roesser model can be easily extended to the

model (3.77) [103].



Chapter 4

Pointwise Completeness and Pointwise
Degeneracy of Linear Systems

4.1 Standard Discrete-Time Linear Systems
Consider the discrete-time linear system described by the equation
Xip1 = Axi, 4.1

where x; € R” is the state vector and A € R"*",

Theorem 4.1. Solution of the equation (1) has the form

x;=Axg, i€Z,={0,1,...}. (4.2)

Definition 4.1. The standard discrete-time linear system (4.1) is called pointwise
complete for i = ¢ if for every final state x; € R" there exists an initial condition xg
such that x; = x;.

Theorem 4.2. The standard discrete-time linear system 1) is pointwise complete
if and only if the matrix A is nonsingular.

Proof. Fori= g from [2) we have x; = x, = A%x(. From this equation it is possible
to find xo for any given vector x if and only if detA? # 0. Note that detA? = (detA ).
Therefore, xo = A~ 9xy if and only if detA # 0. O

Definition 4.2. The standard discrete-time linear system (4.1) is called pointwise
degenerated for i = g if there exist nonzero vector v € R” such that for all initial
conditions xg € R" the solution {#.2) for i = ¢ satisfies the condition v’ x, = 0.

Theorem 4.3. The standard discrete-time linear system (1)) is pointwise degener-

ated for i = q if and only if the matrix A is singular. The vector v can be found from
T

viA?=0.

Proof. There exists a vector v such that vI A9 = 0, if and only if the matrix A is

singular. In this case premultiplying the equation x; = A%xg by v we obtain vTxf =
T

v A1 =0. O

T. Kaczorek: Selected Problems of Fractional Systems Theory, LNCIS 411, pp. 81-[[01.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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Example 4.1. Check the pointwise completeness and pointwise degeneracy of the
system (£.I)) with the matrix

Oa
a= 151
Note that detA = —2a and the system is pointwise complete for a # 0 and it is
pointwise degenerated for a = 0. In this case
V= [1 O]T.

4.2 Standard Continuous-Time Linear Systems
Consider the continuous-time linear system described by the equation
x(r) =Ax(1), 4.3)

where x € R" is the state vector and A € R"*",
Theorem 4.4. Solution of the equation ({.3) has the form

A

x(t) = €' xp. (4.4)

From expansion of e/ it follows that dete’ # 0 for every matrix A and time .

Definition 4.3. The standard continuous-time linear system (&.3) is called pointwise
complete for ¢ =t if for every final state xy € R" there exists an initial condition
x(0) = xo such that x(r) = xy.

Theorem 4.5. The standard continuous-time linear system (4.3)) is pointwise com-
plete for t =ty for every (nonsingular or singular) matrix A.

Definition 4.4. The standard continuous-time linear system (&.3) is called pointwise
degenerated in the direction v and time ¢ = ¢, if there exists a nonzero vector v € R"
such that for every initial state xo € R" the solution @.4) for ¢ = ¢/ satisfies the
condition vTxf =0.

Taking into account that every continuous-time linear system is pointwise complete
we obtain the following theorem.

Theorem 4.6. The standard continuous-time linear system (£.3) is not pointwise
degenerated for every matrix A.

Proof. The proof follows immediately from the fact that dete’ # 0 for every A and
time ¢. O

Corollary 4.1. From TheoremsH and[.@lit follows that in linear circuit composed
of resistances R, inductances L and capacitances C by suitable choice of initial
conditions (voltages uc(0) on condensators and currents i.(0) in coils) it is possible
to obtain in a given time ty the desired values uc(ty) and i (tf).
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4.3 Standard Discrete-Time Linear Systems with Delays

Consider the discrete-time linear systems with 4 delays

h
Xip1 = D Ajxij=Aoxi+Ar1xi1 + -+ ApXip, 4.5)
-0

j=
where x; € R" is the state vectoraA; € R™", j=0,1,...,h.
In general case the initial conditions xg,x_1,...,Xx_, are nonzero.
Theorem 4.7. Solution of the equation (.3 has the form
ho —j
xi=®ixo+ >, Y Dij 1A, (4.6)
j=01=—1

where

h
D= z D, A, Dy=1,, and D;=0, for i<O.
k=0

Definition 4.5. The discrete-time linear system with i delays (&.3) is called point-
wise complete for i = g > h if for any given final state x; € R" there exist initial
conditions xo,x_, . ..,Xx_j such that the solution for i = g is equal to xr, i.e. x; = x,.

Definition 4.6. The discrete-time linear system with & delays (@.3) is called point-
wise degenerated in the direction v for i = g > h if there exists a nonzero vector
v € R" such that for any initial conditions xq,x_, ..., x_j the solution (.6)) fori =g
satisfies the condition v7'x, = 0.

Theorem 4.8. The discrete-time linear system with h delays ({23) is pointwise
complete for i = q if and only if

rankH, = n, 4.7)
where
Hy = [Ho(q) Hi(q) ... Hy(q)] (4.8)
h—j+1
Ho(q) = P4, Hj(q) = k; Dy A1, j=1,..,h (4.9)

Proof. From (&.6)) for i = g we have

xg = HyXo, (4.10)
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where
X0

X_i
fo=| . e RUH+Dn, (4.11)

X_p

The equation (4.10) has a solution ¥ for any x, = xy if and only if the condition
@D is satisfied. O

Theorem 4.9. The discrete-time linear system with h delays ([{.3) is pointwise de-
generated in the direction v for i = q > h if and only if

rankH; <n . (4.12)

Proof. By Definition 4.6 the system (4.3) is pointwise degenerated in the direction
v for i = g if for any vector X, there exists a vector x;, = x such that

vixp =vIH,% =0. (4.13)

There exists a vector v satisfying (£.13) for any vector &) if and only if the condition

@12 is satisfied. O

4.4 Positive Discrete-Time Linear Systems

Consider the discrete-time linear system described by the equation (.1).

Definition 4.7. The discrete-time linear system (.I) is called positive if x; € R,
i € Z for any initial conditions xp € R” .

Theorem 4.10. The discrete-time linear system [#.1) is positive if and only if A €
RE*.

Proof. Necessity. Assuming that x; € R", and xo = ¢; = [0, ...,0, 1,0,...,O]T, we
obtain x; = Axg =A; R fori=1,...,n. 4

Sufficiency. For xo € R, and A € R’.*", we have A’ € R"*" and from x;i € R,
i€Zs. ]

Definition 4.8. The positive discrete-time system (4.1} is called pointwise complete
for i = g if for every final state xy € R” there exists xo € R” such that x, = x.

Theorem 4.11. Positive discrete-time system (1) is pointwise complete fori = q if
and only if the matrix A is monomial (see Definition 1.10).

Proof. 1t is easy to show that the matrix A? for ¢ = 1,2,... is monomial if and only
if the matrix A is monomial. It is well-known that A=¢ € RY" if and only if the
matrix A is monomial. In this case from (#.2)) we have xg € R} foranyxy€R%. O
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Definition 4.9. The positive discrete-time system (&.1)) is called pointwise degener-
ated for i = g if there exists at least one final state x; € R’} , which is unreachable
in g steps from any initial state xo € R’} , or equivalently the equality x, = xr is not
satisfied for any xo € R,

Theorem 4.12. The positive discrete-time system (1)) is pointwise degenerated for
i = q if and only if the matrix A is not monomial.

Proof. The equation xy = x, = A%x) has a solution xo € R} for any x; € R’ if and
only if A is a monomial matrix. O

4.5 Positive Continuous-Time Linear Systems

Consider the continuous-time linear system described by the equation (@.3).

Definition 4.10. The continuous-time system @3) is called positive if x(r) € R",
t > 0 for any initial conditions xop € R’} .

Theorem 4.13. The continuous-time system (€.3) is positive if and only if A is a
Metzler matrix (see Definition 2.7).

Definition 4.11. The positive continuous-time system (&3)) is called pointwise com-
plete for t = t; if for every final state x; € R, there exists xp € R, such that

x(tr) = xp.
Theorem 4.14. The positive continuous-time system (€.3)) is pointwise complete for
t =ty if and only if the matrix A is diagonal.

Proof. From @.4) it follows that for any x; € R’} there exists xo € R, if and only if
the matrix e’/ is monomial. From the expansion

& (—Atg)k Atr  (Atf)?
—Atf _ ( f _ _ _f f_ —_
e ey TR ’ 19
k=0
it follows that the matrix e~/ is monomial if and only if A is diagonal. O

Definition 4.12. The positive continuous-time system (3) is called pointwise de-
generated for t = 7 if there exists at least one final state xy € R’ , which is reachable
for t = t; from any initial state xo € R’}, or equivalently the equation x(t7) = x is
not satisfied for any xp € R'}..

Theorem 4.15. The positive continuous-time system (£.3)) is pointwise degenerated
fort =ty if and only if the matrix A is not diagonal.

Proof. Forany x; € R" there exists xo € R’} satisfying @.4) if and only if the matrix
e~/ is monomial. From @.I4) it follows that ¢~4"/ is monomial if and only if A is
diagonal. O
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4.6 Positive Discrete-Time Linear Systems with Delays

Definition 4.13. The discrete-time linear system with delays (4.3) is called positive
if x; € R, i € Z for any initial conditionsx_; € R, j =0,...,h.

Theorem 4.16. The discrete-time linear system with delays {@3) is positive if and
only if A; e RV for j=0,....,h

Definition 4.14. The positive discrete-time system (4.3) is called pointwise com-
plete for i = g > h if for every x; € R} there exist initial conditions x_; € R},
J=0,...,h such that x;, = x.

The solution (4.6) of the equation (£.3)) with nonzero initial conditions can be rewrit-
ten in the form

xg = H,%o 4.15)
where
X0 = [xg,le,...,xzh]T IS R‘f“)",
H, = [Ho(g) Hi(q) ... Hi(q)] e RO, (4.16)
and
h—j+1
Hi(q)= Y, Py ihirj-1, Holq) = D,
k=1

From Definition [4.14] and (4.13) the following necessary condition for pointwise
completeness follows [32].

Lemma 4.1. The positive discrete-time system with delays {2 is pointwise com-
plete for i = q only if the matrix H, has full row rank.

Theorem 4.17. Positive discrete-time system with delays [£.3)) is pointwise complete
for i = q if and only if one of the following equivalent conditions is satisfied:

a) Im H; = R", where Im, H, = {xq ERY 1x,=H,%y, %o € RTH)"} is posi-

tive image of the matrix H, defined by {.10);
b) The matrix Hy contains n linearly independent monomial columns;

Proof. From Definition [4.14] and it follows that the positive system (£.3)) is
pointwise complete for i = g if and only if for every x, € R’} there exists £y € R$’+ Dn
such that the equation is satisfied but this is equivalent to the condition
a). Note that the matrix H, contains n linearly independent monomial columns if
and only if the condition a) is satisfied. Therefore, the conditions a) and b) are

equivalent.

If one of the conditions is satisfied then Xy € RTH)" can be found from xy =

(ﬁq)*lx +, where H,, is monomial matrix composed of the monomial columns and
xq=xpr € R O
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Theorem 4.18. The positive discrete-time system with delays ([@.3) is pointwise com-
plete for i = q if the matrix H, has full row rank and

H,=H! [HHI] " e R (4.17)

Moreover .
Xo=H] [HH]|  x;. (4.18)

Proof. 1f rank H, = n, then det[H,H] | # 0 and the matrix @I7) is well-defined. If

the condition (.I7) is satisfied and x; € R”, then X € Rg’H)” and % is given by

@I9). o

Definition 4.15. The positive discrete-time system with delays (#3) is pointwise
degenerated for i = ¢, if there exists at least one state xy € R’,, which is unreachable
from any initial condition xo € R’} .

Corollary 4.2. The positive discrete-time system with delays (@.3) can be pointwise
degenerated although rank H, = n if there exists x, € R for which it is impossible

to find %y € R$l+1)" satisfying the equation [{_LJ).

Theorem 4.19. The positive discrete-time system with delays ([@3) is pointwise de-
generated for i = q if and only if the matrix H, does not contain n linearly indepen-
dent monomial columns.

Proof. The proof follows immediately from Definition[4.13and Theorem[@ 171 O

Example 4.2. Check the pointwise completeness of the positive system (&3] for
h =1 and the matrices:

010 000
Ag= 1001, A;=|100
001 020

In this case the matrix H; = [Hy(1),H;(1)] = [Ap,A;] has 3 linearly independent
monomial columns. Therefore, by Theorem[4.17] the system is pointwise complete.
It is easy to check for this system the condition (£.17) is not satisfied and we are
not able to find the initial condition for the equation (@.I8)). This initial condition %
corresponding to xy = [xs1,x/2,x3)" can be found as follows. From matrix [Ag,A;]
we choose the second column of the matrix Ag and the first two columns of the
matrix Aj. The matrix composed from these monomial columns has the form

100
H =010
002
Assuming %y = [0,x1,0,x2,x3,0]”, from @.I3) we obtain

— J T
xp=H%y for X;= [xl X2 X3]
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Hence

o —1 T
X0 = Hl Xf= [x.fl x.fz %xﬁ] s (4.19)
and Xy = [(),)Cfl,(),)«ifz7 %fo370].

Theorem 4.20. The positive discrete-time system with delays ({3 is pointwise de-
generated for i = q if the matrix [Ag,Ay,...,Ap] does not contain n linearly inde-
pendent monomial columns.

Proof. The matrix (@.16) contains n linearly independent monomial columns only if
the matrix [Ag,A1,...,Ap] contains n linearly independent monomial columns. O

4.7 Fractional Discrete-Time Linear Systems

Consider the fractional autonomous discrete-time linear system described by the
equation
A“xiH =Ax;, 1€Zy, O0<a<l, (4.20)

where x; € R” is the state vector and A € R"*".

The (backward) difference of a-order has the form
Ao‘x,-:xi+ 2(—1)j<o,‘>xi_j, O<a<l. (4.21)
j=1 J

Substituting of {@.21) into (£.20) yields:

i
Xi1 = AgXi+ Y, ¢j(00)xi, (4.22)
j=1
where
i o
Ag=A+TLo, cila)=(—1)/{ . > 0. 4.23
w=ttho el =17 .23

Theorem 4.21. The solution of the equation [#.22) has the form

xXi = Dixg, 1€ 24, (4.24)
where .
i
Dy=1,, D1 =AxDi+ ZCj(OC)@,‘,j. (4.25)
=1

Definition 4.16. The fractional discrete-time linear system (.22)) is called point-
wise complete for i = g > 1 if for every xy € R” there exists an initial condition
Xo € R" such that x; = xy.

Theorem 4.22. The fractional discrete-time linear system ([#.22) is pointwise com-
plete for i = q if and only if rank @, = n or equivalently det @, # 0.
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Proof. From @.24) for i = g we have xy = ®,x and we can find x for given x; if
and only if rank @, = n, det @, # 0. O

Definition 4.17. The fractional discrete-time linear system (#22)) is pointwise de-
generated in the direction v if there exists a nonzero vector v € R” such that for all
initial conditions xo € R” the solution of (£22) satisfies the condition v’ x, = 0.

Theorem 4.23. The fractional discrete-time linear system [#.22) is pointwise degen-
erated for i = q if and only if

rank®, <n, orequivalently det®,=0. (4.26)
The direction of degeneracy v can be found from the equation v’ D, =0.

Proof. If the condition (4.20) is satisfied, then there exists a vector v € R” such that

vqu =7 Xp= vl D xq for every xo € R". O

4.8 Fractional Continuous-Time Linear Systems

Consider the fractional autonomous continuous-time linear system described by the
equation

dO(

dt—ax(l‘) =Ax(t) (427)

where x e R”", A € R"™", 0 < ox < 1 and da is defined by (2.11).

Theorem 4.24. The solution of the equation (.27) has the form:

x(t) = @y(t)xo, (4.28)
where f ko o
o Aft At

DO =2A0= 2 For )~ Farn T ¢

Lemma 4.2. The matrix @y(t) defined by (29) is nonsingular for any matrix A €
R™" and time t > 0.

Proof. Consider the function

o

Zktkoc _ Zta

®o(z,t)—%m—ln+m+--- (4.30)
We shall show that @y(A,7) # 0 for any matrix A € R"*". The function 30) is
well-defined on the spectrum of the matrix A. Let A;,A,,...,A, be the eigenvalues
(real or complex) of the matrix A. From it follows that @y(A;,7) # 0 for any
real A, i = 1,...,n and @y(A;,1)Do(Ai11,t) # O for any complex conjugate pair
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(AiyAig1), i =1,2,...,n— 1. Tt is well-known that the eigenvalues of the matrix
Dy(A, 1) are equal to Dy(Aq,1), Py(A2,1),...,Dy(Ay,1) and

det(D()(A,l) = (Do(}ll,t)(po(lz,t) . (D()(}Ln,t) 75 0
O

Lemma 4.3. If the matrix A has distinct eigenvalues then the matrix ([{29) is given
by

n n A A{ I

=Y H qbo (Ai,1). 4.31)

i=1 j=

Hﬁl
Example 4.3. Using the Sylvester formula (4.31) find the matrix @y(A,1) for the
system (£.27) with the matrix
10

A= {0 0} . (4.32)

This matrix has two eigenvalues A; = 1, A, = 0. Using (@.31)) we obtain
)0
@) =adin) + -an = 7]
where
tka

o(t) :,Z(’)F(koc—&- ik

The matrix (4.29) can be rewritten in the form

Bo(1) = I+ 3 A4y (1), (4.34)
k=1
where
tka
o(t) = ko 1) (4.35)

From (4.34) we have the following lemma.

Lemma 4.4. If A is a nilpotent matrix with index LL, i.e.
=0 for k=u,u+1,... and A*1£0,

then
u—1

Do(1) =1+ Y, Aou(t). (4.36)
k=1

Definition 4.18. The fractional continuous-time linear system (#.27)) is called point-
wise complete for ¢ =t if for every final state x; € R" there exists a vector of initial
conditions xy € R" such that x(¢7) = x;.
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Theorem 4.25. The fractional continuous-time linear system ({.27) is pointwise
complete for any t =ty and every xy.

Proof. From @.28) for t =ty we have
x(tp) = xp = Do(ts)xo,

and |
X0 = [CD()(tf)} Xf, 4.37)
since by Lemma 4.2 det @y (t;) # 0 for any matrix A and time ¢ > 0. O

Definition 4.19. The fractional continuous-time system (#.27)) is called pointwise

degenerated in the direction v for t = f if there exists a vector v € R”" such that for

all initial conditions xy € R" the solution of .27) for t = 1 satisfies the condition
T

vixp=0.

Remark 4.1. Every strictly upper (down) triangular matrix is a nilpotent matrix with
the index not greater than the dimensions of the matrix.

Example 4.4. Check the pointwise completeness of the system with

01
A= [00]. (438)

The nilpotency index of the matrix (£.38) is equal to 2. From we have

At 10 01]* 12
= - = [ o
M) I"+F(0¢+1) [OIF[OO] o [0 1}

Assuming 77 = 1, x; = [1,1]7 we obtain

aq—1
[ 1] [1-1
olot] L=
From Lemma 4.4 for u = 2 we have

1 t
D(t) =L +A@(t) = {O (Pll( )} 7
where @ (¢) is given by @.33) for k = 1. By Theorem [£.23] the system is pointwise
complete. For any given find state xy = [x71,xp2]7 € R? we may find the desired
initial conditions using (£.37), i.e.

o= ] =[] [ ] = [ ]
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Assuming x7; = 0 and xy» > 0, we obtain

_ | =xpei(tr)
xo—[ o ] (4.39)

4.9 Positive Fractional Discrete-Time Linear System

Consider the fractional discrete-time linear system described by the equation (&.22).

Definition 4.20. The fractional discrete-time linear system (#.22)) is called positive
if x; € R, i € Z, for all initial conditions xo € R’}

Theorem 4.26. The fractional discrete-time linear system (.22) is positive if and
only if A+ o, =Ag € R

Definition 4.21. The positive fractional discrete-time system (4.22)) is pointwise
complete for i = g > 1 if for any final state x; € R’} there exists an initial condition
xo € R}, such that x;, = xy.

Theorem 4.27. The positive fractional discrete-time system (€.22) is pointwise com-
plete for i = g > 1 if and only if the matrix Ay, is nonsingular and diagonal. If the
matrix Ag is singular and diagonal then the system ({@22) is pointwise complete for
i=q>2.

Proof. From @24) for i = g > 1 we have xo = (@] 'x,. Hence xg € R". for x; €
R, if and only if [®,]~' € R"*", and this is equivalent to the condition that @, is
a monomial matrix. From #23)) and that ¢; > 0 for every j > 1 and A, € R it
follows that @; is monomial matrix for any i > 1, if and only if Ay is monomial
matrix. From the structure of matrix A, it follows that it is monomial if and only
if it is nonsingular and diagonal. If A, is a singular and diagonal then @ = Ay is
not monomial and from (.24)) it follows that @; is nonsingular and diagonal for any
i > 2. In this case the system (£.22)) is pointwise complete for i = g > 2. ad

Definition 4.22. The positive fractional discrete-time system (4.22)) is called point-
wise degenerated if there exists at least one final state x; € R’} , such that is unreach-
able from any initial condition xo € R’} .

Theorem 4.28. The positive fractional discrete-time system (€.22) is pointwise de-
generated for i = q > 1 if and only if the matrix @, is not monomial.

Example 4.5. Check the pointwise completeness of the fractional system (4.22) for
0 < o < 1 with the matrix
10
O
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Using (@.23) and (£.23) we obtain:
olo—1 alac—1)(ox—2
Cl:(_l)¥v CZZ%a

0 0

(14+a)?+c 0
0 C1

O = Ay =A+ Lo = {H“O],

D, =AgD+c1 Py = {

[(1+a)+c](l+a)+e(l+a)+c 0

Dy =Ag D)+ 1D+ 2Dy = |: 0
2

The system is positive since Ay € Rixz and the matrices @; are diagonal with
nonnegative entries for i > 2. Therefore, by Theorems .27 and 428 we have the
following:

a) The positive fractional system is not pointwise complete for i = g = 1, since
the matrix @ is singular. The system is pointwise degenerated in the direction
v=1[0,1]T;

b) The positive fractional system is pointwise complete for i = g > 2, since the
matrix @; is diagonal and nonsingular for every i = g > 2.

In this case it is possible to find xg = [@,] ', for any given x, = xy only for g > 2.
Assuming o = 0.5 we obtain ¢; = 0.125 and:

1.50 2.375
‘Dl_{ } @_{ 0 0.125]'

Therefore, any desired final state x; = [x71,x72]7 € R? is reachable fori =g =2

from the initial state
_ ~1. (04211 0 X7l
o =[] xp = [ 0 8.0] [xfz :

4.10 Positive Fractional Continuous-Time Linear Systems

Consider the fractional continuous-time linear system described by the equation

@.2D.

Definition 4.23. The fractional continuous-time linear system @.27) is called posi-
tive if x(t) € R, ¢+ > O for all initial conditions xp € R} .

Theorem 4.29. The fractional continuous-time system ([#.27) is positive if and only
if A is a Metzler matrix.
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Definition 4.24. The positive fractional continuous-time system #27) is called
pointwise complete for ¢t =t if for any final state xy € R’ there exists an initial
condition xo € R’} such that x(t7) = xy.

Theorem 4.30. The positive fractional continuous-time system (4.27) is pointwise
complete for t = ty if and only if the matrix A is diagonal.

Proof. From @.37) it follows that for any x; € R’ there exists xo € R”. if and only

if [@y(1y)] e R’ and the matrix @y(t) is monomial. By ([@.34) the matrix ®y(zs)
is monomial if and only if the matrix A is diagonal. O

Definition 4.25. The positive fractional continuous-time system (@.27) is called
pointwise degenerated if there exists at least one finial state xy € R”, which is un-
reachable from any initial state xo € R}, in other words does not exist t = ¢z and
xo € R% such that x(r7) = x.

Theorem 4.31. The positive fractional continuous-time system (4.27) is pointwise
degenerated if and only if the matrix A is not diagonal.

Proof. The proof follows immediately from Definition[4.23and Theorem[Z30 O

Example 4.6. In Example 4.4 it was shown that the fractional system (@.27) with the
Metzler matrix #38)) is pointwise complete. From it follows that if x7j =0
and xy, > 0, then xg ¢ Rﬁ. This means that the positive fractional system with (4.38)
is pointwise degenerated. The same result follows from Theorem 30

Example 4.7. Consider the positive fractional system (&.27) with the matrix (.32).
Using Theorem @30 and @37) we may find xo € R? for any final state x; € R%. If
xp = [xs1,xp2]7 € R2 then from @37) we have

1 At
v |7 ° {xﬂ}: ()
0 1 Xf2 Xf2

4.11 Pointwise Completeness and Pointwise Degeneracy of
Electrical Circuits

2
3:58

Example 4.8. Consider the electrical circuit shown on Fig. [ Tl with given resistances
R1, Ry, R3, capacitances Cj, C, and voltage source e = e(r). The voltages on the
condensators u; = u;(¢) and uy = uy(t) are the state variables x; = u; and x; = uy
and the voltage source is the input u = e.

Using the Kirchhoff’s laws we may write the equations:

R Ciity +uy +R3 (C1Ll1 -‘rCzL'tz) =e, (4.40a)
RyCotir +up + R3 (Cl u; + Czblz) =e, (4.40Db)
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e
| Clul CQUQ |
I Il
Uy U2
R
m] ]
e
Fig. 4.1 R, C, e type elec-
trical circuit. Illustration to
Example 4.8.
The equations (£.40) can be rewritten in the form
{7‘1} :A[”1]+Be, (4.41)
us uz
where
_ Ry+R3 R3
A= [ Ci [Rl(RzRJgR3)+R2R3] _Cl [Rl(Rzlsrlljg)ngRﬂ ] , (4.42a)
GRi(Ry+R3)+R R3] G[Ri(Ro+R3)+RoR3]
Ry
B= |G [RI(RZ-;IF}HRZRS] ] ) (4.42b)
G IR (Ry+R3)+RyRs]

The matrix A is a Metzler matrix and the matrix B has positive entries. This electri-
cal circuit is an example of linear positive continuous-time system. This electrical
circuit will be called shortly R, C, e type.

By TheoremM.14]an electrical circuit is pointwise complete for 7 = 7, if and only
if its A matrix is diagonal what implies Rz = 0.

By Theorem[.T3lan electrical circuit is pointwise degenerated for every 1 = 1 if
and only if the matrix A is not diagonal, what implies R3 > 0.

Example 4.9. Consider the electrical circuit shown on Fig. [ 2lwith given resistances
R1, Ry, R3, inductances L;, L, and voltage sources ¢; = e1(t) and e, = e(¢). The
currents in coils i} = i1 (t) and i = i>(¢) are the state variables x; = i; and x; = i
and the voltages sources u; = ey, uy = e are inputs.

Using the Kirchhoff’s laws we may write the equations:

di
L d—t‘ + R+ Rs (i1 — in) = e, (4.432)

di
Lgd—tz + Ryir + R3 (i2 — il) = ey, (4.43b)
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Fig. 4.2 R, L, e type elec- L, . i Ly
trical circuit. Illustration to _N\r\_lﬁ__%_mmr\_
Example 4.9. . .

A1 — 12

af] wl]n]
oo

€1 €9
The equations ([.43) can be rewritten in the form
d | i i el
R R R A 4.44
dt {lz} [12 N €2 (49
where
_RitRy R 19
A= [ &' RI§1+R3] , B= [Ll i ] . (4.45)
o L 0z
2 2 2

The matrix A is a Metzler matrix and the matrix B has nonnegative entries. The elec-
trical circuit is an example of positive continuous-time linear system. This electrical
circuit will be called shortly R, L, e type.

The presented considerations can be extended to any electrical circuits of R, C, e
and R, L, e types.

Theorem 4.32. The positive electrical circuits of R, C, e and R, L, e types are point-
wise complete for every t = ty if and only if the matrix A is diagonal. The electrical
circuits are pointwise degenerated if and only if A is not diagonal Metzler matrix.

In general case an electrical circuits R, C, L, e types is not a positive system. If we
neglect the assumption xo € R, x(r) € R, u(r) € R, t > 0 then from Theorem
H.3lwe obtain the following theorem.

Theorem 4.33. An electrical circuit of R, C, L, e type is pointwise complete for every
t =ty (as standard linear system).

4.12 Standard Continuous-Discrete Linear System Described
by the General Model

Consider the autonomous general model

2(t,i+1) =Agx(t,i) + Ai(t,i) + Aox(t,i+ 1), (4.46)
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teRy =[0,40], i€Z;={0,1,...},
where x(t,i) = axgi”) , x(t,0) € R, u(t,i) € R™, y(t,i) € RP? are the state, input and
output vectors.

Boundary conditions for (£.46) are given by
x(0,i)=x;, i€Zy, and x(¢,0)=x0, x(t,0)=x4, t€R;. (4.47)

Definition 4.26. The general model (#.46) is called pointwise complete at the point
(tf,q) if for every final state x; € R" there exist boundary conditions @.47) such
that x(t7,q) = x;.

Theorem 4.34. The general model ([48)) is always pointwise complete at the point
(tr,q) foranyty >0 and g = 1.

Proof. From (#.46) for i = 0 we have
X(t,1) = Axx(t,1) + F(2,0), (4.48)

where
F(1,0) = Agx(2,0) + A1%(¢,0) = Agx0 + A1x1- (4.49)

Assuming x,0 = 0, x;; = 0 we obtain F(¢,0) = 0 and from (@.48)
x(t,1) = *'x(0,1). (4.50)
Substituting ¢ =t and ¢ = 1 we obtain
xp = e*7x(0,1) (4.51)

and
x(0,1) = e 4 x. (4.52)

Therefore, for any final state x ¢ there exist boundary conditions x;0 = 0, x;; = 0 and
xp = e A2f xs such that x(¢¢, 1) = x since the matrix e~y X exists for any matrix
Aj and any t7 > 0. O

From Theorem[d.34] we have the following corollaries.

Corollary 4.3. Any general model (£.46)) is pointwise complete at the point (ts,1)
for arbitrary ty > 0.

Corollary 4.4. The pointwise completeness of the general model at the point (t7,1)
is independent of the matrices Ay and Ay of the model.

Definition 4.27. The general model (4.46) is called pointwise degenerated at the
point (t7,q) in the direction v if there exist a nonzero vector v € R" such that for all
boundary conditions (@.47) the solution of the model for t = tr, 1 = q satisfies the
condition v! x(¢7,q) = 0.
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Theorem 4.35. The general model ([.46)) is not pointwise degenerated at the point
(t,1) for any ty > 0.

Proof. Using the solution of (.48}
t
x(t,1) = "' x(0,1) + / I (1,0)dT, (4.53a)
0
we obtain .
Vix(t,1) =T e x(0,1) + / v 2T F(7,0)dT, (4.53b)
0

where F(1,0) is defined by #49). From (33D) it follows that does not exist a
nonzero vector v € R” such that for all boundary conditions @47) v/ (t7,1) =0
since the matrix ¢4/ is nonsingular for every matrix A, and ty > 0. O

Example 4.10. Consider the general model (@46) with the matrices

12 11 -10
AO_[SZ]’ Al_[ZI], Az_[l _2} (4.54)
Find the boundary conditions @.47) at the point (¢,q) = (1,1) for x; = [g .
Taking into account that the eigenvalues of A, are 4| = —1, A = —2 and using

the Sylvester formula we obtain

Ar — Myl Ay — M1 ! 0
—Ajt __ 2 21 —Mt 2 Un ot e
e =M e + Mo — A1 e = [e’ o2 62’} (4.55)
From (£.32) we have the desired boundary conditions
2
Aty e'f 0 2 _ 2e
x(07 1) =e 2fxf - |:e‘tf _eth 62[f:| |:3:| et - |:2€+62 ’ (456)
and x(¢,0) =0, %(¢,0) = 0,1 > 0.
The above conditions can be extended as follows.
From (4.46) for i = 1 we have
X(1,2) = Apx(1,2) + F (1, 1), 4.57)
where
F(t,1) = Agx(t,1) + Apx(z, 1). (4.58)

Substituting of (@.48) and @.30) for F(#,0) = 0 into ({.38) yields

F(t,1) = (Ag+A1A2)x(1,1) = (Ag +A1A2)ex(0,1). (4.59)
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Assuming x(0, 1) = 0 we obtain F(r,1) = 0 and from 37)
x(t,2) = *'x(0,2). (4.60)

Continuing the procedure fori =2,...,g— 1 we obtain the following theorem, which
is an extension of Theorem[4.34]

Theorem 4.36. The general model ({£.406) is always pointwise complete at the point
(tr,q). ty >0, g e N={1,2,...} for any matrices Ay, k =0,1,2.

Theorem£.33]can be also extended for any point (7£,q).

4.13 Positive Continuous-Discrete Linear System Described by
the General Model

Definition 4.28. The model [#.46) is called positive if x(r,i) e R, r € Ry, i € Z,
for any boundary conditions

xo€RY, xqeR}, reRy, xeR}, ieZ,. (4.61)
Theorem 4.37. The general model [#.406) is positive if and only if

Ay €M, (4.62a)

Ag,A| € Rixn, A=Ag+A A € Rixn, (4.62b)
where My, is the set of n X n Metzler matrices (with nonnegative off-diagonal entries).

Proof. Necessity of Ag € R and A} € R follows immediately from
since F(r,0) € R%, r € Ry and x,, X are arbitrary. From (@.50) it follows that
Ay € M, since 22 € R" only if Ay is a Metzler matrix, x(z,1) € R", r € Ry
and x(0,1) is arbitrary. From @.37) it follows that F(r,1) € R", r € R for any
x(0,1) € R” only if A =Ag+A1A; € R, The proof of sufficiency is similar to
the one given in [77]. O

Definition 4.29. The positive general model (@48) is called pointwise complete at
the point (¢7,¢q) if for every final state x; € R”. there exist boundary conditions (£.61)
such that

x(tr,q) =xp, t;>0, geN={1,2,...}. (4.63)

Theorem 4.38. The positive general model {@.46) is pointwise complete at the point
(tr,1) if and only if the matrix A, is diagonal.

Proof. In a similar way as in proof of Theorem #.34] we may obtain the equation
(#3D). It is well-known [77] that e’ € R"*", t € R if and only if A is a Metzler
matrix. Hence ¢4 € R"" if and only if A, is a diagonal matrix. In this case for
arbitrary x; € Rl if and only if x(0,1) € R} O
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In a similar way as for standard general model we can prove the following
theorem.

Theorem 4.39. The positive general model (.486)) is pointwise complete at the point
(tr,q), tr >0, g e N={1,2,...} if and only if the matrix A, is diagonal.

From Theorem[d.39] we have the following corollary.

Corollary 4.5. The pointwise completeness of the positive general model #.40) is
independent of the matrices Ay and A of the model.

Definition 4.30. The positive general model (4.46) is called pointwise degenerated
at the point (¢, q) if there exists at least one final state x; € R” such that x(¢¢,q) # x¢
for all x(0,i) € R and x(¢,0) =0, %(z,0) = 0,7 € R,..

Theorem 4.40. The positive general model ({.406) is pointwise degenerated at the
point (t¢,q) if the matrix A> € M, is not diagonal.

Proof. In a similar way as in proof of Theorem F.34] we may obtain the equality
(#32) which can be satisfied for x; € R’ and x(0,) € R, if and only if the Metzler
matrix A, is diagonal. The proof for ¢ > 1 is similar. O

These considerations can be easily extended for x(0,i) € R", x(z,0) € R". and
x(t,0) e R, r eRy.

Example 4.11. Consider the general model (4.46) with the matrices

21 10 [—1 0
AO:[Sz}’ Al:[ZI]’ Ag:_o 2} (4.64)
The model is positive since the matrices Ag and A; have nonnegative entries and
_ |21 10 (-1 0| (11 %2
A—A0+A1A2—|:32:|+|:21:||:0 _2:|—-1O:|€R+ . (4.65)

The matrix A, is diagonal and the positive model with (£.64) by Theorem [£.38] is
pointwise complete at the point (r7,1), #5 > 0. Using @#32) we obtain

1r

f
e 9 ]xfeRi, (4.66)

x(0,1) = e 2 xy = [ 0 e

for any xy € Ri andy € Ry.

Example 4.12. Consider the general model (#.46) with the matrices (@.34). The
model is positive since Ay and A; have nonnegative entries, A, € M,, and

10

A=Ag+A A = [20

] € R (4.67)
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Letxy = [ (1)] . Using (4.33) and (4.22) we obtain the vector

_ é's 0 1 s
x(()? 1) =e Athxf = |:€tf _eth eth] |:0:| = |:el‘f _82tf:| ) (468)
with negative second component for #; > 0. Therefore, the model is pointwise de-
generated at the point (77, 1). The same result follows from Theorem4.40]since the
matrix A; is not diagonal. Note that the vector x(0, 1) given by (4.36)) for x; = [g]

has positive components.






Chapter 5

Pointwise Completeness and Pointwise
Degeneracy of Linear Systems with
State-Feedbacks

5.1 Standard Discrete-Time Linear Systems

Consider the discrete-time system
Xip1 = Ax; + Bu;, (5.1)

with the state-feedback
u; = Kx,-, (5.2)

where x; € R", u; € R™ are state and input vectors, A € R"*" B € R and
K € R™ " g a gain matrix. Substituting (3.2)) into (3.1)) we obtain

Xi+1 = AL.x,-, (53)
where A. = A+ BK.
The solution of the equation (3.3)) has the form
x; = Alxg. (5.4)

By Theorem 4.2 the closed-loop system (5.3)) is pointwise complete if and only if
the matrix A, is nonsingular. Let the system (3.1)) be pointwise degenerated. We are
looking for a gain matrix K € R™*" such that the closed-loop matrix A, = A+ BK
is nonsingular.

Theorem 5.1. If the pair (A,B) is reachable then there exists a gain matrix
K € R™" such that the closed-loop system is pointwise complete.

Proof. 1t is well-known that
detA=AA2... Ay (5.5

where A1,A,,..., A, are the eigenvalues of the matrix A.

T. Kaczorek: Selected Problems of Fractional Systems Theory, LNCIS 411, pp. 103-[1d.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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If the system (3.1)) is pointwise degenerated then at least one of the eigenvalues
is zero. The closed-loop system is pointwise complete if and only if all eigenvalues
S1,82,...,8, of the matrix A,

det[A 4+ BK]| = s152...5, # 0. (5.6)
are nonzero. To obtain (3.6) we have to replace all zero eigenvalues A;, i = 1,...,k
of A with nonzero eigenvalues s;, i = 1,...,k of A.. The problem of finding a gain

matrix K such that (3.6) has been reduced to the classical eigenvalues assignment
problem. It is well-known that we can arbitrary assign the eigenvalues of the closed-
loop system if and only if the pair (A, B) is reachable. This complete the proof. O

Remark 5.1. Note that Theorem [5.1] formulates sufficient but not necessary condi-
tions for the existence of a gain matrix.

Example 5.1. The following three cases will be considered.

Case 1. The pair:
001
A=|(0-10|, B=]|0], (5.7
0-21

=)

[

is unreachable since

011
rank [B AB A’B| =rank | 000 | =2 <n=3.
111

The closed-loop matrix

0 0 1
Ac=A+BK=|0 -1 0 ,
ki kp —2 ks +1

is nonsingular for k| # 0 and arbitrary ky, k3. Therefore, although that the pair (3.7)
is unreachable there exists a gain matrix K = [k;,k»,k3], such that the closed-loop
system is pointwise complete.

Case 2. The pair:
000 0
A=(011|, B=|0]. (5.8)
0-21 1

is unreachable since

000
rank[BABA2B]:rank 01 2 [ =2<n=3.
11-1
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From the form of the closed-loop matrix

0 0 0
A-=A+BK=|0 1 1 s
ki ko —2ks+1

it follows that for any gain matrix K € R™*" we have detA, = 0. In this case does
not exist a gain matrix K = [ky,ky, k3], such that the closed-loop system is pointwise
complete.

Case 3. The pair:
010 0
A=|001]|, B=]0], (5.9)
0-21 1
is reachable since
00 1
rank [BABA?B| =rank |01 1 | =3=n.
11-1
The closed-loop matrix
0 1 0
A+BK=10 0 1 ,
ki kp—2 ks +1

is nonsingular for k; # 0 and arbitrary &, k3 and the closed-loop system is pointwise
complete.

Theorem 5.2. There exists a gain matrix K € R™*" such that the closed-loop system
(33) is pointwise complete if and only if

rank[A, B] = n. (5.10)

Proof. Necessity. From

A+BK=[AB] ﬁ(] (5.11)

it follows that det[A + BK] # 0 implies the condition (3.10), since

rank[A + BK] < min {rank[AB],rank ﬁg] } .
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Sufficiency. Without loss of generality we may assume that the matrices A and B
have the form

A= ﬁ”, A} €R™" r=rankA, (5.12a)
B = [10 Bz], By, e RWXm=p) - p <. (5.12b)
P

If the pair (A, B) has not the form (3.12), then premultiplying (3.11)) by the matrix
L of elementary row operations (Appendix D), we may always obtain on the matrix
[A, B] in the form (3.12).

Let
det Bj £0, ARV p=n-—r, (5.13)

and

A2 mxn

K:[O}ER , (5.14)

then

A 0 Ayl A

A+BK—[O}+[IPBZ}[O][A2]. (5.15)
This completes the proof. a

Example 5.2. Consider the pair

0-10 10
A=1101(, B=| 0 2|. (5.16)
020 11

In this case n = 3, m = 2 and detA = 0.

Applying the following elementary row operations L we obtain

0-10| 1 0 0-10[10
[AB]=[10 1|02 HBd 110 1]02
020]-11 00011
[0-10]0—1

A=D1 0 10 2 (5.17)
00011

and
-1
A= 070 m=| 2 |, r=2 p=1 (5.18)
101 |
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For Ay = [ky,ka, k3] we have
A 0-10 A 0-10
[Al]z 1 0 1| and det[Al}: 1 0 1|=kz—ki#0 (5.19)
: ki ky ks 2 ki ko k3

for ki # k3 and arbitrary k.

The same result we obtain by computation of the determinant

0-10 10T rp s
det[A+BK] =det{ |1 O 1|+ | 0 2 [010203]
020 ~11
ki ky—1 ks ki ky—1 ks
—ki 2—ky —k3 0 -1 0
— &y — ks, (5.20)

Remark 5.2. Note that the reachability of the pair (A, B) implies (5.10). Substituting
z = 0 in the reachability test of the pair (A, B)

rank[l,z—A,B]=n, VzeC, (5.21)

we obtain
rank|[—A, B] = rank [A, B] = n.

Example 5.3. Consider the pair:

001 0
A=|010|, B=|0]. (5.22)
0-21 1
In this case
z 0 —-110
rank[l,z—A,B]=rank |[0z—1 0 |0
0 2 z—1]1
Forz=20
00 —1]0
rank [0 —1 0 |0 | =3,
02 —1]1
and forz =1
10-1]0
rank |00 0 |0 =2<n=3.
020 |1

The pair (3.22) is unreachable but it satisfies the condition (3.10). The closed-loop
matrix
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0 O 1
A+BK=10 1 0 |,
ki ko —2 k3 +1

is nonsingular for k; # 0 and arbitrary k, and k3. Note that although the pair (3.22))
is unreachable there exists K € R™*" such that closed-loop system is pointwise
complete.

5.2 Standard Continuous-Time Linear Systems

Consider the standard continuous-time linear system
x(t) = Ax(t) + Bu(t), (5.23)

with the state-feedback
u(t) = Kx(t), (5.24)

where x(z) € R", u(r) € R™ are state and input vectors, A € R"", B € R**™ and
K € R™*" is a gain matrix.

Substitution of (3.24) into (5.23)) yields
x(t) = Acx(1), (5.25)

where A. = A+ BK.
The solution of the equation (3.23) has the form

x(t) = e'xg. (5.26)

Theorem 5.3. The pointwise completeness and the pointwise degeneracy of the
standard continuous-time linear system are invariant under the state-feedback.

Proof. From (B26) for t = t; we have x; = ¢’'/xy and xg = e 'x;, since
det[e<'7] # 0 for any matrix A, and time ¢. O

Remark 5.3. Theorem[B.3]is also valid for output feedbacks, u(¢) = Fy(t) = FCx(t),
since the closed-loop system matrix has the form A, = A+ BFC.

5.3 Positive Standard Discrete-Time Linear Systems

Consider the discrete-time linear system (3.1)) with the state-feedback (3.2).

Definition 5.1. The discrete-time system (3.1) is called positive if the state vector
x; € R}, i € Z for any initial conditions xo € R, and all input sequences u; € R,
ie Z+.
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Theorem 5.4. The discrete-time system (3.1) is positive if and only if A € R'*",
B e R

Proof. The proof is similar to the proof of Theorem 4.10. O

nxn

By Theorem 4.10 the closed-loop system is positive if and only if A. € R’"" and by
Theorem 4.11 it is pointwise complete if and only if the matrix A, is monomial.

Let the matrix B € R"™ have m < m linearly independent monomial rows
bi,,...,bi. and its remaining rows be zero. The matrix B € R™*" is obtained from
B by adding n — m zero in each its b;,,...,b;, rows and the matrix A € R (=) xn
is obtained from A by removing the rows a;,,...,a;, (corresponding to the rows
bi,,...,bi). The k > m rows of the matrices A and B are called linearly indepen-

dent monomial rows if and only if the matrix {%} contains k linearly independent

monomial rows.
For example if

010 00]

A=|102|, B=|10],

011 01]

then i
_ — J100

A-[010], B_[OOI_.

The matrices A and B contain three linearly independent monomial rows since the
matrix
- 010
[i‘} ~[100
001

is monomial.

Theorem 5.5. Let the positive system (B.1) be pointwise degenerated. There exists a
gain matrix K € R"™" such that the closed-loop system ([3.3)) is positive and point-
wise complete if the matrices A and B contain n linearly independent monomial
rows.

Proof. Without loss of generality we may assume that:

1) the matrix B has the first m < m linearly independent monomial rows by, ..., by
and remaining zero rows, i.e.

by

(5.27)
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2) and that the rows dgy1,...,a, of the matrix A are also linearly independent
monomial rows.

We are looking for a gain matrix of the form

]
_ | km
K= 0 (5.28)
- 0 -
The closed-loop matrix has the form

[ ay+biky |

A, —A+BK = |t bmkm | (5.29)
Azt
L an -

Note that k1, ..., ks of (3.28) can be always chosen so that the matrix (3.29) has n
linearly independent monomial rows. O

Example 5.4. Consider the positive discrete-time system (3.1)) with the matrices:

010 0
A=1l100|, B=|0]. (5.30)
123 1

In this case the matrix B has only one monomial row and the matrix A two linearly
independent monomial rows. We are looking for a gain matrix K = [k, k», k3] such
that the closed-loop system matrix

010 0 0 1 0
Ac=A+BK=[100|+|0|[kikaks]=| 1 0 0 |, (531
123 1 ki+1ky+2k3+3
is monomial. It is easy to see that for k| = —1, kp = —2, k3 > —3 the matrix (3.31))

is monomial and the closed-loop system is positive and pointwise complete.
Example 5.5. Consider the positive discrete-time system (3.1)) with the matrices

011 0
A=|100|, B=]|0]. (5.32)
002 1
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In this case the condition of Theorem [3.3]is not satisfied since only one row of the
matrix A corresponding to zero rows of B is monomial.

For a gain of the form K = [k}, k2, k3] the closed-loop matrix

01 1
A+BK=|10 0o |,
ki ky ks +2

has at most two linearly independent rows for any entries k1, k7, k3. The closed-loop
matrix A. = A+ BK is not monomial for any choice of the gain matrix K. Therefore,
for the pair (3.32) does not exist a gain matrix K such that the closed-loop system is
pointwise complete.

5.4 Positive Standard Continuous-Time Linear Systems

Consider the continuous-time linear system (3.23)) with the state-feedback (3.24).
Definition 5.2. The continuous-time linear system (3.23) is called positive if x(z) €
R, t > 0 for any initial conditions xo € R’} and all inputs u(t) eR™ t > 0.
Theorem 5.6. The continuous-time linear system (3.23)) is positive if and only if
A€M, and B R

Proof. The proof is similar to the proof of Theorem 2.8. O

By Theorem 4.13 the closed-loop system (3.23) is positive if and only if A, € M,,.
By Theorem 4.14 the positive continuous-time linear system is pointwise complete
if and only if the matrix A is diagonal.

Remark 5.4. Note that the matrix ¢’ is monomial if and only if the matrix A is
diagonal. The matrix e’ is monomial if and only if the matrix A is diagonal.

Theorem 5.7. Let the positive system (3.23) be pointwise degenerated. There exists
a gain matrix K € R™" such that the closed-loop system (3.23) is positive and
pointwise complete if the pair (A, B) of the system satisfies the condition:

The matrix B has | < m linearly independent monomial rows b;,,b;,,...,b; and
all its remaining rows are zero. Every i-th row of the matrix A has the form a; = c;e;,
i=1+1,...,n where c; is a real nonzero or zero coefficients and e; is i-th row of

the identity matrix I,.

Proof. Without loss of generality we may assume i; = 1,ip = 2,...,i; = [ and the
matrices A and B have the form

ai by
a b[
A= s B = , ai=|d4aj1 ... Aajp| . 5.33
Clr1€i+1 0 [ai a (5-33)
Cnen | | 0|
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The closed-loop matrix has the form
[ay + b1k

a;+ bik;

Ac=A+BK =
Cl+1€14+1

(5.34)

Cnén

From (5.34) it follows that it is always possible to choose the gain matrix K € R™*"
so that the matrix A. is diagonal if the condition of Theorem[5.7]is satisfied. O

Example 5.6. Consider the positive continuous-time system (3.23) with the
matrices:

~1201 01
0000 00

A=15 Toals B=10l: (5.35)
0002 00

We are looking for a gain matrix of the form
_ {ku kiz ki3 k14}
ka1 koo ks koa |7

such the closed-loop matrix A, is diagonal.

The pair (3.33) satisfy the condition of Theorem[3.7] and the closed-loop matrix
A¢ has the form

12017 [01
- 10000 00| [k kiz ks kg
Ac=AFBE=1 5 102|710 [kzl k22k23k24}

| 0002] |00

_k21 — 1 kop+2 koz kpga+1
0 0 0 0
ki1t +2kip+1kiz kig+2
0 0 0 2

For k13 and k21 arbitrary and k22 = —2, k23 = 0, k24 = —1, k11 = —2, k12 = —1,

k14 = —2 we obtain a diagonal closed-loop matrix A.. The desired gain matrix is:
| =2 —=1ki3 =2
k= [kzl 20 —1]‘

Theorem 5.8. Let the positive system ([(3.23) be pointwise degenerated. There exists
a gain matrix K € R™" such that the closed-loop system (3.23) is positive and
pointwise complete if and only if for a given diagonal matrix A. € R™" and B €
R™ the following condition is satisfied



5.4 Positive Standard Continuous-Time Linear Systems 113

rank B =rank [A. —A , B]. (5.36)
Proof. By Kronecker-Capelly theorem the equation
BK=A,—A, (5.37)

has a solution K for a given A. — A and B € R if and only if the condition (5.36)
is satisfied. o

Example 5.7. Consider the positive system (3.23)) with the matrices (3.35). We are
looking for a gain matrix

K— ki1 ki ki3 kia
ka1 koo ko3 koa |7

such the closed-loop matrix A, is diagonal

ZC = diag [al ap as 04] . (5.38)
The condition (5.36) for (3.33) and (3.38) has the form
01 a+1-20 -1 01
00| 0 a0 0 00|
rank 10 =rank 2 —las -2 10 =2,
00 0 0 0as—200
and it is satisfied for a, =0, ag = 2.
In this case the equation (5.37) has the form
01 a+1-20 —1
00l | 0 a0 o
10| K= 22 Z1a 2 |0 (539)
00 0 0 0ay4—2
and its solution is
_ -2 —laz -2
k= {a1+1 20 —1}’ (5.40)

where ay, a3 are arbitrary.

For
A =diag[-1002],

the gain matrix K has the form

2-10-2
K[o —20—1]'

This result is consistent with the result obtain in Example 5.6.
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5.5 Fractional Discrete-Time Linear Systems

Consider the fractional discrete-time linear system

i
Xip1 =AgXi+ Y, cj(00)x4—j + Buj, (5.41)
j=1

with the state-feedback
ui = Kxi, (5.42)

where ¢ j(a) is defined by (4.23), x; € R”, u; € R™ are the state and input vectors
A e R B e R"™M" and K € R™" is a gain matrix. Substitution of (3.42) into

@41 yields

i
Xis1 = [Aq +BK]xi+ Y cj(0)x_ . (5.43)
j=1

To investigate the pointwise completeness and pointwise degeneracy we may use
Theorems 4.8 and 4.9 for Ag = Ay + BK, Ay = ci (o), k=1,...,q.

Theorem 5.9. Every fractional discrete-time linear system is pointwise complete for
i=gq =1 and every gain matrix K.

Proof. Using (4.8) for i = ¢ = 1 we obtain
Hy=[Ho(1) Hi(1)]| = [ @y ci(a)l,].

By Theorem 4.8 this system is pointwise complete for every gain matrix K for i =
q =1, since
rank H; = rank[(D] cl(a)ln] =n. (5.44)

O

5.6 Fractional Continuous-Time Linear Systems

Consider the fractional continuous-time linear systems

jt—o(;x(t) = Ax(t) + Bu(t), (5.45)

with the state-feedback
u(t) = Kx(t), (5.46)

where x(r) € R", u(r) € R™ are state and input vectors, A € R"*", B € R™™ and
K € R™*" is a gain matrix. Substitution of (3.46)) into (5.43)) yields
dOC

dt—ax(t) :Acx(t), AL- =A+BK. (547)
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Theorem 5.10. The pointwise completeness and pointwise degeneracy of fractional
continuous-time linear systems are invariant under the state-feedbacks and the
output-feedbacks.

Proof. The proof follows immediately from the fact that the fractional continuous-
time system is pointwise complete for every matrix A. g

5.7 Positive Fractional Discrete-Time Linear System

Consider the positive fractional discrete-time linear system (3.41]) with the state-
feedback (5.42), where x; € R", u; € R} are state and input vectors, A € R,
B e R and K € R™",

Theorem 5.11. Let the positive fractional discrete-time system (5.41) be pointwise
degenerated. There exists a gain matrix K € R™" such that the closed-loop system
is positive and pointwise complete if the pair (A, B) satisfies the condition:

The matrix B has | < m linearly independent monomial rows and the remaining
its rows are zero. Every row a; of the matrix A corresponding to the zero row of B
has the form a; = cje; where c; is nonzero coefficient and e; is i-th row if I,.

Proof. Proof is similar to the proof of Theorem 3.7l O

Example 5.8. Consider the positive fractional discrete-time system (Z.41) with the
matrices:

1201 01
0300 00

A= 21121 B= 1ol (5.48)
0002 00

We are looking for a gain matrix of the form

K— [kn ki ki3 kia
ka1 koo ko3 koa |7

such that the closed-loop matrix A, is diagonal with positive diagonal entries.

The pair (5.48) satisfies the condition of Theorem[5.11l The closed-loop matrix has
the form

12017 [ol
- 0300|000 [kt kip ks ks
Ac=ATBK=17112] |10 [k21k22k23k24
0002] |00

[kot +1 ko +2 koz koa+1
0 3 0 0
kit+2kip+1kiz+1kig+2
0 0 0 2
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Assuming k13 > —1,ky; > —1and kop = -2, k23 =0,ku=—1,k11=-2,kip=-1,
k14 = —2 we obtain diagonal matrix A, with positive diagonal entries. The desired
gain matrix has the form:

(2 -1hks -2
k= {kﬂ 20 —1}

5.8 Positive Fractional Continuous-Time Linear Systems

Consider the positive fractional continuous-time linear system (5.45)) with the state-
feedback (5.46), where x(r) € R, u(t) € R are state and input vectors and A € M,
B G Ri)(}n'

Theorem 5.12. Let the positive fractional continuous-time system (3.43) be point-
wise degenerated. There exists a gain matrix K € R™" such that the closed-loop
system is positive and pointwise complete if the pair (A, B)satisfies the condition:
The matrix B has | < m linearly independent monomial rows and the remaining
its rows are zero. Every row a; of the matrix A corresponding to zero row of B has
the form a; = cie;, where c; is nonzero or zero coefficient and e; is the i-th row of I,.

Proof. Proof is similar to the proof of Theorem 3.7l O

Example 5.9. Consider the positive fractional continuous-time system (3.43) with
the matrices

01 2 01
A=|000]|, B=|00]. (5.49)
21 -1 10

We are looking for a gain matrix of the form

ki1 ki2 ki3
K=
[km k22 k23] ’

such that the closed-loop matrix

kot kop+1 ko3 +2
A.=A+BK= 0 0 0 )
kin+2kip+1kz—1

is diagonal.

Assuming kp; > 0, k13 > —1 and kop = —1, ko3 = =2, k1 = =2, kjp = —1 we
obtain the desired diagonal matrix A..



Chapter 6

Realization Problem for Positive Fractional and
Continuous-Discrete 2D Linear Systems

6.1 Fractional Discrete-Time Linear Systems

Consider the fractional discrete-time linear system:

k+1
o
ka—&—Z(—l)/(j)xij = Axy+Buy, keZy, (6.1a)
=
Vi = Cxy + Duy, (6.1b)

where x; € R, u;, € R™, y, € R” are state, input and output vectors and A € R™*",
BeR"™™ C e RP*" D e RP™,

Lemma 6.1. The transfer matrix of the fractional system (6.1)) has the form

T(z)zc[ln(z—ca)—A]IB+D:%, 6.2)

where

k
ca—cakZZZ—lfl(]>1], (6.3a)

j=1
N(z) = CAdj[l, (z— ca) —A] ' B+ Dd(z) (6.3b)

Ni1(2) -+ Nim(2)
=Ny(z—ca)"++Ni(z—cq)+No= e )
Npi(2) ... Npm(2)
N, e R i=0,1,...,n, (6.3¢)

T. Kaczorek: Selected Problems of Fractional Systems Theory, LNCIS 411, pp. 117E14d.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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(k—1)n
Nj= Y Nzl i=l...p j=1,...m (6.3d)
I=—n
d(z) = det[ly(z — ca) — A (6.3¢)
kn
= (z—cq)"+an-1(z—ca)" '+ +aiz—ca)+ao= Y, @Gz’
I=—n

apg =detA,...,a, | =tranceA.

Proof. Using 2 -transform to (G.I) with zero initial conditions and taking into ac-
count (A.14b), we obtain:

X(2) = [L(z—ca)—A] ' BU(2), (6.4a)
Y(z) = CX(z) + DU (2), (6.4b)

where X (z) = Z[x], U(z) = Zux], Y (z) = Z [y

Substitution of (©.4b) into (6.4a) yields Y (z) = T(z)U(z), where T(z) is given
by @.2). O

Definition 6.1. The transfer matrix 7'(z) is called proper if

lim T (z) = K € RP*™,

Z—00

and it is called strictly proper if K = 0.
From (6.2)) we have
lim 7'(z) = D, (6.5)

Z—o0

since

lim[l,(z — co) —A] "' =0.
7—00
Definition 6.2. Matrices A, B, C, D satisfying
A+Loa e R BeRY™ CeRY", DeRY™,

are called a positive realization of a given transfer matrix T'(z), if they satisfy the
equality

T(z) =Cll(z—cq) —A] 'B+D.

Realization is called minimal if the dimension of A is minimal among all realizations
of T(z).
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The positive fractional realization problem can be stated as follows. Given a
proper transfer matrix 7'(z), find its positive realization.

Sufficient conditions for the existence of the positive fractional realizations of a
given proper transfer matrix 7'(z) will be established and procedures for computa-
tion of the positive fractional realizations will be proposed [110].

6.1.1 SISO Systems

From (6.2)) it follows that the transfer matrix of fractional discrete-time linear system
is proper rational matrix in the variable z — c¢y. From (1.5) and it follows
that ¢q = cq(k,z) strongly decreases when k increases. In practical problems it is
assumed that k is bounded by some natural number 4. In this case the fractional
system (6.1)) is a system with % delays in state vector.

Firstly the following two cases for single-input single-output systems (SISO) will
be addressed:

Case 1). Given o, ¢y and the transfer function

T(z) = bu(z—ca)"+ -+ bi(z—ca) + by (6.6)
(z—ca)"+an-1(z—ca)" '+ +ai(z—cq) +ao’ '

find its positive fractional realization A, B, C, D.

Case 2). Given a transfer function of the form

bud"+ -+ b1z +bo+ b1z b "
T(Z)— n 1 0 1 qn

- "ta n—1_ ... 1. —qn’ (6.7)
w12V e taiztagtaz7 o agnz

find a fractional order o and a positive fractional realization A, B, C, D.
In Case 1) the problem can be solved using the well-known realization theory of
positive systems [77].

Theorem 6.1. There exist positive fractional realizations of the forms:

0 1 0 0 —
0 1 0 0 g‘)
. 1
A= | @ 1 o ,B:(~),CT: .|, (6.8a)
0 0 0 ... 1 -
1 bn—l

—ap —ayp —az ... —dp—]
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[00...0 —a —
10...0 —a ? 0
1 .
A= 010 —ay | g | " T =, (6.8b)
100...1-a, b1 !
_—a,,_l —ay—2 ... —ad; —Aay -
1 0 ... 0 0 é ?”
n—2
A= O b 00 g | | cT=| 7|, (680
0 0 .1 0 0 bo
[—a,_110...0 —
—a,2,01...0 bni !
by 0
A= | = it B=| L CT =, (6.8d)
—a; 00...1 - ;
| —ap 00...0 bo 0
by = by —agh,, k=0,1,....n—1; D=b,. (6.8¢)

of the transfer function(6.6), if

a) by >0fork=0,1,...,n;
b) ap <0fork=0,1,....n—2and a,—1 < a;

Proof. The detail of the proof will be given only for (6.8a). The proofs for (6.8b)),
(16.8¢) and (6.8d) are similar.

From (6.6) we have
D=1limT(z) = by, (6.9)

7—00

and the strictly proper transfer function has the form

Enfl(Z*Ca)"_l -+ by (z—ca)+30
(z—ca)"+ap1(z—co)" '+ +ai(z—cq)+ag

Typ(z) =T(s) D= . (6.10)

Taking into account that for (6.8a)
det[l,(z—co) —Al = (z—co)" 4+ an_1(z—ca)" '+ +ai(z— ca) + ao,

and
Adj[ln(z_ca)—A]Bz [1 (Z—ca) (z—ca)”*l}T.

it is easy to verify that

_ CAdj[l,(z—cq) —A]B
Cll(z—cq)—A]"'B =
[n(Z Coc) ] det[ln(z—ca)—A}
bu_i(z—co)" '+ +bi(z—ca) +bo
(z—ca)"+ap_1(z—ca)" '+ +ai(z—cq)+ag
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The matrix A, € R"*", if and only if the condition b) of Theorem [6.1]is satisfied
and the matrices C and D are nonnegative if the condition a) is met. ad

If the conditions of Theorem[6.T]are satisfied then the positive fractional realizations
(6.8) of the transfer function (.6) can be found by use of the following procedure:

Procedure 6.1

Step 1. Knowing transfer function (6.6) and using (6.9) find D and the strictly
proper transfer function (G.10).
Step 2. Using (6.8) find the desired realizations.

Remark 6.1. The positive realizations (6.8) are minimal if and only if the transfer
function (6.6) is irreducible.

Example 6.1. Find the positive minimal fractional realizations (6.8) of the irre-
ducible transfer function

2(z—cq)?+5(z—ca)+2

T(z)= (—ca—(c—ca)—2 " (6.11)

Using Procedure 6.1 we obtain the following:

Step 1. From (6.9) and (&.11)) we have D = 2 and

T(z—co)+6
(z—ca)*—(z—ca) =2

Typ(z)=T(zx)—D=

Step 2. In this case by = 6, b; = 7. Using (6.8), we obtain the desired positive
fractiona realizations:

[01] 0

A:_zh, B:_L, Cc=1[67], D=2,
[02] (6]

A:_IL, B:_I, c=[01], D=2,
[12] (1]

A:_lq, B:_q, C=1[76], D=2,
[11] (7]

A:_zq, B:_q, C=[10], D=2

Positive realization problem in the Case 2) will be presented on a very simple
example of SISO fractional system with the strictly proper transfer function

biz+bo+b_1z7 ' +b_rz?

Tip(2) = .
»(2) ZHaiztagt+a_ 177V a z?+a 3z 3 da g4zt

(6.12)
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In this case n =2 and g = 2.

Without loss of generality we may assume the matrix A in the canonical Frobenius

form
0 1
A= [_ao _al] . (6.13)
Taking into account (1.5), (6&.12) and (G.13), we may write
det[l,(z—cq) —A] = imco—az ! —a? -
mi~ Ca N ao ztay—co—c1z =z ?

=7+ (a1 — 2C0)Z+C(2) —ajco — 2y

+ (2coc1 —ajcr — 2cz)z_1 + (C% +2cocy — alcz)z_2
+ 2¢1c0z73 + 327 +ap, (6.14)
where : .
a a p— oo a J—
cr = (—1)F ( ) ) k=0,1,... . (6.15)

(k+1)! ’
From comparison of the denominator (6.12) and (6.14) we have ¢3 = a_4. From
(613) for k = 2 we have o(ax — 1)(o — 2) = 6,/a_4, and

o =302 +20—6\/a_4=0. (6.16)

Solving the equation (6.16) we may find the desired real fractional order o.. Know-
ing o and using (&.13), we may find the coefficients g, ¢; and co, = o+ 127" +
¢z~ 2. Then the denominator of the transfer function (6.12) can be written in the
form

Praiztagtaz ' taz P va sz P taazt = (z—ca)? +a1(z—co) +do.

In a similar way we proceed with the numerator of (6.12) and we may write the
transfer function (6.12)) in the form

El(Z—Ca)-‘rEo
(z—cq)?+ai(z—cq)+ao

T(2) = (6.17)

To find a positive fractional realization of (6.17) we may use Procedure 6.1.

Procedure 6.2. In general case of SISO fractional system with transfer function
(&7) we proceed as follows:

Step 1. Using (6.9), find D and strictly proper transfer function

Byo12 N bzt by + bz b gz e
a2 e taiztagtasiz N+ agz ™

Top(2) = . (6.18)
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Step 2. Knowing the coefficient a_,, of the denominator of (6.18) and solving the
equation
ola—1)-(a—q)
(g+1)!

7 (6.19)

A_png =

find the desired fractional order c.
Step 3. Knowing o and using (6.13), compute the coefficients co,c1,...,c,—1 and
ca =co+c1z '+ +cyz 9 and write (6.I8) in the form

bu1(z—ca)" "4+ bi(z—ca) + bo

Ty (z) = .
) S ) a1 —ea T 4T (e ca) F 70

(6.20)

Step 4. Using Procedure 6.1 find the desired positive fractional realization (6.8)) of
the transfer function (6.20) (and (6.7)).

Remark 6.2. The method can be easily extended for MIMO fractional system.

6.1.2 MIMO Systems

Consider a multi-input multi-output (MIMO) positive fractional system with proper
transfer matrix 7'(z). Using (6.3), we may find the matrix D and next the strictly
proper transfer matrix which can be written in the form

Nll(z) Nlm(z>
Di(z) """ Dplz
Ty(z)=T(x)-D=| : . : |=NED (2, (6.21)
Npl(z> Npm(z)
Di(z) "' Dmlz
where
Nii(z) ... Nim(2)
N(z) = Do ., D(z) =diag[Dy(z) ... Du(2)],
Npl(z) NPm(Z)
Nij(z) 371 (z—ca) T+t cli(z—ca) + o], (6.22a)

=c
Dj(z) = (Z—Ca)d-f+ajd,—1(Z—ca)df'71 +--4aji(z—cq)+aj, (6.22b)
i=1,...,p; j=1,....m
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Theorem 6.2. There exists the positive fractional realization

A =blockdiag [A; ... Ay ] €RY, j=1,....om; n=di+...+dn,

0 1 0o ... 0
0 0 1 ... 0
Aj=| ¢ r eRYY, (6.23)
0 0 0o ... 1
—aj() —ajl —Cljz _ajd‘,-—l
0
0 d;
B = block diag [By ... By | €RY™, Bj=|.|eRY, j=1,..m
1
di—1 dn—1
c(fl...cli ...c(l)m...clm
C=|:: ¢ i |eRV" D=T(w)eR
0 di—1 0 dp—1
Cpp o Ch ooe Com oee Coy

of the transfer matrix T (z), if the following conditions are satisfied:

a) T(w) e R

b) a;j<O0fori=1,....m; j=0,1,...,di—2and a;g,_ < o fori=1,...,m;
c) cij=>0fori=1,...p;j=1,....m =01, . dy

Proof. First we shall show that the matrices (6.23) are a realization of the strictly
proper transfer matrix (©.21)). Using (6.22) and (6.23), it is easy to verify that

1
I—Cq
BjD)(z) = Id,»(z—Ca)—AJ} : , for j=1..m;
(z—co)%™!
and
BD(z) = [I,(z —ca) — A]S, (6.24)
where
1
_ (z—cq)
S =block diag [S; ... Sw|, S;= , , j=1,....m

(z—co)¥i™!
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Premultiplying ©.24) by C[I,(z — c¢) — A]~' and postmultiplying by D(z)~!, we
obtain

since
) di—1 0 dy—1
11 i - Clim Cim
N(z)=CS = : :
d—1 _
_cgl pll ~C?7m cf,';h 1
i 1 0.. 0 ]
Z_Ca 0 .. 0
(z—ce)™710 0
X . .. . . (6.25)
0 0.. 1
O O . Z—Cq
L 0 0...(z—cq)® "]

If the condition @) is met then from (6.3) we have D € RY™™. If the conditions b)
are satisfied then A € R"*". The matrix C has nonnegative entries if the conditions
c) are satisfied. Therefore, the matrices (6.23) are a positive fractional realization of
T(z). 0

If the conditions of Theorem[6.2] are satisfied then the positive fractional realization
(623) of the transfer matrix T'(z) can be found by use of the following procedure:

Procedure 6.3

Step 1. Knowing the proper transfer matrix 7'(z) and using (6.3), find the matrix D
and the strictly proper matrix Ty, (z).

Step 2. Find the minimal degrees dj,...,d,, of the denominators D;(z),...,Dy(z)
and write the matrix 7y,(z) in the form (6.21).

Step 3. Using the equality

D(z) =diag [ (z—cq)¥ ... (z—cq)™ | +diag[ay ... an ]S, (6.26)

find
aj = [ajo aji ...ajdj,l] for j:l,...,m; (627)

and the matrix A.
Step 4. Knowing the matrix N(z) and using (6.23), find the matrix C.
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Example 6.2. Find the positive fractional realization (6.23) of the transfer matrix

2(z—ce)?4+3(z—ca)+1 (z—ca)?+3(z—ca)+2
P VA VI Y ——
)= | Gl (Pl || 6.28)
z2—cq—1 (z—ca)?—2(z—ca)—3
Using Procedure[6.3] we obtain the following:
Step 1. From (6.3) and (6.28) we have
D=limT(z) = {2 1} : (6.29)
700 10
and
z—cg+1 5(z—cq)+5
—Cq 2 *Ca 2 o
Ty(@) =T(e) - D= | el flemea) (e - Cf)fl) 3]. (6.30)
z—co—1 (z—ca)?—2(z—co) -3

Step 2. In this case dj =d> =2 and Dy (z) = (z—ca)? — (z—ca), D2(2) = (z—
co)? —2(z— cg) — 3. The matrix (6.30) takes the form

z—co+1 5(z—cq)+5
a)?—(z—cq ) 2(z—cq)—
Typ(z) = [(Z 4()1_05) ) @ 221_6255_,_1 ) 3‘| . (6.31)
(Z—Ca)z_(z—fa) (Z—Coc)2—2(1—€a)_3
Step 3. Using (6.26) we obtain
(z—ca)’ = (z—ca) 0 _
0 (z—ca)?—2(z—cq)—3
1 0
(z—cq)? O [0100] [z=ca O
0 (z —cq)? 0032 0 1 ’
O I—Cq

and
a) = [al() all] = [0 71], a) = [az() azl} = [73 72].

Therefore, the matrix A has the form

0100
0100
0001
0032

A =block diag [A; A2 ] = (6.32)
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Step 4. Using (6.23) and (6.31)), we obtain

1 0
Z_Ca+15(Z_Ca)+5 _ 1155 ZI—Cq 0
4(z—cq) 2(z—cq)+1| |0412 0 1 ’

0 ZI—Cq

and

1155
C:[0412]. (6.33)

The matrix B has the form

00
10
B=1{ool" (6.34)

01

The desired positive fractional realization (6.23) of (6.28) is given by (6.29), (6.32),
(6.33) and (©.34).

The strictly proper transfer matrix 7, (z) can be also written in the form

T,)=| @ . 1 |=D'N@, (6.35)

where

N(z) = o , D(z) =diag[Di(z) ... Dy(z) ],
M@ - Npnl)

Nij(z) = Bt (2= ca) o+ Byl —ca) + (6.362)
Di(z) = (z—ca)g"+Ei3ﬁl(z—ca)3"7l + - +ai(z—co) +ao, (6.36b)

i=1,...,p; j=1,....m;

b

ijo

Theorem 6.3. There exists the positive fractional realization

A = block diag [A; ... A, ] e R, (6.37a)
ji=l..pa=d+-+dp,
00...0 —aj
10...0 -a; o

Kj: 01...0 —ajp G]le_jx‘ij, (6.37b)

00 ... 1-a; ,
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— _0 _0 — -
bll b12 e blm

—d—1 —d;—1 —d;—1

b]l blz ... blm
B= : Do : e R, (6.37¢)
R —0
Dy By oo Doy
I SR
IS A 4
C = block diag [C) ... C,] € RZT. T;=[00... 1] eRYY (6.37d)
D = T(e) € RY™, (6.37¢)

of the transfer matrix T (z), if the following conditions are satisfied:

a) T(e) € RF™ ~
b) EijSOfori:1,...,p;j:O,1,...,d,~—Zandaigiil <afori=1,....p;

C) ElijOforj:l""’p;k:17'--am;i:O,l,..,’dj—l;

Proof. First we shall show that the matrices (6.37) are a realization of the strictly
proper transfer matrix (@.33). Using (6.36) and (6.37) it is easy to verify that

Dj(z)Cj = [l Z—Co -- (Z—Ca)zf'_l} {Igj(z—ca)—xj},

forj=1,...,p;and

where

S =block diag [S ... S, |, §; = [1 z—cq - (z—cq)?

j_1:| ) ]: 17"'7p;
Premultiplying (6.38) by D' (z), and postmultiplying by [E:(z — co) —A]~'B we
obtain _ _ | |

Clli(z—ca)—A]'B=D (2)SB=D (2)N(z) = Ty (2),

since SB = N(z).

If the condition @) is met then from (6.3) we have D € Rixm. If the conditions b)
are satisfied then the matrix A, € R”*". The matrix B has nonnegative entries if the
conditions c) are satisfied. Therefore, the matrices (6.37) are a positive fractional
realization of T'(z). i

If the conditions of Theorem[6.3]are satisfied then the positive fractional realization
(@37 of the transfer matrix T(z) can be computed by the use of the following
procedure:
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Procedure 6.4

Step 1. Knowing the proper transfer matrix 7' (z) and using (6.3) find the matrix D
and the strictly proper matrix Ty, (z).

Step 2. Find the minimal degrees dj,...,d, of the denominators D;(z),...,Dp(z)
and write the matrix 7y,(z) in the form (6.33).

Step 3. Using the equality

D(z) = diag [(z_ca)dl (Z_ca)ﬁp} +Sdiag[a ... @], (639
find ,
a = {E,-o aji ... 5@,1} for j=1,...,p; (6.40)

and the matrix A.
Step 4. Knowing the matrix N(z) and using the equality SB = N(z), find the
matrix B.

Example 6.3. Find the positive fractional realization (6.37) of the strictly proper
transfer matrix

(z—ca)?+2(z—ca)+3 Hz—cq)+2
o) 21— >3 (—ca)—1 (—ca)—2(z—ce)?—3(z—cq)—
1) = | T e ST e gl | e
(z—ca)?—2(z—ca)—3 (z—ca)?—2(z—ca)—3

Using Procedure[6.4] we obtain the following:

Step 1. From (&.3) and (6.41)) we have D = 0.

Step 2. In this case D1 (z) = (z—c¢)® —2(z—co)* =3(z—ca) — 1, D2(2) = (z—
co)? = 2(z—co) —3 and d| = 3, d» = 2. The matrix has already the
desired form (6.33).

Step 3. Using (6.39) and (6.41)) we obtain

{(Z—ca)3—2(z—ca)2—3(z—ca)—1 0 }
0 (z—ca)?—2(z—cq)—3

(z=ca)® 0 1 2—cq (z—cg)20 0 [;8]
{ 0 (ZCa)2:||:O o o 1ZC‘J (2)(3)

02

b

and
a=-[132]", m=-[32]".
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Therefore, the matrix A has the form

00100
10300
A = block diag [A; A,] = [01200]. (6.42)
00003
00012

Step 4. Using the equality SB = N(z) and (6.41), we obtain

[@—C@2+2@—qﬁ+34@—qﬁ+2}

Z_C(X+2 2(Z_Ca)+3
32
[lz—c‘a(z—Ca)ZO 0 } ?g
0O O 0 1 z—cqy 3 ’
12
and
32
24
B=1|10]. (6.43)
23
12
The matrix C in this case has the form
00100
C_[OOOOI]' (6.44)

The desired positive fractional realization (6.37) of (6.41) is given by (6.42), (6.43),
(6.44) and D = 0.

6.2 Fractional Continuous-Time Linear Systems

Consider the fractional continuous-time linear system (2.14). Using the Laplace
transform to (2.14) with zero initial conditions, it is easy to show that the transfer
matrix of the system is given by the formula [108]

T(s) =C[l,s*—A]"'B+D. (6.45)
The transfer matrix is called proper if
lim 7 (s) = K € RP*™,
§—r00

and it is called strictly proper if and only if K = 0.
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From (6.43) we have
lim T'(s) = D, (6.46)

§—ro00

since

lim[7,s* —A] ' =0.

§—00

Definition 6.3. Matrices

A€EM,, BeRY" CeRI DeRI™, (6.47)

are called a positive fractional realization of a given transfer matrix 7'(s), if they
satisfy the equality (&.43). A realization is called minimal if the dimension of A is
minimal among all realizations of 7'(s).

The positive fractional realization problem can be stated as follows. Given a proper
transfer matrix 7 (s), find its realizations (6.47).

6.2.1 SISO Systems

First the realization problem will be solved for a single-input single-output (SISO)
linear fractional systems with the proper transfer function

bu(s®) + by 1(s*)" N 4+ bys* 4 by

T(s)= . 6.48
(S) (sa)”—an,l(sa)"_l—"'—alsa—ao ( )
Using (6.46)), we obtain
D=1mT(s) =by,, (6.49)
§—00
and the strictly proper transfer function has the form
En_l(sa)nfl +-- +51Sa —|—Eo
T =T(s)—D= 6.50
sp(s) (S) (s“)’lfanq(sa)”_l*'“*dlsa*ao’ ( )
where
by =by+ab,, k=0,1,....n—1. (6.51)

From (651 it follows that if a; > 0 and b; > 0 for k = 0,1,...,n then also by > 0
fork=0,1,....n—1.
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Theorem 6.4. There exist positive fractional realizations of the forms:

010... 0 -
001..0 0 go
1
A=|:1 i | B= .= |, D=by,
00O0... 1 1 by |
_a() ay ay ... dy—1
[00...0 ao _
10...0 a g‘) 0
1 :
A= |01...0 a ,B= . ,Cl= ||, D=b,,
S : : 0
100 ... 14, bu-1 !
_an,1 ap—2 ... dy] Ao - .
1 0 ..00 (1) g" :
2
A=| 0 L 00 g\ = |7 D=b,
0 0 .10 0 bo ]
ap—1 10...0 E 1-
an201...0 -l
by s 0
A=| ¢ i | B=| |, = |, D=b,
a 00...1 Z
a 00...0 bo 0
of the transfer function(6.48) if:
a) by >0fork=0,1,...,n;
b) ar >0fork=0,1,....n—2; and by,—1 + a,—1b, > 0;
Proof. Taking into account that for
det[l,s* —A] = (s*)" —a,_1(s*)" ' = —a1s* — ay,
and .
Adj[Lis* —A]B=[1s* ... (s*)"']",

it is easy to verify that

L CAdj[ls* —A]B
Clips® —a] ' = CADLs" —AlB
det [1,s% — A]

En_l(sa)n—l + "'—|—Elsa —|—Eo
() —a, (s — - —ays% —ag

6 Realization Problem for Positive Fractional

(6.52a)

(6.52b)

(6.52¢)

(6.52d)
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The matrix A is Metzler matrix if and only if @z > 0 for k =0,1,...,n—2 and
arbitrary a,_. Note that the coefficients of matrices C and D are nonnegative if the
condition a) is met and b, | = b,,_1 +a,_1b, > 0. The proofs for (6.5206.52d) are
similar (dual). O
The matrices (6.32) are minimal realizations if and only if the transfer function
(6.48) is irreducible. If the conditions of Theorem[6.4] are satisfied then the positive
minimal realizations (6.32)) of the transfer function (6.48) can be computed by use
of the following procedure:

Procedure 6.5

Step 1. Knowing T (s) and using (649) find D and the strictly proper transfer func-
tion (6.30).
Step 2. Using (6.32) find the desired realizations.

Example 6.4. Find the positive minimal fractional realizations (6.32)) of the irre-
ducible transfer function

2(s%)? +55% + 1

1) = a3 (6.53)

Using Procedure[6.3]and (6.33) we obtain the following:
Step 1. From and (6.33) we have D =2 and
s +7

Ty=T(z)-D=——o "
»=T() (s*)2+2s*—3

Step 2. Taking into account that in this case by = 7, by = 1 and using (&.32) we
obtain the desired positive minimal fractional realizations:

01 (0]

A:_3_2_, B:_l_, c=[71], D=2,
[0 3] (7]

A:_liz_, B:_l_, c=[01], D=2,
-23 (1]

A= Lol B:_O_7 c=[17], D=2,
—21] (1]

A= 3 0] B:_7_, C=[10], D=2

6.2.2 MIMO Systems

Consider a multi-input multi-output (MIMO) positive fractional system (2.14) with
a proper transfer matrix 7'(s). Using the formula (6.46) we can find the matrix D
and the strictly proper transfer matrix which can be written in the form
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N1 (2) Nim(2)

Di(z) """ Dn(z)
Typ(s)=T(s)—D = oo =N(s)D"'(s),

Npl (z) Npm(z)

DI (Z) ' Dy (Z)

where

Nll(s) N]m(s)

N(s) = oo ., D(s)=diag[Di(s) ... Du(s)],

Npi(s) .. Npm(s)
Na(s) = %159y oo pehs® 4 &Y,
Dy(s) = (sa)dk _akdkfl(sa)dk_l — o —ags” — ayo,
i=1,....,p; k=1,....m;

Theorem 6.5. There exists the positive fractional realization

A = block diag [A; ... Ay | € R,

0O 1 0.. O
0O 0 1 ... O
I ) dixd,  k=1,....m;
Ae= o0 RS, n=di+-+dp;
0O 0 0 ... 1
ako Akl A2 - - Qkdy—1
0
: X 0 d
B = block diag [ B, ... B,,| e RV, By = : e R,
1
0 di—1 0 dm_l
€l - €] e Clp e
C=1|: + =+ - e R,
di—1 _
C?;1~~~Cp11 o D !

D = T(e0) € R
of the transfer matrix T (s), if the following conditions are satisfied:

a) T(e) € RE™

(6.54)

(6.55a)
(6.55b)

(6.562)

(6.56b)

(6.56¢)

(6.56d)

b) ay >0fork=1,....m;1=0,1,...,dy—2; and arq, | can be arbitrary

¢) el >0fori=1,...p;l=1,..mk=0,1,. d—1

Proof. First we shall show that the matrices (6.36) are a realization of strictly proper

matrix (6:34). Using (©.33) and (6.36) it is easy to verify that
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1
SOC
Bka(S) = [Idkso‘ 7Ak] . s for k= PN ([N
(soc)'dk—l
and
BD(s) = [I;,s* — Al S, (6.57)
where
1
S(X
S=block diag [ S ... Sw], Sk= _ . k=1,...,m
(Soc).dk—l

Premultiplying (6.57) by C[I,s* — A]~! and postmultiplying by D(s)~! we obtain

Cll,s* —A]"'B=CSD™'(s) = N(s)D~ ' (s) = T, (s)

since
i 1 0.. 0 T
s 0. 0
c(l)1 c‘lirl C(l)m c‘f%il (so‘)dl’1 0... 0
OEE IR SR (D
0 et 0 el 0 0... 1
K 0 0. s
L 0 0. (s*)d1

If the condition a), is met then from (6.46) we have D € R, If the conditions b)
are satisfied then the matrix A is a Metzler matrix and the matrix C has nonnegative
entries if the conditions ¢) are met. O

If the conditions of Theorem are satisfied then the positive fractional realiza-
tion (6.36) of the transfer matrix 7T'(s) can be computed by use of the following
procedure:

Procedure 6.6

Step 1. Knowing the proper transfer matrix 7'(s) and using compute matrix
D and the strictly proper matrix T, (s).

Step 2. Find the minimal degrees dj,...,d,, of the denominators D (s),...,Dy(s)
and write the matrix 7y,(s) in the form (6.34).
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Step 3. Using the equality
D(s) = diag [ (s*)® ... (s%)%n ] —diag[a; ... am ]S, (6.59)
find
ay = [ak() a1 ...akdk_l] for k:l,...,m; (660)

and the matrix A.
Step 4. Knowing the matrix N(s) and using (6.38)) find the matrix C.

Example 6.5. Find the positive fractional realization (6.36) of the transfer matrix

20041 (7R354
g0 a2 o _
T(S) = s‘;‘+3 B )2;&3_31 ’ ' (661)

sEHL (5%)24+259-3

Using the Procedure[6.6 we obtain the following:
Step 1. From (©.46), (6.34) and (6.61) we have

D:SIL%T(S) = ﬁ (1)} , (6.62)

and

Typ(s) =T(s)—D = ) k28] (6.63)

STHT (59)2+25% =3
Step 2. In this case Dy (s) = (s%)> +s%, Da(s) = (s*)> +2s* —3,d; = dr =2 and
the matrix (6.63) takes the form

1 s%+5
SO (5%)2425%—3
2 .

s"2+l ;‘1+5
Typ(s) = [“ Py ‘3] : (6.64)
(Sa)2+sa (Soc)2+25a_3

Step 3. Using (6.39) we obtain

|:(Sa)2+sa 0 ] _

10
(s*)2 0 ] [0-1007]|s*0
0 (s%)? 0032|001}/

0 s*

and
a) = [al() all} = [0 —l}, ay = [azo a21] = [3 —2].
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Therefore, the matrix A has the form

0100
. 0-100
A:blockdlag[AlAz]: 000 1
00 3-2
Step 4. Using (6.38) and (6.64) we obtain
10
s%4+1 s%+5 | |1151|(s*0
2s% 2s*+1| |0212 o1/’
0 s%
and
1151
C_[OZIZ]' (6.66)
In this case the matrix B has the form
00
10
B= 00l (6.67)
01

The desired positive fractional realization (6.56) of (6.61)) is given by (6.62), (6.63),
(6.66) and (6.67).

The strictly proper transfer matrix 7, (s) can be also written in the form

V1 Nflm(‘“)
Di(s) " Di(s)
. ) 1, \—
Ty (S) = : =D (S)N(S)a (6.68)
N_pl(Y) N_pm(s)
Dy(s) 77 Dpl(s)
where
N11(S) ..N]m(s)
N(s) = : oo ,  D(s) = diag [l_)l(s) l_)p(s)} ,
Npi(s) ... Npm(s)
N(s) = B3 (%) 44 Bjus® + By, (6.69a)
Di(s) = (s =g, (s*)5" =+ —aus® + o,
k=1,....m; j=1,.

(6.69b)
N

(6.65)
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Theorem 6.6. There exists the positive fractional realization

i e _ema k=lop
— nxn _ ) T
A = block diag [A; ... A, ] € R, i dy 4+ s (6.70)
[00...0 @
10...0 an
Zk _101...0 @p EngXEk,
_0 0...1 5,(3](_1
r -0 —0 -0 -
bll b12 blm
A S S
E: . . E]Rj_xm7
- 0
b, bpz o by
dyt sl
_bpll bplz ...bp; ]
E:blockdiag[a Ep] ERT@, Ek: [00 1] ER}rxdk’
B = T(oo) c Rixm,

of the transfer matrix T (s) if the following conditions are satisfied:

a) T(e) € RE*™ B
b) ay>0fork=1,...,p;1=0,1,....dy—2; andEkJFI can be arbitrary

C) E;’kzofOrj:1,...7p,-k:17...7m;iZO,l’.“’Ej_l;

Proof. First we shall show that the matrices (6.70) are a realization of the strictly
proper matrix (6.68). Using (6.69) and (6.70) it is easy to verify that

Dy (s)Cy = [1 % (so‘)g"*l} [ngsa—Ak], k=1,....p;

and
D(s)C=S [Iﬁsa —K] , (6.71)

where
S=block diag [S; ... S, ]|, Si= [1 5% (so‘)zkfl} . k=1,....p;
Premultiplying (6.71) by D' (s) and postmultiplying by [Izs* —A]~'B we obtain

71(S)N(S)=Tsp(s), since  SB=N(s).

a
o~
)
Q
!
2
|
i
I
@‘
=
95
I
o]
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If the condition a) is met then from (6.46) we have D € RY™™. If the conditions b)
are satisfied then the matrix A is a Metzler matrix and the matrix B has nonnegative
entries if the conditions ¢) are met. O

If the conditions of Theorem [6.6] are satisfied then the positive fractional realiza-
tion (6770) of the transfer matrix T (s) can be computed by use of the following
procedure:

Procedure 6.7

Step 1. Knowing the proper transfer matrix 7'(s) and using compute the ma-
trix D and the strictly proper matrix T, (s).

Step 2. Find the minimal degrees dj,...,d, of the denominators Dy (s),...,D(s)
and write the matrix Ty, (s) in the form (6.68).

Step 3. Using the equality

D(s) = diag [ (s)® ... ()% | ~Sdiag @i ... T,],  (672)

find -
a; = [ak() 7751 ...akzkil] for k=1,...,p; (6.73)

and the matrix A. _ L
Step 4. Knowing the matrix N(s) and using the equality SB = N(s) find the
matrix B.

Example 6.6. Find the positive fractional realization (6.70) of the strictly proper
transfer matrix

(s%)2+25%43 4(s*)+2
)3 )2 _3 (0 _ )3 0)2 3400
Tvp(Z) — | (s%) +2(§QL2 3(s%)—1 (s%) +22<;0u>r3 3s¢—1 | (6.74)
(s*)24+25%—3 (5*)2+425%—3

Using Procedure[6.71 we obtain the following:

Step 1. From (6.46) and (6.74) we have D = 0.

Step 2. In this case d| = 3, dy = 2, D (s) = (s%)3 +2(s%)% — 3s% — 1, Dy(s) =
(s*)? 4 25% — 3. The matrix (6.74) has already the desired form (&.68).

Step 3. Using (6.72) we obtain

(s"‘)3 +2(sa)2—3s°‘_1 0 _
[ 0 (Sa)2+2so‘—3]

1 0
[(sgﬁ (Sg)z] - [(1) sg‘ (sg)z (1):‘)%] _32 § 7
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and
a=[13-2]", &=[3-2]".

Therefore, the matrix A has the form

00100
10300

A =block diag[A; A,] = {01 -20 0 |. (6.75)
00003
000 1-2

Step 4. Using the equality SB = N(s) and (6.74) we obtain

32
(s%)2+25%+345*+2]  [1s%(s%)?0 0 ?g
s 42 25431 |00 0 1s“ )3 ’
12
and ,
— [32121 00100
B‘{24032] ! C‘[ooom} (6.76)

The desired positive fractional realization (6.70) of (©.74) is given by (6.73),
16.76), and D = 0.



Chapter 7

Cone Discrete-Time and Continuous-Time
Linear Systems

7.1 Basic Definitions

Definition 7.1. Let P = [p!,..., pI'|T € R™" be nonsingular and p; be the k-th
(k=1,...,n) its row. The set

@Z{X,’ER”Z mpkxiZO} (7.1)
k=1

is called a linear cone of the state variable x; generated by the matrix P.

In a similar way we may define for inputs u; the linear cone of the inputs

Q{M,’ERmZ ﬂqkui20}7 (7.2)

k=1

generated by the nonsingular matrix Q = [¢7,...,¢L]T € R™™ and for outputs y;,
the linear cone of the outputs

P
V= {%’ERP: mvkyi20}7 (7.3)
k=1

generated by the nonsingular matrix V = [v],... w17 e RP*P.

7.1.1 Cone Discrete-Time Systems

Consider the discrete-time linear systems

Xi+1 = Ax; + Bu;, (7.4a)
yi = Cx; + Du;, (7.4b)

T. Kaczorek: Selected Problems of Fractional Systems Theory, LNCIS 411, pp. 141-J159]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011



142 7 Cone Discrete-Time and Continuous-Time Linear Systems

where x; € R", u; € R™, y; € R” are the state, input and output vectors and A € R™*",
B e R™m C e RP" D e RP*™,

Definition 7.2. The linear system (Z.4) is called (£, 2,7") cone system if x; €
andy; € ¥ ,i€Z foreveryxg € L andally; € 2,i € Z,.

If # =R%, 2=R", ¥ =RY then (R",R",R") cone system is equivalent to
the positive system.

Theorem 7.1. The linear system (Z4) is (22,2, cone system if and only if

A=PAP ' ¢ R"" B=PBQ ' ¢ RV (7.5a)
C=VCP'eRY" D=VDQ 'R (7.5b)

Proof. Let
X =Pxy, U=Qux, Y=Vy, kEZi. (7.6)

From Definition 7.2 it follows that if x; € & then X € R, if uy € 2 then 7, € R}
and if y; € 7 theny; € R”. From (Z4) and we have

Xer1 = Pxiyy = PAxy+ PBuy = PAP™'X + PBQ 'ty = Ax + By,  (7.7a)
and
Yo = Vye = VCx3+VDuy = VCP~ %+ VDO 'ii = Cxy + Dy, keZy. (7.7b)
It is well-known that the system (Z7) is positive if and only if the conditions
are satisfied. 0O
7.1.2 Cone Continuous-Time Systems with Delays

Consider the continuous-time linear system

h

x(t) = Y Aix(t—id) + iBju(t —jd), (7.8a)
i=0 Jj=0

y(t) = Cx(t) + Du(z), (7.8b)

where x(r) € R", u(r) € R™, y(r) € R are the state, input and output vectors and
Ai € RN §=0,1,... h; B; € R™™ j=0,1,...,q:C€RP*" D e RP¥M and
d > 0 is a delay.

Initial conditions for (Z.8) are given by

xo(t) for te€[—hd,0] and ug(r) for t€[—qd,0) (7.9)
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Definition 7.3. The continuous-time system (Z.8) is called the (22,2, %) cone sys-
tem if x(tr) € & and y(t) € ¥, t > 0 for every xo € P, t € [-hd,0], up € 2,
€ [—qd,0)and u(r) € 2,1 > 0.

If Z=R", 2=R" ¥ =RE, then (R",R?,RY) cone system is equivalent to
the positive system.

Theorem 7.2. The continuous-time system (Z8) is the (2,2,7) cone system if
and only if
Ao =PAP ' €M,, A =PAP'cRY" i=1,..h
B, = PB;Q ' eRY™ j=0,1,...,q; (7.10)
C=VCP'eRY", D=VDQ 'eRI".
Proof. Let
X(1) = Px(r), u(r)=0Qu(t), ¥()=Vy{). (7.11)

From Definition 7.3 it follows that if x(r) € &7 then X(r) € R, if u(r) € 2 then
u(r) € R" and if y(t) € ¥, then y(r) € RY.

From (Z.8) and (ZI1) we have
x(t) = Pi(t ZPA,xt—ld —|—2PBut—Jd)
i=0 j=0
h
:ZPAP %(t —id) +ZPBQ it — jd) (7.12a)
i=0 Jj=0

q
Z;—c(r —id)+ Y Bju(t — jd),
0 j=0

Il
M:

and

¥(t) = Vy(t) = VCx(¢) + VDu(t) = VCP~'x(t) + VDO 'u(r)
= Cx(t) + Du(t). (7.12b)

It is well-known that the continuous-time system (7.12)) is positive if and only if the
conditions (.10} are satisfied. O

The considerations can be easily extended to linear systems with arbitrary delays by
substitution in (Z84d) id =d;,i=0,1,...,hand jd =d;, j =0,1,...,q
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7.1.3 Cone Fractional Discrete-Time Systems

Consider the fractional discrete-time linear systems

k+1 . o
X1 = Axe+ Y (1) <j>xkj+1 + Buy,
j=1

k
; (04
= AgX + 2(—1)/(, )xk,»+Buk, (7.13a)
= Jj+1 ’
vk = Cxg+Duy, keZ, (7.13b)

where x;, € R", u; € R™, y; € R? are the state, input and output vectors nad A € R™*",
BeR™m CecRP" D g RP*™,

Definition 7.4. The fractional system (Z.I3) is called (£, 2,%) cone fractional
discrete-time linear systems if x; € &2 and y; € ¥, k € Z, for every xo € & and
Uy € Q, ke Z+.

The (2,2,7) cone fractional discrete-time linear systems (Z.13) will be shortly
called the cone fractional system. If Z =R/}, 2 =R, ¥ = Ri, then (R, ,R7, Ri)
cone system is equivalent to the positive fractional system.

Theorem 7.3. The fractional system (Z13) is the (22,2,7") cone fractional system
if and only if

Aq =PA P ' € RV B=PBQ ' € RV (7.14a)
C=VCP'eR" D=VDQ ' e RY™, (7.14b)

Proof. Let
X =Pxy, Up=Qux, Y=Vy, kEZ;. (7.15)

From Definition 7.4 it follows that if x;, € &7 then X € R”, if u, € 2 then iy € R
and if y; € ¥, then y, € RY. From (Z13) and (Z.I3) we have

k
o
Xip1 = PAoxi+ Y (—1)/ ( " 1>kaj+PBuk (7.162)
j=1 J
_ k . o _
= AgXi + 2(—1)!(, >xk_, + By, (7.16b)
= j+1

and
Y =Vyr =VCx;+VDu, =VCP '%4+VDQ ', =Cxy + D, k€ Z,. (7.16¢c)

It is well-known that the fractional system (Z.16)) is positive if and only if the con-
ditions (Z.14) are satisfied. O
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7.1.4 Cone Fractional Continuous-Time System

Consider the fractional continuous-time system

dOC
dt_o‘x(t) Ax(t)+Bu(t), 0<a<l, (7.17a)

y(t) = Cx(t) + Du(t), (7.17b)

where x(¢) € R", u(t) € R™, y(¢) € R? are the state, input and output vectors and
AR BeRY™M CeRP D e RPHM,

Definition 7.5. The fractional system (Z.I7) is called (£?,2,7') cone fractional
continuous-time system if x(t) € & and y(t) € ¥, t > 0 for every xo € & and
u(t) e 2,1 >0.

The (£2,2,7) cone fractional continuous-time system (Z17) we shall shortly
called the cone fractional system. If 22 =R", 2 =R, ¥ = R/ then the cone
(R, R, RY) system is equivalent to the positive fractional system.

Theorem 7.4. The fractional system ([Z17) is the (P, 2, V) cone fractional system
if and only if

A=PAP 'eM,, B=PBQ ' c RV, (7.18a)
C=VCP 'eR" D=VDQ ' eRE™, (7.18b)

Proof. Let
xX(t)=Px(t), u(t)=0u(), 3(r)=Vy@E), t>0. (7.19)

From Definition 7.5 it follows that if x(¢) € &2, then X(r) € R, if u(t) € 2, then
u(t) € R” and if y(t) € 7, then ¥(¢) € R”.. From (Z.17) and we have

D*%(t) = D*Px(t) = PAx(t) + PBu(t) = PAP~'X(t) + PBQ 'u(r)
= AX(t)+ Bu(t), t>0, (7.20a)

and

¥(t) = Vy(t) = VCx(t) + VDu(t) = VCP~'%(1) + VDO "u(r)
= Cx(t)+Du(t), t>0. (7.20b)

It is well-known the the fractional system (Z.20) is positive if and only if the condi-
tions (Z.18)) are satisfied. O
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7.2 Reachability of Cone Fractional Systems

7.2.1 Cone Fractional Discrete-Time Systems

Definition 7.6. A state xy € & of the cone fractional system (Z13) is called reach-
able in g steps if there exists an inputs sequence u; € 2, k=0,1,...,4— 1, which
steers the state of the system from zero initial state xo = O to the desired state xy,
i.e. x; = xy. If every state x; € & is reachable in ¢ steps then the cone fractional
system is called reachable in g steps. If for every state x; € &7 there exists a natural
number g such that the state is reachable in g steps then the cone fractional system
is called reachable.

Theorem 7.5. The cone fractional system (ZL3) is reachable in q steps if and only
if the matrix

R,=[PBQ~' P@O\BQ™" ... P&, |BO'], (7.21)
contains n linearly independent monomial columns where @;, i = 1,...,q— 1 are

defined by (1.24).

Proof. From it follows that if x; € &2, then X; = Px; € R”, and if uy € 2, then
U = Quy € R} for k € Z. From Definitions 7.4 and 1.9 it follows that the cone
fractional system is reachable in ¢ steps if and only if the positive fractional
system ([Z.16) is reachable in g steps. Using (1.24) and (Z.14), it is easy to show that
the matrices @, of the system (Z.16) are related with the matrices @ of the system

([Z13)) as follows B
&, =POP' for k=0,1,... . (7.22)

Taking into account that
OB =P P 'PBO ' =P®OBO!, k=12,....q—1, (7.23)
we obtain

R,=[B®B...®, B]=[PBQ"' P&OBQ™" ... P&, |BQ"']. (7.24)

From Theorem 1.10 it follows that the positive fractional system (Z.I6)) is reachable
in g steps if and only if the matrix (Z.24) contains n linearly independent monomial
columns. O

Example 7.1. Consider the cone fractional system (Z.13) with the matrices

11 —o a
P= I:_l 1:|7 Q_[l]v A_|: 1 Cl—(X—I—]:|7 a>0, O<a<l, (7.25)

and for the following two forms of the matrix B:

BIZ|:Z:|, 32:|:_bb:|, b>0.
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In case 1 we shall show that the cone fractional system is unreachable. Using (1.32),

(Z12) and (7.23), we obtain:

3 [1 17]0 a J11[1-1
JR— _17 Py
Ag=PA+oal,)P = —11] _1a+1} 2 [1 1 ]
_[a+1a
-1 o}’ a>0, (7.26)
T ] (2
By =PB0 -1t e o) b>0.

The system with (Z.26) is a positive fractional system. Using (Z.21) for g = 2, (Z23)
and taking into account that @; = A, we obtain

R, = [PBiQ"! P®B Q' | =P[B) AyB |

- [—11 i] [Z (aj-bz)b] - {20b Z(azzl)b]' (7.27)

The matrix(Z.277) contains only one monomial column. From Theorem[Z.3it follows
that the cone fractional system is unreachable. Note that the necessary condition of
reachability of Theorem 1.11 is not satisfied since the matrix

- = a+1a?2b
[A“B‘]:[ 1 oo}

contains only one linearly independent monomial column.

In case 2 we have
- | L1 |=b| _|O
B, =PB,Q" = [_1 1 b 1= 1o b>0. (7.28)

The system with (Z28)) and (Z.28) is also a positive fractional system. Using (Z.21)
for g = 2, (Z.23), we obtain the matrix

— 11 —b ab 0 2ab
R2=P[32Aa32]=[_11] { b ab]:[Zb 0 }, a>0, b>0, (7.29)

which contains two linearly independent monomial columns. Therefore, by Theo-
rem[Z3the cone fractional system is reachable. In this case the necessary condition
of the reachability is satisfied since the matrix

=~ = +1a0
[A“BZ]:[al 8217}

contains two linearly independent monomial columns.
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7.2.2 Cone Fractional Continuous-Time System

Definition 7.7. A state xy € & of the cone fractional system (17D is called reach-
able in time 7, if there exists an input u(r) € 2, t € [0,1/], which steers the state of
the system from zero initial state xo = O to the finial state x(z;) = x;. If every state
X € & is reachable in time t7, then the cone fractional system is reachable in time
tr. If for every state xy € & there exists time ¢y such that the state is reachable in
time 77, then the cone fractional system is called reachable.

Theorem 7.6. The positive cone fractional system (ZI7) is reachable in time tg, if
the matrix

— ’y
R(t;) =P / o(1)Bo~" (0 BT &7 (t)dePT (7.30)
0
is monomial, where ®(t) is defined by (2.17).

Proof. From it follows that if x(r) € &, then X(r) = Px(t) € R, r > 0, if
u(t) € 2, then u(t) = Qu(r) € R, t > 0. By Definitions 2.10 and 7.7 the cone
fractional system (Z.17) is reachable in time ¢, if the positive fractional system
is reachable in time 7.

From (7.18) and (2.17) we have

o A (k+1)a—1 o (PAP—I)kt(k+1)oc—1

()= Fra = _ -1
d)(t)_;;)F[(k+l)a] ,ZO T[(k+1)a] PO(1)P, (7.31)

since A" = (PAP~")* = pAkp~! fork=1,2,... and
@(t)B=P®(1)P"'PBQ ' = PO (1)BO . (7.32)

Using (2.44) and (Z30), we obtain
Riy) = [ @85S (nar = [ (ponso ) (Ponis )t
B P/olf o(1)BQ "' (07")" BT &7 (v)drP” (7.33)

By Theorem 2.10 the positive cone fractional system (Z.17) is reachable in time 7,
if the matrix (Z30) is monomial. |

Corollary 7.1. If Q = Iy, then R(ty) = PR(ty)P" and the positive fractional system
(ZI7) is reachable in time ty, if the positive fractional system is reachable and the
matrix P is monomial.

Example 7.2. Consider the cone fractional system (Z.17) with the matrices:

11 10 10 01
P:[—n]’ Q:[m]’ A:[oo}’ B:[IO} (7.34)
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From (7.34) and (2.49) it follows that
_[ 0 (Pl(t)]
(D(I)B{q)z(t) B (7.35)
From (2.44) we have
_ (" T T _ [T [@f(7) 0}
R(zf)_/o ®(7)BBT @ (T)dt—/o [ dr,  (136)
where

oo t(k+1)a—1 ta—l

D (1) Z%m7 Dy(t) = (@)’

O<a<l. (7.37)

The matrix (Z38)) is monomial and by Theorem[Z.6] the positive fractional system is
reachable in time #5.

In this case Q = I, and the matrix

- - /3]0 o] 1}
WRECE ST L I

is not monomial since @?(t) # @3 (7). Therefore, the sufficient condition of the
reachability of Theorem[Z.6of the cone system is not satisfied.

Corollary 7.2. From this example and from comparison of (2.44) and (Z30) it fol-
lows that the sufficient conditions for the reachability of the cone fractional systems
are much stronger than for the positive fractional systems.

7.3 Controllability to Zero of Cone Fractional Discrete-Time
Systems

Definition 7.8. The positive fractional system (Z.13)) is called controllable to zero in
q steps if for any nonzero initial condition xo € R’; there exists a sequence of inputs
u €RY, k=0,1,...,q— 1, which steers the state of the system from x to the finial
state xy = 0.

Theorem 7.7. Positive fractional system (Z_13)) is controllable to zero if and only if
g=1and
O =Ag=A+al,=0. (7.39)

Moreover uy = 0.

Proof. The proof is similar to the proof of Lemma 1.3. 0O
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Definition 7.9. The cone fractional system (Z.13) is called controllable to zero in g
steps if for any initial condition xg € & there exists a sequence of inputs u; € 2,
k=0,1,...,qg — 1, which steers the state of the system from xj to the final state
X f= 0.

Theorem 7.8. The cone fractional system (Z_13) is controllable to zero if and only
if g = 1 and the condition ({Z39) is satisfied.

Proof. From ([Z.13) it follows that if x; € &, then X; = Px; € R and if u; € 2,
then u; = Quy € R”! for k € Z, . From Definitions 7.8 and 7.9 it follows that cone
fractional system (Z.13) is controllable to zero in g steps if and only if the positive
fractional system ([Z16) is controllable to zero in g steps if and only if ¢ = 1 and

O, =POP ' =PA+al,)P ' =0. (7.40)

This is equivalent to the condition (Z.39) since detP # 0. O

7.4 Cone Realization Problem for Linear Systems

7.4.1 Discrete-Time Linear Systems
Lemma 7.1. The transfer matrix

T(z) =Cll,z—A] 'B+D, (7.41)
of the (P, 2,7) cone system ([Z4) and the transfer matrix

T(z) =C [l..—A4] 'B+D, (7.42)
of the positive system (Z4) are related by

T(z)=VT ()0~ ". (7.43)
Proof. Using (1.42), (Z.41) and ([Z.3), we obtain
T(z) = C[Lz—A4] '"B+D=vcp! [I.z— PAP™) “'PBO ' VDO

— vCP ' [P(Lz—A)P'] ' PBQ + VDO
=VCllLz—A]"'BO'+VvDQO ' =VvT(z)07 .

Definition 7.10. The matrices:
AeRY™ and BeR™™ CeRP", DeRP" (7.44)

are called a (Z,2,7) cone realization of the transfer matrix 7(z) € RP*"(z) if
they satisfy (Z.41) and the conditions:
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PAP~' e RV PBQ ! € R (7.452)
veP~' e R VDO e RE, (7.45b)

where P, Q,V are nonsingular matrices generating the cones &, 2, 7.

The (£, 2,7) cone realization problem can be stated as follows. Given a proper
transfer matrix 7'(z) € RP*™(z) and nonsingular matrices P,Q,V generating the
cones ¥, 2,7 .Finda (£,2,7) cone realization of the transfer matrix 7'(z).

The (£2,2,7) cone realization of the transfer matrix 7'(z) € R?*™(z) for given
nonsingular matrices P, Q,V can be computed by the use of the following procedure:

Procedure 7.1

Step 1. Knowing T (z) and the matrices Q,V and using (Z.43), find the transfer
matrix 7'(z).

Step 2. Using the known procedures finding a positive realization A, B, C, D of the
form (6.8) of T'(z).

Step 3. Using:

A=P AP, B=P'BQ, (7.46a)
c=v~'Cp, D=V~'Do, (7.46b)
find the desired realization.

Theorem 7.9. There exists a (&, 2,7 cone realization of T (z) if and only if there
exists a positive realization of T (7).

Proof. The proof follows from Procedure 7.1 and Lemma 7.1. O
From Theorem[Z9] for SISO (m = p = 1) systems we have the following corollary.

Corollary 7.3. There exist a (2?,2,7) cone realization A, B, C, D if and only if
there exists a positive realization A, B, C, D of T (z). The realizations are related by:

A=P 'AP, B=P 'BQ, (7.47)
c=v~'CpP, D=kD, (7.48)

where k = QV~Vis a scalar and the transfer matrices T (z) and T (z) are related by
T(z) =kT(z).

Example 7.3. Given the transfer function

_ 2z+1
T 2-27-3%

T(z) (7.49)
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and

2 -1
P:L 1}, 0=V=1. (7.50)

Finditsa (£2,2,7) cone realization. Using Procedure 7.1 we obtain the following:

Step 1. In this case 7 (z) = T(z), since Q =V = 1.
Step 2. A positive realization of (7.49) has the form:

;:[gﬂ, gzm, c=[12], D=o. (7.51)

Step 3. Using (Z.46), (Z30) and (Z.31), we obtain the desired cone realization:
1
e [2-177"[o1][2-17 _[3 0
A=P AP_[1 ST =R (7.52)

omn [2-177"[07, T
s—rio-[2 7] [ u-[{] .
2 -1

—v-lop—
c=v CP_[lz][l |

}:[41], D=V-'DQ=0. (7.52)

Example 7.4. Given the transfer matrix

1

T(z) = 2(z—1)(z—2)(z—3)

322 —8z+45 z—3 22— 11z+15 (753)
—24+87—11 —222+5z—162—19z+ 11|’ :
and the matrices:
1 =201 —10
1120 10
1 -1 2
0 1 0-121 1 -1
P=lo 1o vo 27 MY L V_[l 1} (7.54)
1 210 11
0 -112 02

Find a (£2,2,7) cone realization of (Z.33). In this case m = 3 and p = 2. Using
Procedure 7.1, we obtain the following:
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Step 1. From (Z.43) and (Z.33) we have

_ 1 -1 1
T(z) =VT(2)Q ' =
(2) ()0 [1 1}2@_1)(1—2)@—3)
—1
3z —8z+5 z=3 22 -11z+15 _11 _()1 f
—22 48711 =272+ 5z2— 1622 — 192+ 11
0 1 -2
224 0 327
_[Z%@ 9. (Z%S)] (7.55)
7 (z—1)(z—-2) =3

Step 2. A positive realization of (Z.33)) has the form:

100
010
- . = 001
A=diag[112233], B= 010 (7.56a)
102
302
— 101010 — 000
C_{OIOIOI}’ D‘{ooo]' (7.56b)
Step 3. Using (Z.46), (Z.34) and (Z.36), we obtain the desired realization:
(12 11 6 -3 6 1 1 2 —4
6 7 12 9 0 5 -1 4 -8
Lol =615 —18-210 -9 1] 3 —6 12
T 6| 18 =29 60 57 0 23|’ 6| =7 10 —14 |
12 =20 42 30 12 14 —10 10 —14
| —12 16 —36-24 0 2 14 -8 10
- 000
I{1 05244
€=3|-3-23200] P=|000

000

7.4.2 Cone Realization Problem for Continuous-Time Systems
with Delays

Lemma 7.2. The transfer matrix
-1
T(s,w)=C [Ins—AO —Aw—... —Ahwh} [Bo+Biw+...+BwI]+D,
w=e %, (7.57)

of the (22,2,V) cone system (Z8) and the transfer matrix
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_ _ _ -1 _ _ _
T(s,w) =C [I,,s—Ao —Alw—m—Ahwh} [Bo+Biw+ -+ Bw] +D,
(7.58)
of the positive system (Z_12) are related by

T(s,w) =VT(s,w)Q"! (7.59)

Proof. Using (Z.10), (Z37) and (Z.33), we obtain

T(s,w)=C {Ins—zo—glw—---—Khwh]71
x [Bo+Biw+--+Byw!| +D
—ycp! [P (I,,s—Ao—Alw—u-—Ahwh) P—l]_
x P[Bo+Biw+---+Bw Q' +VDQ!
:v(c [1,1s—A0—Alw—---—Ahw’fl

X [Bo+Biw+--+Bw!]+D)Q!
= VT(s,w)Q .

Definition 7.11. The matrices:
A eR™" i=0,1,....,h; B;eR™™  j=0,1,...,q;

CcRP*,  DgcRP™

are called (22, 2,7) cone realization of the transfer matrix 7'(s,w) if they satisfy

(Z10) and the conditions (Z.57).

The (£, 2,7") cone realization problem can be stated as follows. Given a proper
transfer matrix T (s, w) € R?*™(s,w) and the nonsingular matrices P,Q,V generating
the cones &, 2, ¥ . Find a (£, 2,7) cone realization of T'(s,w).

From we have

D = lim T (s,w), (7.60)
§—00
since
— — _ —1
tim s — o~ Apw — -~ A =0,
§—00

The strictly proper transfer matrix is

Ty (s,w) =T(s,w) —D. (7.61)
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The positive realization problem of (Z.61) has been reduced to finding the matrices:

K()GM,I, K,‘GR{F", i=1,...,h
B,eRV™ j=0,1,....,q; CeRI".
If for the given T, (s, w)

00...0 apo

10...0 apl 0...0 aio
_ 1 0 _ 0...0 ail .
Ag= 010 an | A =| . . i=1,...h
00...1ay, 0. 0din
then
d(s,w) = det [Ins—Zo—le—m—Z,,wh}
:Sn_dnflsnil_"'_dls_d()v

)

(7.62)

(7.63)

di=dj(w) = ahijh—kah_l,jwh_l—+—~~~—|—a1jw+a0j, j=0,1,....n—1;

and the n-th row of the adjoint matrix
Adj [I,,s—xo —Aw—--- —Zhwh} ,

has the form
Ru(s) = [1 S ... s"’l].

The strictly proper transfer matrix TSP (s,w) can be written in the form

Ni(s.w)
dy(s;w)
TSP(S>W) = ’
Np(s,w)
dp(s,w)
where
di(s,w) = 5™ —d,]jkfls”rl - —d’fs—d(’)‘, i=0,1,....m—1,

(7.64)

(7.65)

(7.66)

d,’»‘ = df(w) = a’,j’iwh—ka’,j_l’iwh_l + - --+a]1‘l-w+a]5,», k=1,...,p; (71.67)

is the least common denominator of the i-th row of the matrix T, (s, w) and

Ni(s,w) = [nkl(s,w) nkm(s,w)}, k=1,...,p;

(7.68a)
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—1 _ .
ngj(s,w) = nZﬁ R 1+---+n,£js—|—n2j, j=0,1,....m; (7.68b)
n};j:ngwq—i—---—&—n}}jw—l—n;;(}, i=0,1,...,n—1.
With the polynomials (Z.67) are associated the matrices
k
00...0 ag 0..0 d
10...0 ag 0.0 al

_ k _ e 1 —

A= |01 0 ay | my= | T kELer g6
L ) Deat i=1,... 0
00...1af, 0...0d

satisfying the condition
dk(s,w) = det [Inks—Zko—Zklw— —Zkhkwhk} , k=1,...,p. (7.70)
Let
Ao = block diag [A1 ... Ay | €R™", n=ny+-- +npy;
A; = block diag [A Api | eR™M i=1,...,p; (7.71a)
k1
bk, bk bi;
D PN . k . 70717 7qa
Bpy=1|*t - o, b=, _ (7.71b)
k k kn; ‘] 1
by ... by, bi;
C =block diag[ci ... ¢p], ¢ =[0...01] e R (7.71c)

It is assumed that the number of delays ¢ in the input vector is equal to the polyno-
mial degree of the matrix N(s,w) with respect to w.

The entries of the matrices By, k =0, 1,. ..

,q, are given by:

b 1], b (1)}, "7b(1)3 :n(f;l’o,...,b??l :n7}71’0,
b};f‘ :nrf; 1’1,...7b?”.‘ :n'f}fl’q
: (7.72)
= o, by =l
1 11 ~1
by =ty by =y
forj=1,....m

Theorem 7.10. There exists a positive realization of the transfer matrix T (s,w), if:

a)

T(e0) = hmT(s w) € RE*™

(7.73)
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b) the coefficients of polynomials di(s,w), k = 1,...,p are nonnegative except
aénk_l, k=1,...,p, which can be arbitrary

a; >0 for i=1,... g j=0,1,...m—2 k=0,1,....p; (7.74)
c) the coefficients of polynomial Nj(s,w), j =1,...,p, are nonnegative

n; =0 for i=01,...m—1j=1,..m;
k=1,...,p:1=0,1,....q; (7.75)

If the conditions of Theorem[/.10|are satisfied then the minimal positive realization
of T(s,w) can be found by the use of the following procedure:

Procedure 7.2

Step 1. Using (Z.60) and (Z.61) find the matrix D and the strictly proper transfer
matrix g, (s,w).

Step 2. Knowing the coefficients of polynomial di(s,w), k = 1,..., p, find the ma-
trices and (Z.713).

Step 3. Knowing the coefficients of polynomial N;(s,w), j =1,...,p; and using
(Z.72), find the matrices By, k =0, 1,...,q, and the matrix C.

For given matrices P,Q,V the (%2, 2,7) cone realization of T (s,w) € RP*™ can be
found by the use of the following procedure:

Procedure 7.3

Step 1. Knowing the transfer matrix 7'(s,w) and the matrices P,Q,V and using
(Z.39) find the transfer matrix 7 (s,w).

Step 2. Using Procedure 7.2 find the positive realization A;, i =0, 1,...,k; EJ-, j=
0,1,...,4:C,D of T(s,w).

Step 3. Using (Z.10), find the desired realization.

Theorem 7.11. There exists a (Z7,2,7') cone realization of the transfer matrix
T (s,w) if and only if the there exists a positive realization of T (s,w).

Proof. The Proof follows from Procedure 7.3 and Lemma 7.2. O
Example 7.5. Given the transfer function

252+ 65— 2w+ 1)

T = g e ws—ws 1) (7.76)
and
P:ﬁ‘ll}, 0=V=1. (7.77)

Find a (£2,2,7) cone realization of (Z.76).
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Using Procedure 7.3, we obtain the following:

Step 1. In this case 7 (s,w) = T'(s,w), since Q =V = 1.
Step 2. Using Procedure 7.2, we obtain D = 2 and a positive realization of (Z.76))
in the form:

- 01 — 02| - 1| = 2| =
N A R S A RS
Step 3. Using (Z.10) we obtain the desired cone realization:
{1 -2 11 1 14
A0_§|:_1_7:|aA1_|:00:|7B0_|:1:|7Bl_§|:2:|ac_|:11]a

andD=D=2

Example 7.6. Given the transfer matrix

1 (=W +w—1D)s+w?—w+l1 + 2543wl 1

L 2 (w4 2)s— 2w w+l) T s—2w2 w1
T(s,w) = 2 (2w Ds—wbw—1 | —2s43u?—1 (7.78)
SZH(—w242)s—2wi4w+1) | s—2wZ—w+l
3s2+(—wz+w+8)s—5w2—w—2+ 4s—3w3+5
s24(—w242)s— (2w4+w+1) s—2wZ—w+1
73s2+(w27W'78)S+5W2+W+2+ 4s—3w2+5
SZH(—w242)s—(2w2+w+1) s—2w2 —w+1
and the matrices
1 =20
P=|-11 2}, Q:{—llé]’ VZ“T} (7.79)
1 —-10

Find a (£2,2,7) cone realization of (Z.78).
In this case m = p = 2. Using Procedure 7.3 we obtain the following:

Step 1. From (Z.39), (Z.78) and (Z.79) we have

S (=W w2)s—w?—w §243s— (2w +1)
T (s,w) = 2 (—w242)s— 2w24w+1) s34+ (—w2+42)s—(2w2+w+1) (7.80)
’ w241 25—2w2+2 ' '
s—2w2—w+1 s—2w2 —w+1
Step 2. Using Procedure 7.2 we obtain
— 11
D= {O 2} (7.81)
and
. 2ws+wz—&-1 5 5 gw2+l)s+w2
T — | 2H(—=w?+2)s—(2w?+w+1) s2+(—w?42)s—(2w>+w+1)
T‘yp(S,W) [ w21 2w 42w ‘| ’ (7.82)
s—2w2—w+1 s—2w2—w+1
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Taking into account that
dy(s,w) =2+ (—w*+2)s— 2w’ +w+1), da(s,w) =s—2w> —w+1,
and

n(s,w) = ws+ (w>+1), nai(s,w) =w?+1,
nia(s,w) = (W 4+ 1)s+w, nap(s,w) =2(w> +w),

we obtain a positive realization of (Z.80) in the form:

r= . 01 0 - 010
ZOZ A(;OZO =11-20 5 K]:|:A(;IZO:|: 000 )
- 201 1o o0 -1 2 001
r— . [020
A, = Aélzo =010/,
24 1002
By = b(lﬁb(l)% =101, B= be{% =|10{,
L b31 by | |10} by by 02
M 521 1217 107 _
S| Y s [@o) _[oro
S TR T A e A O
| b31 b3y | L 12]
Step 3. Using (Z.10) we obtain the desired cone realization:
(-1 1 2] 3 -3 -2
Ap=| 0 0 =2f, Aj=|2 -2 =2/,
| 1 —1.5-2] 05-05 0
6 —6 —4]
Ay=| 4 —4 —4|]
10.5-0.5 0 |
(11 -3 6 -39
Bop=100 1|, Bi=| -1 2|, By=|-2 4],
|0 1.5 —-0.52.5 —13.5
[0 0 1 —135
C__l—l —l}’ D_[—IO.S}







Chapter 8

Stability of Positive Fractional 1D and 2D Linear
Systems

8.1 Asymptotic Stability of Discrete-Time Linear Systems

8.1.1 Positive Discrete-Time Systems

Consider the positive discrete-time linear system:

Xi+1 = Ax; + Bu;, (8.1a)
vi = Cx; + Du;, (8.1b)

where x; € R’ u; € R, y; € Rﬁ are the state, input and output vectors and A € RT”,
X pxn pxm
BeRf‘k'“,’C’eR+ ,DE}R’+ . . . .
The positive system (8.1)) is called asymptotically stable if the solution

xi = Alxp, (8.2)
of the equation
Xiy1 =Ax;, A€ R:l_xn, i€Zy, (8.3)
satisfies the condition
limx; =0,

[—o0

for every xg € R'}..

Theorem 8.1. The positive system (8.3) is asymptotically stable if and only if one of
the following equivalent conditions is satisfied:

a) All eigenvalues zi,...,z, of the matrix A satisfy the condition |z| < 1 for
k=1,...,n;

b) det[l,z—A] # 0 for |z] > 1;

c) p(A) <1, where p(A) is the spectral radius of the matrix A defined by

A) = .
p(A) lrgggn\Zkl

T. Kaczorek: Selected Problems of Fractional Systems Theory, LNCIS 411, pp. 161-[i8§.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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d) All coefficients a;, i = 0,1,...,n— 1 of the characteristic polynomial

pa(z) = detlly(z+1) —A] =" + a1+ + &1z+ o,

are positive.
e) All principal minors of the matrix

apy
A=I,—A=| :
apl ---
are positive, i.e.
_ app a
an| >0, |27,
azy ax

(8.4)
Al

S (8.5)
ann

.., detA>0. (8.6)

f) There exists a strictly positive vector X > 0 (all components are positive) such

that
[A-I]x<O0. (8.7)
g) All diagonal entries of the matrices Ar(zk_)kfor k=1,...,n—1 are negative where
the matrices Alik_) ¢ are defined as follows
(0) (0)
ay -..ay, 0 ,.(0)
A£,0> =A-I,=| : - = Anofl bﬂ(;] ,
( T
NOR
(0) (0)
ap Al n—1
0) . .
A = : (8.8a)
(0) (0)
ay 1,1 Ay 11
(8.8b)
0
) i )
0 . 0 0 0
bn—l = . T e [a;gl) a<,r)l—1} ’
a0
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and

(k) (k)
" e pk=1) (k=1) apy e Ay

k) 4 (k=1 n—k “n—k __ . .

An—k _An—k _a(k_l) - : . :

n—k+1,n—k+1 k k
e al(lzk,l aif)k,nfk

AW p®

. (%“]
Cnk—1 anfk.,nfk
k
aE,r)sz
po : = o (t)

(k)
anfkflﬁfk

k1 A kn—k—1

163

]

Proof. The proof of the conditions a)-f) is given in [77, 96]. The proof of the condi-
tion g) follows from application of Theorem [B.1]to the positive discrete-time linear

system (8.3)).

0

Theorem 8.2. The positive system (8.3) is unstable if at least one diagonal entry of

the matrix A is greater than 1.

Proof. The proof is given in [77, 96].

0O

Example 8.1. Using the conditions of Theorem[8.1lcheck the asymptotic stability of

the positive system (8.3) with matrix

0102 1
A= 0 0305
0 004

The matrix (8.9) has the eigenvalues z; = 0.1,z = 0.3, z3 = 0.4.
The condition a) is satisfied and the system is asymptotically stable.
The condition b) is also satisfied since

z—0.1 =02 -1

det[lz—A]=| 0 z—03 —05|#0 for |z>1.

0 0 z-04
The spectral radius of the matrix is equal to

A) = —04<1
p(A) lglggalal <1,

and the condition c) is satisfied.

(8.9)
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In this case the characteristic polynomial (8.4) has the form

z+09 -02 -1
pa(z) = det[L,(z+1)—A]=| 0 z+0.7 —0.5
0 0 z+0.6

=22 4+222241.592+0.378,

and all its coefficients are positive. Therefore, the condition d) is satisfied.

The condition e) is also satisfied since all principal minors of the matrix

09 -02 —1
A=I,—A=| 0 07 -05],
0 0 06
are positive
0.9 -0.2

0 07 ‘ =0.63, detA=0.378.

My =09, M, _‘

As the strictly positive vector X in (8.7) we choose the equilibrium point of the

1
system 81) for Bu=13= | 1|,ie.
1

09-02 —177'T1
x=[L—-A"1,=| 0 07 —05 1
0 0 06 1

L [1344

=—— 109

0378 | '63

This vector satisfies the condition (8.7) since
A—L]x=[A—L][L,—A] "1, =—1,.

Therefore, the condition f) is also satisfied.

In this case using (8.8) we obtain the following matrices

—09 02 1
A= 0 -0705 |,
0 0 —06

1
00
A _[-09 027 {0.5}[ ]7 —0.9 0.2
271 0 —07 06 | 0 —07]
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and

A(lz) _ [_0.9] +% = [—0.9].

All these matrices have negative diagonal entries.

Therefore, the condition g) is also satisfied and the positive system is asymptoti-
cally stable.

8.1.2 Positive 2D Linear Systems
Consider the positive 2D linear system described by the equations

Xitl,j+1 = A()xij +A1Xi+17j +A2X,',j+1
+ Bouij +Biujy1,; + Bouj ji1, (8.10a)
yij = Cxij+Duj, i,j € L, (8.10b)

where x;; € R, u;; € R, y;j € ]Ri are the state, input and output vectors and Ay €
RV B e R k=0,1,2,C e R, D e RE™™.

Definition 8.1. The positive 2D system (8.10) is called asymptotically stable if for
any bounded boundary conditions xjp € R}, i € Zy, x9; € R'}, j € Z; and zero
inputs u;; = 0, 7, j € Z the condition

hm )Cij:O for all xioeRi,xO]’GRi, i,j€Zy, (8.11)

1,j—o0
is satisfied.

It is well-known [77, 96] that the positive system (model) (8.10a) is asymptoti-
cally stable if and only if

det[l, —Aoz122 —A1z1 —Ar22] # 0, (8.12a)

for
V(z1,22) € {(z1,22) : |z1] < 1,]z2| < 1}. (8.12b)

To the positive asymptotically stable 2D system
Xirl,j+1 = Aoxij +Arxiry,j +Axx; jr1 + Buj (8.13)

we apply the strictly positive input u;; =u > 0, u € R}". The vector x, € R’} is called
the equilibrium point (state) of the system (8.13) for u;; = @, if the condition

Xe = [A0+A1 —|—A2}xe + Bu. (8.14)

is satisfied.
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IfBi=1,=[11... 1]T € R" then from (8I4) we obtain
Xe=[l,—Ag—A; —Ay] 1, > 1,, (8.15)
since x, = [Ag+A; +Az]x, + 1.

Theorem 8.3. Positive system (8IQ) is asymptotically stable if and only if there
exists a strictly positive vector A € R” such that

[Ao+Al+A; — L] A <O0. (8.16)

Proof. 1If the positive system (810) is asymptotically stable then there exists a
strictly positive vector A which satisfies the condition (8.16) since substituting

A=[l,—Ag—A —A) " '1,
into (8.16) we obtain

[Ao+A1+As— LA = [Ag+ A1 +Ay— L) [l,—Ag— A1 — Ay ' 1,
=-1,<0. (8.17)

If there exists a strictly positive vector A > 0 satisfying the condition (8.16) then
[Ao+A1 +A2)A <A,
and this implies the asymptotic stability of the system (§.10). O

Remark 8.1. The positive system (8.10) is unstable if

det[[n—Ao—Al—Az] <0, (8.18)
since the coefficient

a():det[ln—A()—Al —A2] (8.19)
is not positive.
Theorem 8.4. Let

det[[n—Ao—Al —Az] > 0. (8.20)

The positive system (810) is asymptotically stable if and only if the sum of entries
of every row (column) of the adjoint matrix

Adj[l, —Ag— A — Aj]
is strictly positive, i.e.

(Adj[l, —Ag—A; —A)1, >0 or 1T Adj[l,—Ag—A;—Ay] >0. (8.21)
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Proof. 1f the positive system (8.10) is asymptotically stable then the matrix
Ii—Ag—A1— Ay,

is invertible and the condition (8.13)is satisfied and this implies 8.21). If the condi-
tion (8.21)) is satisfied then from the equality

Adj [l — Ao — Ay — Aa] 1, = 1, det[l, — Ag — A} — As)]
and (8:20) we have
A= (Adj[l,—Ag—A; —Ay])1, >0,
By Theorem[8.3] we obtain
[y —Ag—Aj — Ad] A = — L, det[l, — Ag— A} — As] < 0,

what implies the asymptotic stability of the positive system (8.10).
In the case of columns the proof is similar. O

Example 8.2. Consider the positive system (8.10) with the matrices

0.104 00.1 0.20.5
AO_{O 0.1}7 A‘_{om]’ AZ_{O 0.2} (8.22)
Using (8.15) we obtain

—1
_ 0.7 —1 1 1 [16 1
Xe=[li—Ag—A; —A)] "1, = { 0 0_6} M =om {0.7] > {1} (8.23)

For A = x, we obtain

—-0.7 1 1 1.6 —1
[A0+A1+A2—In]l—[ 0 —0.6:|m|:0~7:|_|:—1:|. (8.24)

The condition (8.16) is satisfied and the positive system is asymptotically stable.
The same result follows from Theorem|8.4} since

(Adj[l, —Ag— A —A)) 1, = {066 0%7} m = {ég] > {8] (8.25)

and

0.6 1

17 Adj[L, —Ag—A; —Ay] = [1 1] { 0 07

] —[0617]>[00].  (8.26)

These considerations can be extended to positive 2D linear systems with delays.
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Theorem 8.5. The positive 2D linear system with delays
& 0 1 2 -
Xip1 a1 = 2, O (AQXick jmt + AXikr1 jt + AfXick j—i1) > iyj € Ly, (8.27)
k=01=0
is asymptotically stable if and only if the 1D positive system
o w40 1 2
Xip1= 2, 3 (Ay+Ay+AG)xi for xieRY, i€Zy, (8.28)
k=01=0

is asymptotically stable, where x;j € R'| is the state vector and A}, € R",
k=0,...,p;,1=0,...,q,t=0,1,2.

8.1.3 Relationship between Asymptotic Stability of 1D and 2D
Linear Systems

We shall show that the positive 2D system (8.10) is asymptotically stable if and only
if the positive 1D system

Xie1 = (Ao+ A1 +A2)xi, i€ L, (8.29)
is asymptotically stable.

Lemma 8.1. [97] Let P = [p;;] € R™" and Q = [q;;] € C"™" be a complex matrix

such that |Q| = [|qij|] < P (entries of the matrix P are greater than or equal to the
corresponding entries of the matrix Q). Then
p(Q) < p(P).

where p(M) is spectral radius of the matrix M.

Theorem 8.6. The positive 2D system (810Q) is asymptotically stable if and only if
the positive 1D system (8.29) is asymptotically stable.

Proof. If the positive 1D system (8.29) is asymptotically stable then by
Theorem [B.1]
p(Ag+A1+A) < 1. (8.30)

Note that for any complex z; and z5 such that |z;| < 1,]z2| < 1 we have
|Aoziz2| + |A1z1| + |A2z2| < p (Ao +A1+A2). (8.31)
Using Lemma 8.1, ([830) and (831) we obtain
p (Aozizo +A1z1 +Ar220) < p (Ao +A1+A2) < 1, (8.32)

what by (8.12) implies the asymptotic stability of the system (8.10).
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Theorem [8.6] can be also proved as follows. From condition f) of Theorem [81]
it follows that the positive 2D system is asymptotically stable if and only
if the condition (8.16) is satisfied. By Theorem [8.3] this is necessary and sufficient
condition for the asymptotic stability of the positive system (8.10). a

For Ag = 0 the equation has the form
X1 = (A1 A X, i€Zy . (8.33)
By Theorem[8.6]for Ag = 0 we have the following theorem.

Theorem 8.7. The following statements are equivalent:

a) The positive 2D second Fornasini-Marchesini model SF-MM (3.44) is asymp-
totically stable.
b) The positive 1D system (8.33) is asymptotically stable.

Example 8.3. Consider the positive 2D model (3.44) with the matrices

a0.1 0.3 0.6
Al_{oo.z}, Ag_[o b}, a,b>0. (8.34)

Find values of the parameters a and b, for which the SF-MM (8.34) is asymptotically
stable. By Theorem the problem can be reduced to finding a, b satisfying the
condition

det[ln—z(A1+A2)]_{1_1(0‘*‘03) 207 }

0 1 —2(b+0.2)
= [1-2(a+03)] [1-2(b+02)] £0, (835

for |z] < 1. It is easy to check that the condition (833 is satisfied for a < 0.7 and
b <0.8.

Theorem 8.8. The positive 2D model(8I0) is asymptotically stable if and only if
one of the following equivalent conditions is satisfied:

a) All coefficients of the polynomial

wa(z) =det[ly(z+1) — (Ag+ A1 +A2)] = 2"+ @12+ +aiz+ao,

(8.36)
are positive.
b) All principal minors of the matrix
[]n—(A()—l—Al—‘rAz)}:[aij], i=1,...,n; j=1,...;n (8.37)
aii ap
M, =lay|, M= yeoosMy =det|l, — (Ag+ A1 +A2)] >0,
1 = |an] 2= 41 am n (I — (Ao + A1 +A2)]

are positive.
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Example 8.4. Check the asymptotic stability of the system (8:10) with the matrices
B22).

Using the condition a) of Theorem[8.8 we obtain

z4+0.7 -1

det[ln(z+1)—(A0+A1+A2)]:det[ 0 2406

} =72 4+137+0.42.

All coefficients of the polynomial are positive and the system is asymptotically
stable.

The condition b) of Theorem B.8lis also satisfied since

aj =0.7 >0, Z; Z; =0.42>0,
and the system is asymptotically stable.
Lemma 8.2. The positive 2D system
Xit1,j+1 = Aoxij +Arxipj+AxXi i1, (8.38)

is asymptotically stable if and only if one of the following positive SF-MM systems:

- Al Ao | = Ay 0 _

Xitl,j+1 = [ 01 00} Xit1,j [12 O] Xij+1s (8.39a)
n

N A1 0], Ar Ao | .

Xit1,j+1 = [I,,l O} Xip1,j+ [ 02 00] Xij+1s (8.39b)

is asymptotically stable.

- Xij . Xij
Y= A=
Xi-1,j Xij—1

we may write (838)) in the form (839). From (811 it follows that that positive 2D
system (838) is asymptotically stable if and only if every of the systems SF-MM
(18.39) is asymptotically stable. 0O

Proof. Defining

Theorem 8.9. The positive 2D system (8.38) is asymptotically stable if and only if
the positive 1D system

[Al + A, A
Xit1 =

L O}xh icZ,, (8.40)

is asymptotically stable.

Proof. The proof follows immediately from Theorem[3.6] |
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From (3.43a) it follows that
Al +A; = {A“ A12]7 (8.41)

and we have the following theorem.

Theorem 8.10. The positive Roesser model (3.40) is asymptotically stable if and
only if the positive 1D system

A Ay

Xitl = |:A2] A22:| Xi, 1€ Z+7 (3.42)

is asymptotically stable.

Remark 8.2. To check the asymptotic stability of the positive 1D system (8.42)) the
conditions of Theorem[8.1] are recommended.

8.1.4 Positive Fractional Discrete-Time Linear Systems with
Delays

Consider the positive fractional system with % delays

i+1 h

. o )

Xiy] = Z(_l)ﬁ_l(j)xijﬂ + Y (AxXi—g+Biuix), i€ Zy,  (8.43a)
j=1 k=0

vi = Cx;j + Du;, (8.43b)

Definition 8.2. The positive fractional system (8.43)) is called practical stable if the
system

L+1 h
. o )
xipr =y (=17 <j)xi—j+1 + Y (Awxik+Biuiy), i€Zy, (8.44a)
=l k=0

vi = Cx; + Du;, (8.44Db)
is asymptotically stable for any finite number L.

Definition 8.3. The positive fractional system (§.43) is called asymptotically stable
if the system (8.44)) is practically stable for L — oo,

Remark 8.3. Note that the positive fractional system is a system with increas-
ing number of delays.It is well-known [20, 118] that the asymptotic stability of the
positive discrete-time linear systems with delays is independent of the numbers and
values of the delays and it depends only of the sum of state matrices of the system.

Theorem 8.11. The positive fractional system with delays ([8.43) is asymptotically
stable if and only if the positive system



172 8 Stability of Positive Fractional 1D and 2D Linear Systems

h
X1 =Ax;, A=IL+ Y Ay, (8.45)
k=0

is asymptotically stable.

Proof. From the Maclaurin series of the function (1 —z)% we have

j=0 J=0
where
i o
o= -1(%).
! J
Substituting z = 1 we obtain
Y ci=0. (8.46)
Jj=0

Taking into account that ¢y = 1 from (8.46) we obtain

Yej=-1 (8.47)
j=1
Substitution of (847)) into
— h hd
A=Y A=Y cjly, (8.48)
k=0 j=1
yields (8.43). m]

Theorem 8.12. The positive fractional system with delays ([8.43) is asymptotically
stable if and only if one of the following equivalent conditions is satisfied

a) All coefficients of the polynomial A = A — I,
det[L(z+1)—A] =" +a, 1" '+ +aiz+ag (8.49)

are positive.
b) There exists a strictly positive vector A > 0 such that

h
AL <0, A=Y A (8.50)
k=0

Proof. Proof of the conditions a), b) follows immediately from the condition d) and
f) of Theorem[8.1] O

Remark 8.4. The remaining conditions of Theorem[8T]can be also used to check the
asymptotic stability of the positive fractional system with delays (8.43).
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The practical stability of positive fractional discrete-time linear systems without
delays has been addressed in [31].

8.1.5 Positive Fractional 2D Linear Systems

Consider the positive fractional 2D linear system

Aa’ﬁxi+1,j+1 = Aoxij +A1xip1,j +AsXi j11
+ Boujj+ Biujy1,j+ Bou; i1, (8.51a)
vij = Cxjj+ Duyj, (8.51b)
where x;; € R, u;; € R, y;; € Rﬁ are the state, input and output vectors and Ay, €
R B e RW™ k=0,1,2,C e R, D e RI™™.

Definition 8.4. The positive factional 2D linear system (8.31) is called asymptoti-
cally stable if it is practically stable for L; — oo and Ly — oo.

Lemma83.[f0<oa<landl <B <2(orl <o <2and0<f <1) then

> S coplkil) =0. (8.52)

k=01=0

Proof. From Maclaurin series of the function (1 —z)%*, we have

(1-2)* ;(1)’(9‘)5, (8.53)

Substituting z = 1 we obtain

i(—n"(o‘):i(—1)io‘(°‘_l)"[(o‘_i+l):0 for o>0. (8.54)

!
i=0 r

Using (3.1b) and (8.34) we obtain

0=3 3 coplkn])

k=01=0
(~, wele—1)-(a—k+1)) (&, yBB-1)--(B-1+1)
- (,;;)( ) k! ><l§‘5( D T )

O

Theorem 8.13. The positive fractional 2D system (8.31)) is asymptotically stable if
and only if the positive 1D system

Xip1 = [A+ L] xi, A=Ao+Ai+Ay, xeRL, i€Zs, (8.55)

is asymptotically stable.
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Proof. From (831) for By = B; = B> = 0 and (3.79a) we have

i1+l
Xid1jr1 = AoXij + Arxiprj +Aoxi 11— D, z CKIXi—k+1,j—I+15 (8.56)

k=0 [=0
k+1>0

where Ckl = Caﬁ (k,l).

By Theorem [8.3] the positive 2D linear system with delays is asymptotically stable
if and only if the positive 1D system

Xir1 = A— z 2 culy | xiy xi € Rﬁ_, i €2, (8.57)
k=0 =0
k-+1>0
is asymptotically stable. From (3.76b) we have coo = c5(0,0) = 1 and from (8.52)
we obtain

S S culi=—1I. (8.58)
k=0 =0
k-+1>0
Substituting of (8.38) into (8.37) yields (8:33). O

Theorem 8.14. The positive fraction 2D system (8.31) is asymptotically stable if
and only if one of the following equivalent conditions is satisfied:

a) The eigenvalues z1,...,z, of the matrix A+ I, have module less than 1, i.e |zx| <
Lk=1,....n

b) All coefficients of the characteristic polynomial of the matrix A are positive.

c) All principal minors of the matrix —A are positive.

Proof. The proof follows immediately from Theorem[8.11 O

Theorem 8.15. The positive fractional 2D system (8.31) is unstable if at least one
entry on the diagonal of the matrix A is positive.

Proof. If at least one entry of the diagonal of A is positive then at least one entry of
the diagonal of the matrix A + I, is greater than 1 and this by Theorem [82implies
the instability of the system (8.33). O

Example 8.5. Using Theorem B.14] check the asymptotic stability of the positive
fractional system (8.531)), for @ = 0.3 and 8 = 1.2, with the matrices:

04 0 -1 0 —0.2 0
Ao = [ 0 0.5}’ A= [0.2 —1.1}’ Az = [ 0.2 0.1]' (8.59)
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The fractional system is positive since the matrices

- 0.04 0
A() = A()— Otﬁln = l: 0 014:| s (8603)
- 02 0
A=A+ B, = [0.2 0.1] , (8.60b)
- 0.1 0
Ay =Ar+al, = {0.2 0.4} , (8.60c)
(8.60d)
have nonnegative entries. In this case
A -08 0
A=Ap+A1+A = [ 0.4 _0.5:| , (8.61)

the condition a) of Theorem[8T4]is satisfied since the eigenvalues of the matrix

(8.62)

i 02 0
Ath= [0.4 0.5] !

have module less than 1,i.e. z; = 0.2,z = 0.5.
The condition b) of Theorem [814]is also satisfied since the coefficients of the
polynomial (8.61)

z4+0.8 0

det |1z~ A] = [ —0.4 240.5

} =7241.3z404, (8.63)

are positive.

All principal minors of the matrix

- [08 0
A= {—0.4 0.5} (8.64)

are positive since A} = 0.8 and A; = 0.4.

The conditions of Theorem [8.14] are satisfied and the positive fractional system
@3T) with (839) is asymptotically stable.

Example 8.6. Using Theorem [8.15] we shall show that the positive fractional 2D
system (8:31) for o = 0.5 and 8 = 1.2 with the matrices:

0.6 0 ~0.1 03 ~04 02
AO_{0.10.7]’ Al_{ 0 —0.2}’ AZ_{ 0 —0.5]’ (8.65)

is unstable.
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In this case the matrix

A 0.10.5
A=A0+A1+A2—[ :|,

0.1 0 (8.66)

has one positive diagonal entry. By Theorem [8.15] the positive fractional system is
unstable. The same result follows from Theorem[8.14]

8.2 Practical Stability of Fractional Systems

8.2.1 Positive Fractional 1D Systems

Consider the positive fractional discrete-time linear system

k
"
Xpr1 = AaXi + Z(—l)l <j+1>xk_j+Buk, keZ,, (8.67a)
=

Vi = Cxx + Duy, (8.67b)

where Ay, = A+ al, and the system

k+1
(a
Xk+1 + 2(*1)] (j>xkj+l = Axy+Buy, ke€Z,, (8.68a)
=1

yi = Cx + Duy, (8.68b)

where x; € R, u € R, y; € RY are the state, input and output vectors and A €
R Be RY™ C e R, D e R,

Definition 8.5. The positive fractional system (8:68)) is called practically stable if
the system (8.67) is asymptotically stable for any finite 4.

Defining the new state vector

= ) , (8.69)
Xk—h
we may write the equations (8.67) in the form:

Xiy1 = A~)Z,‘ —|—§u,‘, keZ., (8.70a)
vi = Cx;+ Du;, (8.70b)
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where
Aa Clln . Chln B
L, 0
_ P 0 _
A=1|0 I 0 c R’jf”, B=1| |¢€ R’jrxm, (8.71a)
0O 0 ... 0 0

C=[C0...0]eRY", D=DeRY" ji=(1+hpn, (8.71lb)
o
= (—1) for j=1,....
cj=( )<j+l> J

Theorem 8.16. The positive fractional system(8.68)) is practically stable if and only
if one of the following equivalent conditions is satisfied:

a) All eigenvalues Z1,...,%; of the matrix A have module less than 1, i.e. |Zx] < 1
fork=1,....i;

b) det[zl; —A] # 0 for |z > 1;

c) p(A) < 1 where p(A) is the spectral radius of the matrix A defined by

p(A) = max_

1<k<na

Z-
d) All coefficients d@;, i = 0,1,...,7i — 1 of the characteristic polynomial
Picy = det[li(z+1)—A] =+ a1+ +arz+ o, (8.72)

of the matrix [A — I;] are positive.
e) All principal minors of the matrix

ap ... dia
Li—A=| 1 . |, (8.73)
dg --- Gmn
are positive, i.e.
jan|>0, (219250 . det[l;—A4] >0. (8.74)
dpy

f) There exist strictly positive vectors X; € R}, i =0,..., h, satisfying the condition

X0 <X1 <...<Xp—1<Xxp, (8.75a)

such that
AgXo+c1X) 4 -+ -+ opXy < Xp. (8.75b)

Proof. The first a)-e) conditions follows immediately from the corresponding con-
ditions of Theorem[8.1l Using (87) for the matrix A we obtain:
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Ag cily ... cply X0 X0
I, 0 ... 0 X1 X1
o5 ... 0 | < |® (8.76)
0 0 ... 0 Xp Xp
From (8.76) we obtain the conditions (8.75). 0O

Theorem 8.17. If the positive fractional system (8.68) is practically stable then the
sum of entries of every row (column) of the adjoint matrix Adj[l; — A] is strictly
positive

Adj[l; —A]1; >0 (1} Adj[l; —A] >0). (8.77)

where 1; = [1,...,1]T.
Proof. If the system (8.70) is asymptotically stable then the vector
x=[L—A '1;>0 (8.78)

is the strictly positive equilibrium point of the system for Bu = 1. For the positive
system

det [I; —A] >0, (8.79)
since dy = det [I; — A] in (872). The conditions (878) and (879) implies (8.77).
O
Example 8.7. Check the practical stability of the positive fractional system
A% =0.1x, keZ., (8.80)
foroo=0.5and h =2.
Using
Cj(a)Z(—l)f<.a > (8.81)
Jt1
and (1.8), (8771)) we obtain:
L A 0.6
C] = 8, Cy = 16’ o — )
and O
~ 0.6 5 16
A=1100]. (8.82)
010
In this case the characteristic polynomial (8.72) has the form
pi=|li(z+1)—A] =2 +2.422 + 1.675z+0.2125. (8.83)

All coefficients of the polynomial (8.83)) are positive and by Theorem [8.16] the sys-
tem is practically stable. Using (8.77) we obtain
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04— — 1% 1 1.2500
Adj[li —A]1;= [Adj|-1 1 0 1| =|1.4625]. (8.84)
0 —1 1 1 1.6750

It is easy to check that the condition (8.78)) is satisfied.

Theorem 8.18. The positive fractional system (8.68) is practically stable if and only
if the positive 1D system
Xip1 =AaXy, kE€Zy, (8.85)

is asymptotically stable.

Proof. From (8.75b)) we have
(Ag —L)Xo+c1X1 + -+ cpXy < 0. (8.86)

Note that the equality (8.80) is satisfied only if there exists a strictly positive vector
Xo € R such that
(Ag —1,) X0 <0, (8.87)

where ¢1X] + - +cpX, > 0. 0O

Corollary 8.1. The positive fractional system (8.68) is unstable for any finite h if
the positive system (8.83) is unstable.

Theorem 8.19. The positive fractional system (8.68) is unstable if at least one di-
agonal entry of the matrix Ay, is greater than 1.

Proof. The proof follows immediately from Theorems[8.2]and 818 O
Example 8.8. Consider the positive fractional system

A% g = {_2'5 O%S}x,ﬁ keZ,, (8.88)

for oo = 0.8 and any finite 4.

In this case n = 2 and

(8.89)

Ag=A+al,= {0'3 ! }

213

By Theorem[8.19] the positive fractional system is unstable for any finite / since the
matrix (8.89) has one diagonal entry greater than 1. The same result follows from
the condition d) of Theorem[8.1] since the polynomial

pi=2"+04z-221,
has one negative coefficient o = —2.21.

The practical stability of the positive system has been addressed in [31].
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8.2.2 Positive Fractional 2D Systems

Consider the fractional 2D linear system

i1 j—k+1

Xit1,j+1 + 2 2 Ca(kal)xifkﬂ,jflﬂ (3.90)
k=0 =0
k+I>0

= Aoxij +A1xiy1,j +Aox; j1 + Bouij + Biuiyy j+ Baug 1.
Defining the new state vector

S T . T T T T T T
Xij = [xl-/- Xiqj e Xipy j Xijo1 e Xiepy jo1 - Xij—L, - xi—Ll.j—Lz]

5, eRY, N=(Li+1)Io+)n, ijeZ, (8.91)
we may write the equation

Li+1Ly—k+1

Xl + 2, >, calk,DXiogi1 joit (8.92)
=0 =0
k+1>0

= Aoxij +A1Xi1,j+Aoxi ji1 + Bouij+ Biuit1j + Bouj j 1.

in the form
Fivt 1 =Ao%ij+ A1fi j+AdK 1, 1] €Ly, (8.93)
where
[Ao Lictt o Lcry 411 - DnCriyst o InCr 410511
B o 0 .. 0 0
Ay = . . , (8.94a)
0 0 0 .. 0 0
_Kl 0..0 InC()2 01,,0()3 O_
00..0 O ..O O ..O0
00..0 O ..0 O 0
B I, 0O..0 O .0 O ..0
Ar=101,..0 0 ..0 0 ..0|> (8.94b)
00 I, 0O 0 0 0
L0 0 0 0 0 O 0|




8.2 Practical Stability of Fractional Systems 181

_Kz InC2() InCLl() InCL1+170 ..00..0 0_

L, 0 .. 0 0 ..00..00

o 5 ... O 0 ..00..00
2=10 0 ., 0 ..00..00] (8.94c)

0 0 .. O 0 ..00..00

L0 0 .. 0 0 ..00..17,0]

Theorem 8.20. The 2D system (8.93) is positive if and only if
Ay=Ar—al, eRY", k=0,1,2. (8.95)

Proof. The proof follows from (8.93) and (8.94) and the fact that the system is
positive if and only if the conditions (8.93) are met. O

Definition 8.6. The positive fractional 2D system (8.31)) is called practically stable
if the system (8.92) is asymptotically stable.

Theorem 8.21. The positive fractional 2D linear system (8.31)) is practically stable
if and only if one of the following equivalent conditions is satisfied:

a)
det [Iy — Aoz122 — Az —Arzy] #0 (8.96a)

for
V(z1,22) € {(z1,22) : Jz1] < 1, |z < 1} (8.96b)

b) There exists a strictly positive vector A € ]Rﬁ such that

[Ag+A1+4,) A <O0. (8.97)

c) The positive 1D system
xip1 = (Ao + A1+ Ay —Iy) xi, i€Zy, (8.98)

is asymptotically stable.

d) The positive 1D system
Xy = [(A‘I;AZ) %O}x,-, ez, (8.99)

is asymptotically stable.
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Theorem 8.22. The positive fractional 2D system (8.31)) is practically stable if the
positive 2D system

Fir1 1 = Aoy + Ar1Xis j+ Ak 11, (8.100)
is asymptotically stable.
Proof. The proof follows immediately from (8.93) and (8.94). O

Corollary 8.2. The positive fractional system (8.21)) is unstable for any Ly and L, if
the positive 2D system (8100) is unstable.

Theorem 8.23. The positive fractional 2D system (8.31) is unstable if at least one
diagonal entry of the matrix A + Ay is greater than 1.

Proof. The proof follows from the structure of the matrices (8.94).

It is well-known that the system is unstable if at least one diagonal entry of the
matrix A + A4, is greater than 1. From structure of the matrices A, and A, defined
by (8:94) it follows that at least one diagonal entry of the matrix A| + A, is greater
than 1 if and only if at least one diagonal entry of the matrix A| +A, is greater than
1. By Theorem[8.18l the positive fractional 2D system (8.31) is practically stable if
and only if the positive 1D system is asymptotically stable. O

Theorem 8.24. The positive fractional 2D system(8.3]) is unstable if
A ERVM k=1,2. (8.101)

Proof. By Theorem 3.17 the fractional 2D system (831) for0 < oc < land 1 < 8 <
2(orl <o <2and0< B < 1)is positive if and only if the conditions (3.99) are
satisfied. From (8.90) it follows that the matrix

A+ Ay =A1+Ay+ (a+ B) 1y, (8.102)
has all diagonal entries greater than 1 if the condition (8.I01) is satisfied. In this

case by Theorem[8.23 the positive fractional 2D system (8.31) is unstable. O

8.3 Asymptotic Stability of Continuous-Time Linear Systems

8.3.1 Positive Continuous-Time Linear Systems
Consider the autonomous continuous-time linear system
x(t) = Ax(1), (8.103)

where x(1) € R" is the state vector and A = [a;;] € R"*".
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The system is called (internally) positive if x(r) € R", 7 > 0 for any initial
conditions x(0) € R’
The system is positive if and only if A is a Metzler matrix [77].

It is assumed that all diagonal entries a;;, i = 1,...,n of the Metzler matrix are
negative, otherwise the positive system is unstable [77].

Theorem 8.25. The positive system (8103) is asymptotically stable if and only if
one of the following equivalent conditions is satisfied:

a) All coefficients of the characteristic polynomial

det[l,s — Al ="+ ap_ 15" '+ +ays+ap, (8.104)
are positive, i.e. a; > 0,i=0,1,...,.n—1.
b) All principal minors M;, i = 1,...,n of the matrix —A are positive, i.e.
— _ | —ain —an o
My =|—ay| >0, Mz—‘ >0, ..., M,=det[-A]>0.
—az) —axy
(8.105)

c) The diagonal entries of the matrices
AW for k=1,...,n—1, (8.106)

are negative, where Afﬁk are defined as follows

(0) (0)

ay ...a, ©) L0
(0)_ _ LR _ Anfl bnfl
Sl IR el O as,ﬂ’
a,(lol) aﬁ,(,),) "
0 0
agl) . “(1,2,—1
AV = , (8.107)
0 0
a;(q—)u a;(1—)1,n—1
al,)
0 . 0 0 0
bn21: : g 05,21:[4511) “Q—l}v
0
afn—)l.n
and
(k) (k)
" e pk=1) (k1) ayf e Ay
k) k—1 n—k “n—k __ . .
Anfk_Anfk - (k—1) - . . .
an—k+1,n—k+1 (k) (k)

Ay 1o an—k,n—k
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®
anfkfl,nfk
Proof. The proof of the conditions a) and b) are given in [77]. To simplify the
notation in proof of the condition c¢) we shall assume n = 3. We shall show the
equivalence of the conditions b) and c¢) of Theorem|[8.25]

From (8.103) we have
(—1)1M1 =ap < 0,
(—=1)2M, = ayjan — apnaz >0,
ap ap a3
(—1)3M3 =det | ar; ax ax3 (8.108)
asy asz asz

ay ap 1 a3
= azzdet - — asy az
{[6121 5122:| ass |:6123:| [ ]}

1 [anaz; —azasz; anazz —ajza
— ayydetd — 11433 — 13031 A12033 —a13a3 | | _ o
asz | 421433 — a3as| axas3 — ax3az

By the condition ¢) the diagonal entries of the matrices

(0) (0)
by’c 1
Agl) A<20> ) [6111 012} B [013} [031 a32]

agg) axy axn | az; | axs
_ 1 Tanas —aas anass —apzaz | _ | an an (8.109)
asz | a21azs — ax3as| aazsz —a3as; ar ax |’
(1 (1) _ _ _ _
@) _ ) _bitey o @na@a _ anan—an
Al - ) =ay —— = — s
asy a; an

are negative.

Note that the condition (8.108)) and (8.109) are equivalent since a;; < 0,i=1,2,3
and the inequations

ajjasz —ajpsasg

a) = ———< 07
as3
_ a0a33 — a23a3
Gy = —————= <0,
ass
ai1ax —appaz)
—== <0,
axn

are satisfied if and only if

ai a
det| 91142 | S o
az1 axn
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and
I | ay1a33 —ajzaz; appaz —aza
detd —_ | 911933 —a13a31 d12a31 —ai3azn | | _
aszz | 421033 — 23431 A22a33 — d130d32
The proof can be also accomplished by induction with respect to . O

An other proof of Theorem|[8.23]is given in [211].

Example 8.9. Using Theorem|8.25|check the asymptotic stability of the positive sys-
tem (8.103) with the matrix

—-0.5 0.1
A= [ s 0.6]. (8.110)
Using (8.104) we obtain
. s+0.5 0.1 2
detfl,s —A] = |7 S s—|—0.6'_s +1.15+0.28. (8.111)

All coefficients of the polynomial are positive and the condition a) is satisfied.
The condition b) is also satisfied since

0.5 —0.1
M, =0.5, M, =det[-A] = ‘ —02 06 ’ =0.28.
Using (8.109) for n = 2 we obtain
(1) apang 0.1-0.2 0.28
Ay =ay — =-0.5 =—-——<0.
e T 06 0.6

Therefore, the condition of Theorem [8.25] are met and the positive system (8.103)
with (8.110) is asymptotically stable.

8.3.2 Asymptotic Stability of Positive Continuous-Time Systems
with Delays

Theorem 8.26. The positive system

x(t) = Aox(t) + i Apx(t —dy) + Bu(t), (8.112a)
k=1
y(t) = Cx(t) + Du(t), (8.112b)

is asymptotically stable if and only if there exists a strictly positive vector A € R}
satisfying the condition

q
AL <0, A=Y A . (8.113)
k=0



186 8 Stability of Positive Fractional 1D and 2D Linear Systems

Proof. First we shall show that if the system (8112)) is asymptotically stable then
there exists a strictly positive vector A € R’} satisfying the condition (8 113). Inte-
grating in the interval [0, | the equation (8.1124) for B = 0 we obtain

=3

/owx(t)dt:AO/()mx(t)dt+,i,Ak/<) x(t —dy)dt

and

q 0 oo
x(eo)—x(O)—I;Ak[dkx(t)dr:A[) x(t)dt . (8.114)

For asymptotically stable positive system

x(e0) =0, x(0)+kilAk/0 x(r)dt > 0, /:x(t)dt>0,

7dk

and (8:114) we have (8113) for
A= / x(1)dt
0

If the condition (8.113) is satisfied then positive system (8.112) is asymptotically
stable. It is well-known that the system (8.112) is asymptotically stable if and only
if the corresponding transposed system

x(t) = Al x(t) + iA,{x(t—dk) (8.115)
k=1

is asymptotically stable. As a Lapunnov function for the positive system (8.113) we
choose the function

q t

V) =x"OA+ Y, xT(T)dTA (8.116)
k=171—dk

which is positive for any nonzero x(¢) € R’,.. Using (8.115) and (8.116) we obtain

Vx) =il (t)A + i (" (1) =" (¢ — d)) Ak
k=1
= xT(t)A()ﬂ, + i xT(t —dk)Ak)L + Eq: (XT(I) —xT(t —dk))Ak)L
k=1 k=1
=xT(t)AX. (8.117)

If the condition (BI13) is satisfied then from (§I17) we have V(x) < 0 and the
system (8.112) is asymptotically stable. a
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Remark 8.5. As the strictly positive vector A we may choose the equilibrium point
Xe=—A"'Bu (8.118)

since
AL =A(-A""Bu)=-Bu<0 for Bu>0 . (8.119)

Theorem 8.27. The positive system with delays (8.I12) is asymptotically stable if
and only if the positive system without delays

q
x=Ax, A=Y AeM, (8.120)
k=0

is asymptotically stable.

Proof. The positive system is asymptotically stable if and only if there exists
a strictly positive vector 4 € R’ such that the condition is satisfied [84]. By
Theorem[8.26] the system is asymptotically stable if and only if the positive
system (8120) is asymptotically stable. By Theorem [8.27] the asymptotic stability
problem of the positive system with delays can be reduced to the asymptotic
stability problem of the corresponding positive system without delays (8120). O

To check the asymptotic stability of the positive system (8.112)) the following The-
orem can be used [77, 96].

Theorem 8.28. The positive system with delays (8I12) is asymptotically stable if
and only if one of the following equivalent conditions is satisfied:

a) All eigenvalues si1,s2,...,s, of the matrix A has negative real parts, i.e.
Resy <0, k=1,...,n

b) All coefficients of the characteristic polynomial of the matrix A are positive.

c) All principal minors of the matrix

ay ... dip
—A=| @ - (8.121)
apl .- Apn
are positive, i.e.
lai | >0, |“1M42 50, . det|-A] > 0. (8.122)
azy ax

Example 8.10. Using the conditions b) and ¢) of Theorem[8.28check the asymptotic
stability of the positive system (8.112) for ¢ = 1 with the matrices

~1 03 0.50.1
Ao= {0.2 —1.4]’ A= [0.2 0.8]' (8.123)
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The characteristic polynomial of the matrix

—0.5 04
A=AotAi= { 0.4 —0.6}

has the form

s+0.5 —04

detlls —AI=1"_04 s40.6

All coefficients of the polynomial (8.124) are positive.

All principal minors of the matrix

05 —04
A= [—0.4 0.6 ]

are positive, i.e.

A =05, det[-A]=0.14 .

‘ =5+ 1.1s+0.14.

(8.124)

The conditions b) and ¢) of Theorem B.2§] are satisfied and the positive system

(8.112) with the matrices (8.123)) is asymptotically stable.



Chapter 9

Stability Analysis of Fractional Linear Systems
in Frequency Domain

In this chapter the stability analysis of fractional linear systems in frequency domain
based on Bustowicz papers [14, 17, 30, 19, 21, 27, 23] will be presented.

9.1 Fractional Continuous-Time Systems

Consider SISO continuous-time fractional system described by the

mo B

n dO([
2 g (0= 2 b g gu(e), 0.

where u(r) is the input, y(¢) is the output, o, > 04,1 > -+ > 0o > o > 0 and
B > Bu—1 > -+ > B1 > Bo > 0 are arbitrary real numbers, a; (i =0, 1,...,n) and
b (k=0,1,...,m) are real coefficients.

Applying the Laplace transform to the equation with zero initial conditions,
we obtain the fractional transfer function

B bmsﬁm +bm_lsﬁm71 + . +bosﬁ0

Gls) = e ©2)
The fractional linear system with the transfer function [©.2) is of [307]:
a) commensurate order if
o=ioe, i=0,1,....n, Pr=ka, k=0,1,2,....m, 9.3)

where o > 0 is a real number,

b) rational order if it is a commensurate order and oo = 1/¢, where ¢ is a positive
integer,

¢) non-commensurate order if (9.3) does not hold.

T. Kaczorek: Selected Problems of Fractional Systems Theory, LNCIS 411, pp. 189220
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011



190 9 Stability Analysis of Fractional Linear Systems in Frequency Domain

The transfer function of fractional system of commensurate order can be written in
the form
B by _|_bm_ls(m71)a +-+ by

G(s) = .
( ) a,,s”o‘+an,1s("_1)°‘+m+ao

9.4)
Substituting 4 = s¢ in ([@.4), we obtain the associated natural order transfer function

O i R R e )

GA) = . 9.5
() ap A+ a, A4+ ag ©-3)
For example, if
0.25
s+ 1
Gs) = ————— 9.6
&) = o125 ©-62)
then for A = s we obtain the associated natural order transfer function
~ A+1
GA)=——r——. .6b
() st —202+1.25 (9.6b)
Characteristic polynomial of the fractional system (9.1) has the form
D(s) = aps™ + ay_15%1 + -+ ags™. (9.7)

The polynomial (9.7)) is a multivalued function whose domain is a Riemann surface.
In general case, this surface has an infinite number of sheets and the fractional poly-
nomial ([@.7) has an infinite number of zeros. Only a finite number of which will be
in the main sheet of the Riemann surface. For stability reasons only the main sheet
defined by — < args < & can be considered [307].

The fractional system (@.1) is called bounded-input bounded-output (BIBO) sta-
ble (shortly stable) if for any bounded input u(z) its output y(z) is also bounded.

Theorem 9.1. [198, 199, 307]. The fractional system with the transfer function (9.2)
is stable if and only if the fractional degree characteristic polynomial ©.7) is stable,
i.e. this polynomial has no zeros in the closed right-half of the Riemann complex

surface, that is
D(s)#0 for Res>0. (9.8)

The Riemann surface has a finite number of sheets only in the case of fractional
polynomials (9.7) of commensurate degree, i.e. for

o =i, 1=0,1,...,n 9.9

If (3:9) holds, then the fractional degree characteristic polynomial (9.7) can be writ-
ten in the form
D(s) = ans" +ap_1s" V.. 4 aqq. (9.10)

Hence, for A = s* from (0.10) we obtain the associated natural number degree
polynomial
D(/'L):an/'L”—Fan_l?L"_l—|—---—|—a1),—|—ao. (9.11)
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For example, if D(s) = s> + as"3 4+ b (a and b are real numbers) then o =
1/2, A = s'/2 and the associated natural number degree polynomial has the form
D(A)=A3+aA +b.

Theorem 9.2. [307]. The fractional commensurate degree characteristic polyno-
mial is stable if and only if all zeros of this polynomial satisfy the condition
(©-8) o1, equivalently, all zeros A; of the associated natural degree polynomial (O.11))
satisfy the condition

T
|argAi| > a3,
If 0 < o < 1 then from (9.12) we obtain the stability region shown in Fig.

i=1,2,...n. 9.12)

imag
boundéry of the
stability region >
stability region an/2
(1] SRR LR T (. 4
on/2

0 real

Fig. 9.1 Stability region of fractional order polynomial in the complex A-plane (A = s*
with0 <o < 1.

Parametric description of the boundary of the stability region is given by
(jo)* = |o|%/™ 2, o € (—o,e). (9.13)

The polynomial (O.10) for ¢ = 1 is a natural number degree polynomial and from
(©:13) it follows that the imaginary axis of the complex plane is the boundary of the
stability region.

From the above and Theorem [0.2] we have the following sufficient condition for
stability of fractional degree polynomial for0<a<1.

Lemma 9.1. The fractional commensurate degree characteristic polynomial
for 0 < a < 1 is stable if the associated natural number degree polynomial (Q.11)
is asymptotically stable, i.e. the condition O12) holds for o = 1, i.e. |argA;| > /2
for all zeros A; of (O.11).
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From Theorem [0.2] it follows that the fractional polynomial may be stable
even if the associated natural degree polynomial is not asymptotically stable.
Checking of the stability the fractional degree polynomial using Theorem[9.2]
is a difficult problem in general, because the degree of the associated polynomial
(O:17) may be very large. For example, if

D(S) _ S127/105 —|—O.4S77/105 +O.3S7]/]05 +0. 1856/105 +1 ,
then for A = s% = s'/195 we obtain the associated polynomial of natural degree [61]
DA) =" 404177 403271 + 0147 4 1.

The polynomial has degree equal to 127 and only five non-zero coefficients.

To avoid this difficulty, a method for determination of the multi-variate natural
degree polynomial, associated with the fractional commensurate degree polynomial
has been proposed [61]. To stability analysis of multi-variate degree polynomials,
the LMI technique has been also proposed in [61].

Following [22] in this section a new frequency domain methods for stability anal-
ysis of fractional polynomials of commensurate degree will be presented. Extension
of these methods to the case of non-commensurate degree fractional polynomials is
given in [17]. The proposed methods are based on the Mikhailov stability criterion
and the modified Mikhailov stability criterion, known from the theory of systems of
natural number order (see [14, 75, 311], for example).

In the stability theory of natural degree characteristic polynomials of linear
continuous-time systems, the following kinds of stability are considered (see [14],
for example):

a) asymptotic stability (all zeros of the characteristic polynomial have negative
real parts),

b) D-stability (all zeros of the characteristic polynomial lie in the open region D in
the left half-plane of complex plane).

From Theorem[0.2] we have the following lemma.

Lemma 9.2. The fractional degree polynomial @.10) is stable if and only if the
associated natural degree polynomial is D-stable, where the parametric
description the boundary of the region D has the form @I3). In particular, for
0 < a < 1 the D-stability region is shown in Fig.|9./

It is easy to see that if oo = 1 then the fractional degree polynomial (9.10)) is reduced
to the natural degree polynomial (@.11) with A = 5. In such case from @.13) it
follows that boundary of the stability region is the imaginary axis of the complex
plane.

Theorem 9.3. The fractional degree characteristic polynomial (9.10) is stable if and

only if
Aarg D(jo) =nn/2, 9.14)

0<w<eoo

where D(j®) = D(s) for s = jo.
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Proof. Itis easy to see that D((jw)*) = D(j). This means that is the neces-
sary and sufficient condition for D-stability of the natural degree polynomial
[14]. Hence, the proof follows from Lemma 9.2.

Plot of the function D(j®), where D(j®) = D(s) for s = jo will be called the
generalized (to the class of fractional degree polynomials) Mikhailov plot.

From it follows that the generalized Mikhailov plot starts for @ = 0 in the
point D(j0) > 0 on positive real axis and with @ increasing from 0 to e turns strictly
counter-clockwise and goes through n quadrants of the complex plane.

Checking the condition (9.14) of Theorem[9.3]is a difficult task (for large values
of n), because D(jw) quickly tends to infinity as @ grows to .

To remove this difficulty, we consider the rational function

_ D(s)
v(s) = () (9.15)

instead of the polynomial (9.10), where w,(s) is the reference fractional polynomial
of the same degree as the polynomial (9.10)).
We will assume that the reference fractional polynomial w,(s) is stable, i.e.

wr(s) #0 for Res>0. (9.16)
Theorem 9.4. The fractional degree polynomial (9.10) is stable if and only if

Aarg y(jo) =0, 9.17)

we(f‘x’!w)
where y(jo) = y(s) for s = jo and y(s) is defined by (0.13).
Proof. 1f the reference polynomial w,(s) is stable then from Theorem[0.3 we have

Aarg w,(jo)=nm. (9.18)

WE(—o0,00)
From (0.13) for s = jw it follows that
Aargy(jo) = AargD(jo) — Aargw,(jo). (9.19)
The fractional degree polynomial is stable if and only if

Aarg D(jo)= Aarg w,(jo)=nr,

OE(—o0,00) OE (—o0,00)
which holds if and only if (©.17) is satisfied. O

The reference fractional polynomial w,(s) for the polynomial can be chosen
in the form
wi(s) =auy(s+c)*', ¢>0. (9.20)

Note that for ¢ > 0 the reference polynomial (9.20) is stable.
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Plot of the function y(jo), ® € (—oe,0) (y(s) is defined by (0.13)) we will call
the generalized modified Mikhailov plot.

The condition of Theorem[@.4lholds if and only if the generalized modified
Mikhailov plot does not encircle the origin of the complex plane as @ runs from —oo
o oo,

From [@©.10), (0.13) and (0.20) we have

D(jw) _
Jim y(jo)= lim i) L, (9.21)
and
w(o)= 20 _ _a 9.22)

wr(0) T apeon”

From (@.22) it follows that y(0) < 0 if ag/a, < 0. Hence, from Theorem [0.4] we
have the following important lemma.

Lemma 9.3. The fractional degree polynomial (0.10) is unstable if ag/a, < 0.

Now we consider the case in which the condition ( of Theorem [0.4] is not
satisfied.

Theorem 9.5. The fractional characteristic polynomial of commensurate de-
gree has k > 0 zeros in the right-half of the Riemann complex surface if and only
if as ® runs from —oo fo +oo the plot of W(jo) k times encircle in the negative
direction the origin of the complex plane. In such a case

Aarg y(jo)=—k2r. (9.23)

0)6(700,00)

Proof. As in [75] in the case of natural degree polynomials we can show that if the
fractional degree polynomial (9.10) has k > 0 zeros with positive real parts, then

Aarg D(jo) = (n—2k)m. (9.24)
WE(—o0,0)
Hence, from (0.19) and (O.18), (©.24) it follows that (0.23) holds. If (0:23) is satlsﬁed
then from (@.19) and (O-18) we have (©.24).

It is easy to see that Theorem[9.4l follows from Theorem[9.3|for k = 0.

Example 9.1. Consider a linear fractional order system with characteristic polyno-
mial of commensurate degree of the form [61]

D(s) = 134.7955988s'1/154-17.491388775s'4/154+-7.56195"/° + 18.60416827s%/
+ 585 1 13.686863635%° +276.0731421s"/3 +269.66150505"/°

+ 218.5809037s%/% 4 338.62693985%/15 1+ 7.32255'%/15 1 55.9219845'6/15
1 139.13745095"3/15 1+ 14.79208246s + 221.9590294. (9.25)
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For oe = 1/15and A = s* = s'/1 from the fractional commensurate degree polyno-
mial (9.25)) we obtain the associated natural degree polynomial

D(A) = A% +7.5619A%" +7.3225119 + 18.604168271 '8 + 55.921984031 '
+ 14.792082461.'° +17.49138877A 14 + 139.1374509A 12 + 134.795592. !
+ 13.686863631° +338.62693981% +218.58090371° +276.07314211°
+ 269.66150504° +221.9590294. (9.26)

By Theorem the fractional degree polynomial (@.23) is stable if and only if
the associated natural degree polynomial (9.26) has no zeros in the cone shown in
Fig. DIl with o /2 = 7/30 = 0.1047 rad.

Plot of the function with w,(s) = (s 4 10)8/ is shown in Fig. Ac-
cording to and we have wlirilml’,(jw) =1, y(j0) = ap/108/5 =

221.9590294/10%° = 5.5754.

40 T T T T T T T
Im . H H

_40 i L i L i
0 20 40 60 80
Re

Fig. 9.2 Plot of the function (Q.13) with s = j®, ® € (—oe, o). Illustration to Example 9.1.

From Fig.[9.2it follows that the generalized modified Mikhailov plot y(jw) does
not encircle the origin of the complex plane and by Theorem[9.4]the system is stable.

Now we consider the fractional degree polynomial and associated natural
degree polynomial in the case when the free term has negative sign, i.e. is
—221.959029 instead of +221.959029. In such case ap/a, = ap = —221.959029 <
0 and by Lemma 9.3 the fractional system is unstable.

In this case, the generalized modified Mikhailov plot with the reference polyno-
mial w,(s) = (s + 10)3/° is shown in Fig. where wli‘il y(jo) = 1,

v(j0) = —5.5754.
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40 : : : : : : : :

20

_40 : 1 1 1 1 1 1 1
100 Re 80

Fig. 9.3 Plot of the function (O.13) with s = jo, ® € (—oo,0), D(s) of the form (0.23) with
negative free term

Zeros of natural degree polynomial (9.26) with negative free term and the bound-
ary of the stability region are shown in Fig.

5 . a . ; . a
-2 -1 0 1 1.5

Fig. 9.4 Zeros of polynomial (9.26) with negative free term and boundary of the stability
region
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From Fig.[9.3it follows that the generalized modified Mikhailov plot y/(j®) ones
encircles the origin of the complex plane in negative direction. By Theorem[9.3] the
system is unstable and the characteristic polynomial has one unstable zero. The zero
lies in the instability region shown in Fig.

Example 9.2. Consider the control system with the fractional order plant described
the transfer function [259, 313]

1 1
G = — 9.27
008) = 08271050911~ Do(s)’ ©-27)
and the fractional PD controller
C(s) = 20.5+3.7343s"1, (9.28)

Characteristic polynomial of the closed loop system with the plant (9.277) and con-
troller (9.28)) has the form

D(s) = Do(s)+C(s) = 0.85*2 +3.7343s"15 +0.55"0 +21.5 . (9.29)

Substituting ot = 1/20 and A = s* = s'/20 in ([@.29), we obtain the associated poly-
nomial of natural degree

D(A) =0.81% +3.7343A%3 +0.5118 +21.5 . (9.30)

Fig. 9.5 Plot of the function y/(j). llustration to Example 9.2.
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The control system is stable if and only if all zeros of polynomial lie in the
stability region shown in Fig. @1l with o = 1/20.

To check stability of fractional polynomial we use Theorem[0.4]

Plot of the function y(jw) = D(jo)/w,(j®), where D(s) has the form and
wy(s) = 0.8(s + 5)>2? is the reference fractional polynomial, is shown in

Fig.[9.5]
From ([©.21)) and (0.22) we have
. L _DO) 215
wlii‘w v(jo)=1;, wy(0)= (0 08522 =0.7791.

From Fig. it follows that the generalized modified Mikhailov plot y(jm)
does not encircle the origin of the complex plane. Therefore, by Theorem the
fractional control system is stable.

9.2 Fractional Continuous-Time Systems with Delays of the
Retarded Type

Following [21] consider a linear fractional system with delays described by the
transfer function
qo(s) + 372, qj(s)exp(—=s"Bj),  N(s)

P(s) = = 9.31
&) = O T3, P exp(—5h),  D(s)’ ©-3D

where r is a real number such that 0 < r < 1, the fractional order polynomials p;(s)
and g;(s) with real coefficients have the forms

5) = Y ags™, i=0,1,...,m, (9.32)
m
s) =Y bus*, j=0,1,...,my, (9.33)

where oy and ; are real non-negative numbers and ag, # 0, bg,, # 0.

Without loss of generality we will assume that o5, > o,—1 > --- > a; > 0 = 0;
Om > Op—1 > -+ > 8 > & > 0 and the delays f3; and h; satisfy the inequalities
ﬁmz >[3m271 > >B1,hm1 >hm171 > >hy .

The fractional degree characteristic quasi-polynomial of the system (3.31)) has
the form

D(s s) + 2 pi(s)exp(—s'h;). (9.34)

The fractional degree characteristic quasi-polynomial (9.34) is

a) of the retarded type if deg po(s) > degp;(s) foralli=1,2,...,my,
b) of the neutral type if deg po(s) = deg p;i(s) for at least one i = 1,2,...,m;.
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We will consider the time-delay systems of the retarded type, i.e. the systems satis-
fying the assumption deg po(s) > degp;(s) foralli = 1,2,...,m;.

Moreover, we assume that deg go(s) > degq;(s), j=1,2,...,my, and deg po(s) >
degqo(s) in order to deal with strictly proper systems. Suppose that N(s) and D(s)
have no common zeros in {Re s > 0}\{0}.

Theorem 9.6. [9] The fractional system with the transfer function (9.31) is stable
if and only if the fractional degree characteristic quasi-polynomial (0.34) is stable,
i.e. all its zeros have negative real parts, that is

D(s) #0 for Res>0. (9.35)

Similarly as in the case of fractional order systems without delays [307], we intro-
duce the following classification of the fractional order systems with delays.
The fractional order system with delays described by the transfer function

(9.31) is:

a) of commensurate order if
o =ka (k=0,1,....n) and & =ko (k=0,1,...,m), (9.36)

where o > 0 is a real number,

b) of rational order if it is a commensurate order and ot = 1/¢, where ¢ is a positive
integer (in suchacase 0 < o < 1),

¢) of non-commensurate order if does not hold.

A numerical algorithm for stability testing of fractional order systems with delays
(of non-commensurate order, in general) has been given in [70]. This algorithm
is based on the use of the Cauchy integral theorem and solving an initial-value
problem.

In this section following [21] new necessary and sufficient conditions for sta-
bility in frequency domain of fractional characteristic quasi-polynomials will
be proposed. First, the characteristic quasi-polynomial of commensurate degree will
be analyzed and frequency domain method for stability will be given. Next, the fre-
quency domain method for stability analysis of the characteristic quasi-polynomial
of non-commensurate degree will be proposed.

The system with delays of fractional commensurate order is described by the
transfer function (9.31) with

n

pi(s) = Y, aygs™®, i=0,1,....m, (9.37)
k=0

qi(s) = Y bys®, j=0,1,....m. (9.38)
k=0

In such a case, applying substitution A = s* in (©.37), (9.38) and (0.31)) we obtain
the associated transfer function of natural order of the form
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501y Go(A) + X2, Gj(A) exp(—A"/*B;), A

where
n
pi(d) = Y agA*, i=0,1,...,m, (9.40a)
k=0
GiA) =Y bk, j=0.1,....m, (9.40b)
k=0

are natural number degree polynomials.
Hence, in the case of system with delays of fractional commensurate order we
can consider the natural degree quasi-polynomial

D(A) = po(A)+ Y, pi(A)exp(—A"*hy), (9.41)
i=1

associated with the characteristic quasi-polynomial (9.34)) of fractional order.

Lemma 9.4. All zeros of the fractional quasi-polynomial (9.34) of commensurate
degree satisfy the condition (9.33)) if and only if all zeros of the associated natural
degree quasi-polynomial (9.41)) satisfy the condition

|argA| > ocg. (9.42)
Proof. From Theorem [0.6] it follows that boundary of the stability region of frac-
tional quasi-polynomial is the imaginary axis of complex s-plane with the
parametric description s = j@, @ € (—oo,0). Zeros of fractional quasi-polynomial
D(s) of the form and the associated natural degree quasi-polynomial D(A)
of the form (9.41)) satisfy the relationship A = s*. Hence, boundary of the stability
region in the complex A -plane of the natural degree quasi-polynomial (9.41) has the
parametric description

A= (jo)* =|w|%/*? @ (—o,o). (9.43)

All zeros of quasi-polynomial lie in the stability region with the boundary
(©-43) if and only if holds. This completes the proof. O

It is easy to see that for 0 < o < 1 the condition (@.42)) holds for zeros of quasi-
polynomial ([@.41) lying in the stability region shown in Fig. This region is
reduced to the open left half-plane of the complex A-plane for o = 1.

From and Fig.0.Tlit follows that if 1 < o < 2 then the "stability region" is
a cone in the open left half-plane.

From the fundamental properties of distribution of zeros of quasi-polynomials
(see [6, 15, 64, 66, 65], for example) it follows that natural degree quasi-polynomial
(9.41)) of the retarded type always has at least one chain of asymptotic zeros satisfy-
ing the conditions
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lim ReAd = —oo, lim ImA = Zeo.
|A]—e ||

Therefore, the condition (9.42) with & > 1 does not hold for the asymptotic zeros
of quasi-polynomial (9.41). Therefore, we have the following important lemma.

Lemma 9.5. The fractional quasi-polynomial (9.34) of commensurate degree (the
condition (9.36) holds) is unstable for any o > 1.

In the stability theory of polynomials or quasi-polynomials of natural degree, the
asymptotic stability (all zeros have negative real parts) and more general case of
stability, namely the D-stability (all zeros lie in the open region D in the open left
half-plane of complex plane), are considered [14, 15].

From the above and Lemma 9.4 we have the following lemmas.

Lemma 9.6. The fractional quasi-polynomial of commensurate degree is sta-
ble if and only if the associated natural degree quasi-polynomial (0.41) is D-stable,
where parametric description of boundary of the region D has the form (0.43) with
0 < o < 1 (see Fig.[9]).

Lemma 9.7. The fractional quasi-polynomial of commensurate degree with
0 < a <1 is stable if the associated natural degree quasi-polynomial is
asymptotically stable, i.e. all zeros of this quasi-polynomial have negative real parts
(the condition holds for oo = 1).

By generalization of the Mikhailov theorem (see [14, 15, 75], for example) to the
fractional degree characteristic quasi-polynomial (9.34) of commensurate degree we
obtain the following theorem.

Theorem 9.7. The fractional characteristic quasi-polynomial (9.34) of commensu-
rate degree is stable if and only if

Aarg D(jo) =nm/2, (9.44)

0<w<eoo

which means that plot of D(j®) with @ increasing from Q to o runs in the positive
direction by n quadrants of the complex plane, missing the origin of this plane.

Proof. Because D((jw)*) = D(jw), the condition (9.44)) is necessary and sufficient
for D-stability of natural degree quasi-polynomial (9.41) [15]. The proof follows
immediately from Lemma 9.6. O

Plot of the function D(jw), where D(jw) = D(s) for s = jo (D(s) has the form
(©34)) will be called the generalized (to the class of fractional degree quasi-
polynomials) Mikhailov plot.

In general case checking the condition of Theorem[0.7]is difficult task, since

a) D(jw) quickly tends to infinity as @ grows to oo,
b) the delay terms in D(s) generate an infinite number of spiral for s = jo and
QRS (_°°a °°)
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Therefore, Theorem is not practically reliable. Moreover, this theorem is true
only in the case of commensurate degree fractional quasi-polynomials.
To remove the difficulty a), we introduce the rational function

_ D(s)
v = o (9.45)

instead of fractional degree quasi-polynomial D(s) of the form (0.34).

In (O.43) w,(s) is the reference fractional polynomial (fractional quasi-poly- no-
mial) of the same degree o, as quasi-polynomial (@.34). We will assume that this
polynomial is stable, i.e.

we(s)#0 for Res>0. (9.46)
The reference fractional polynomial w,(s) can be chosen in the form
Wr(s) = don (S + C)anv c> 07 (947)

where ag, is the coefficient of 5% in polynomial py(s) of the form (@.32)) for i = 0.
Note that the reference polynomial (9.47)) is stable for ¢ > 0.

Theorem 9.8. The fractional characteristic polynomial (0.34) (of commensurate or
non-commensurate degree) is stable if and only if

Aarg y(jo)=0, (9.48)

we(_mvw)
where y(jw) = y(s) for s = jo and y(s) is defined by (9.43).
Proof. From (9.4)) for s = jw it follows that

Aarg y(jo)= Aarg D(jo)— Aarg w,.(jo). (9.49)

we(_mv"o) we(_wvw) we(_mv"o)

By the assumption the reference polynomial w,(s) of the same fractional degree as
quasi-polynomial (9.34) is stable. Therefore, the fractional quasi-polynomial (9.34)
is stable if and only if

Aarg D(jo)= Aarg w.(jo), (9.50)
OE(—o0,00) WE(—o0,00)
which holds if and only if (9.48) is satisfied. O

Plot of the function W(j®), ® € (—oo,0) (y(s) is defined by (@.43)) and will be
called the generalized modified Mikhailov plot.

The condition of Theorem[9.8lholds if and only if the generalized modified
Mikhailov plot y(jw) does not encircle the origin of the complex plane as @ runs
from —oo to oo.
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Form (9.43)), (9.34) and (9.47)) we have

. N D(jo)
a)ll)njzooW(‘]w) - a)l—l)njzoo Wr<]w> - 17 (9513)

and

D(0)  ago+aio+---+dmo

0)= = = 9.51b

v(0) o (0) o (9.51b)
From the above it follows that the generalized modified Mikhailov plot encircles or
cross the origin of the complex plane if y(j0) < 0. Hence, we have the following

lemma.

Lemma 9.8. The fractional characteristic quasi-polynomial (9.34) of commensu-
rate or non-commensurate degree is unstable if

appt+aip+---+amo

<0.

aon
Example 9.3. Check the stability of fractional order system with delays with char-
acteristic quasi-polynomial of the form

D(s) = s> — 1.55 — 1.5sexp(—sh) +4s'/% + 8. (9.52)

For o = 1/2 and A = 5% = 5'/2 from (9.32) one obtains the following associated
fractional quasi-polynomial of natural degree

D(A) =A% —1.54% = 1.50%exp(—A%h) + 4L +8. (9.53)

From Lemma 9.6 it follows that fractional quasi-polynomial of commensu-
rate degree is stable (all its zeros satisfy the condition (0.33)) if and only if the
natural degree quasi-polynomial is D-stable, where the region D is shown in
Fig. BTl with oo = 1/2.

Substituting 4 = 0 in and we obtain, respectively, the fractional and
natural degree polynomials D(s) = 53/ —3s+4s'/2 +8 and D(A) = 13 —3A% +
42 + 8. Polynomial D(1) has the following zeros: A; = —1, A3 =2=£j2. Zeros Ay
and A3 lie on the boundary of D-stability region which means that polynomial D(A)
is not D-stable and the fractional quasi-polynomial is unstable for 4 = 0. In
[255] it was shown (see also [70]) that the fractional quasi-polynomial is
stable for a few intervals of values of the delay i, where H; = (0.04986,0.78539)
is the first interval of stability.

We check stability of the fractional characteristic quasi-polynomial with
h=0.1.

Plot of the function for s = jw and o € [0,500], where D(s) has the form
for h = 0.1 and w,(s) = (s+5)?/2, is shown in Fig. 0.6l According to
we have y(0) = 8/5%2 = 0.7155, al)lilzo y(jo) = 1. The plot is symmetrical with

respect to the real axis for negative values of frequency ®. This plot does not encircle
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_06 i i i i i
0 0.2 0.4 0.6 0.8 1 1.2
Re

Fig. 9.6 Plot of for s = jw, € [0,500], w,(s) = (s +5)3/2

the origin of the complex plane, and by Theorem 0.8] the fractional system with
characteristic quasi-polynomial (9.52) with 2 = 0.1 is stable.

Example 9.4. Consider the control system shown in Fig. with fractional order
plant described by the transfer function

670.5s
P(s) =173 05 (9.54)
and fractional PID controller
1
C(s) =K+ - + DsH, (9.55)
s

where A = 1.1011, u = 0.1855, K = 1.4098, I = 1.6486, D = —0.2139 [305].

Fig. 9.7 The feedback con- Yo(t) u(t) y(t)
trol system. Illustration to C(s) G(s) >
Example 9.4.

Characteristic quasi-polynomial of the closed-loop system has the form

D(s) = V2 4 b+ (Ks* + D' TH 4 1)e 705 (9.56)
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The control system with characteristic quasi-polynomial is stable if and only
if all zeros of have negative real parts.

To check the stability we apply Theorem with the reference polynomial
wy(s) = (s+ 10)1%911 In such a case the function has the form

51'6011 _|_Sl.l()ll+(1_4098Sl.1011_0.21395,1.2866_"_1.6486)870.53‘
y(s) = (T 10)Te0nT . (9.57)

Plot of the function (9.57)) for s = j®, © € (—oo,0), is shown in Fig. where

lim y(jo)=1, w(0)=1.6486/10"" =0.0413. (9.58)

W—+teo

Fig. 9.8 Plot of the function (9.37) for s = jw, @ € (—eo, )

From Fig. [0.8] it follows that the generalized modified Mikhailov plot y(j®)
does not encircle the origin of the complex plane. Therefore, by Theorem the
fractional control system with characteristic quasi-polynomial (9.56) is stable.

9.3 Fractional Discrete-Time Systems

Consider a fractional linear discrete-time dynamical system with the transfer

function

G(Z) _ meBm +bm_lzﬁm71 4 bOZﬁO
anOl,, -+ anflza”_l + -+ aOZaO ’

(9.59)
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where: o, > 01 > -+ > 09 >0, By > Bt > -+ > Po > 0 are real numbers, a;
(i=0,1,...,n) and by (k=0,1,...,m) are real coefficients.

In general case, transfer function describes the fractional systems of non-
commensurate order with characteristic function

w(z) = anz™ + an—12%' + -+ apz™. (9.60)

The function will be called the polynomial of fractional degree or fractional
polynomial.

Similarly as in the case of fractional continuous-time systems [307], we have the
following classification.

The system described by transfer function (9.39) is of non-commensurate order.

This system is of a commensurate order if o; =it (i =0,1,...,n) and B = ko
(k=0,1,...,m), moreover

a) if ¢ =1/q (g > 1 is a positive integer), then system (9.39) is called the system
of rational commensurate order,

b) if does not exist a positive integer ¢ > 1 such that oc = 1/q then system
is called the system of fractional commensurate non-rational order.

The system of fractional commensurate order is described by the transfer function

b2 + by 12V 4+ biz% + by

G(z) = 9.61
&) anZ" +ap 12O 4 4 a12% +ag ©-6oD
with the characteristic polynomial of fractional degree
w(2) = an?"® +ap 12"V 12 +a, (9.62)

where o € (0,1] is a real number.
Following [60] we can formulate the following theorem.

Theorem 9.9. The discrete-time system of fractional order is stable if and only if its
characteristic polynomial (9.60) (or (9.62)) of fractional degree is stable, i.e.

w(@) £0 for |z|>1. (9.63)

Substituting A = z% in (9.61)) we obtain the associated transfer function of natural

order

G(A) = buA™ + by A" -+ b1 + by
()= apA" +ap A4 ad+ag

From (9.64) it follows that with the fractional degree characteristic polynomial

is associated the natural degree polynomial

(9.64)

WA) = a A" +ay, A" 4 aid 4 ag. (9.65)

The characteristic polynomial ([©.60) of the system described by transfer function
(©:39) is a multivalued function whose domain is a Riemann surface [256, 307]. In



9.3 Fractional Discrete-Time Systems 207

general, this surface has an infinite number of sheets. The number of sheets is finite
only if the polynomial is of rational commensurate degree, i.e. it has the form
(©.62) with oc = 1/g, where ¢ > 1 is an integer.

Note that the transfer function almost always can be written in the form
©61) with « =1/gand g > 1.

If z=|z|e/?, then with @ = 1/q we have

%= Yz= |l O FR |k =0,1,2,....9—1. (9.66)

From (9.66) and the relation A = z* it follows that |A| < 1 if and only if |z| < 1.
Therefore, we have the following theorem.

Theorem 9.10. The discrete-time system of fractional rational commensurate order
is stable if and only if the condition Q.63)) is met, or equivalently, all zeros A; of the
associated polynomial (9.63) of natural degree satisfy the condition

Nil<1, i=12,...n. (9.67)

By Theorem[9. 10 the stability checking of discrete-time system (9.39) of fractional
rational commensurate order can be reduced to checking of location of zeros of
associated polynomial ([©.63) in the unit circle.

Investigation of stability of the fractional system with transfer function by
checking the condition for all zeros of natural degree polynomial (9.65) can
be inconvenient with regard on high degree of this polynomial.

If, for example, the characteristic polynomial of fractional degree is of the
form [60]

w(z) =223 4022223 10135 404247+ 1, (9.68)

then for o = 1/35 and A = z% = z'/35 we obtain the associated polynomial of natural
degree
Ww(A) =A% 402472401421 404020+ 1, (9.69)

which has degree equal to 61 and only 5 non-zero components.

To avoid this inconvenience, in [60] has been proposed the determination of the
associated polynomial of natural degree not in the form of polynomial of one vari-
able but in the form of polynomial of several independent variables. To investigation
of stability of such polynomial, the LMI methods can be used.

In this section following [23] a computer method for stability analysis of linear
discrete-time systems of fractional rational commensurate order which characteris-
tic polynomial has the form with & = 1/¢ and ¢ > 1 will be presented. The
method proposed is based on the modified Mikhailov criterion. This criterion will
be applied to the associated polynomial of natural degree.

In the case of discrete-time systems (of natural or fractional orders) the stabil-
ity region is the open unit circle which boundary has the parametric description
exp(jor), o € [0,2]. We can consider the interval @ € [0, 1] in the case of polyno-
mials with real coefficients.
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Applying the Mikhailov criterion to stability investigation of the associated poly-
nomial (9.63) and using Theorem [0.10] we obtain the following theorem.

Theorem 9.11. The discrete-time system of fractional rational commensurate order
is stable if and only if
Aarg w(exp(jor)) = nm, (9.70)
0<w<l1
i.e. if the plot of w(exp(jon)) (the Mikhailov plot) with ® increasing from 0 to 1
encircles in the positive direction n/2 times the origin of the complex plane, where
w(exp(jor)) =w(A) for A = exp(jor).

Application of Theorem[9.1]to the investigation of stability of the fractional system
is usually enough difficult since the degree of associated polynomial is high.
The essential problems are connected with determination of number of encir-
clement of the origin of the complex plane by the Mikhailov plot. For example, for
stable polynomial of natural order 61 the number of encirclement is equal to 30.5.
To avoid this inconvenience, we will apply the modified Mikhailov criterion [14]
to investigation of the stability of associated polynomial of natural degree.
Let wy(2) be any stable polynomial of the same degree n as polynomial (9.63).
We will call this polynomial the reference polynomial.
The reference polynomial can be chosen in the form

wo(A) = anA”, 9.71)

where a, is the coefficient of polynomial [@.62) (and ([©.63)).
We will consider the rational function

y(A) =w(A)/wo(4), 9.72)

instead of fractional degree polynomial (9:63) (or ([©.62)), where wo(A) is the refer-
ence polynomial.

Theorem 9.12. The discrete-time system of fractional rational commensurate order
is stable if and only if
Aarg y(exp(jor)) =0, (9.73)

0<w<1

where y(exp(jon)) = y(A) for A = exp(jorn), i.e. the plot of y(exp(jor))
(called the modified Mikhailov plot) does not encircle the origin of the complex
plane as @ runs from 0 to 1.

Proof. By assumption the reference polynomial wy(A) is stable and the condition
holds for this polynomial.

From (9.72) it follows that A arg y(.) = A argw(.) — A argwy(.). Hence, (9.70) holds
if and only if (9.73)) is satisfied. O
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If the reference polynomial is of the form (9.71)), then from (9.63) and (9.72) we
have

w(e?) = y(1) =w(l)/a, = ai Ya, 9.74)
n =0
V) =y = (PR = o S0 e 979

Note that the plot of y(exp(jwm)) encircles or crosses the origin of the complex
plane if
(—D)"w(=1)w(1) <0. (9.76)

In this case the condition (9.73) is not satisfied. Hence, we have the following
lemma.

Lemma 9.9. The discrete-time system of fractional rational commensurate order
with characteristic polynomial @.62)) is unstable if the condition (0.76) is met.

Example 9.5. Check stability of the fractional system with characteristic fractional
polynomial (9.68)) and the associated natural degree polynomial (9.69).

We apply Theorem[0.12 with the reference polynomial of the form wo (1) = A1

Plot of the function

. Ww(exp(jor))
exp(jorn)) = PR g 10,10, (9.77)
viexp(jom) = SO oo,

is shown in Fig. According to and (©.73), this plot begins and finishes in
the points

w(1) = W(l):iai:2.7, (9.78)
i=0
w(=1) = (—1)"o(~1) = i(-l)f“ai ~=-05. (9.79)
i=0

These points are denoted by e in Fig.

Plot of the function (9.77) many times encloses the origin of the complex plane
and by Theorem[9.12] the system is unstable.

The same result we obtain from Lemmal[9.9] since

(—1)"w(—1)w(1) = —1.35 < 0.

Example 9.6. Check stability of the fractional system with characteristic polynomial
of the form [60]
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-2
-1

Fig. 9.9 Plot of the function (9.77)). Illustration to Example 9.5.

w(z) = 835 40.27572/5 4+ 0.1479754/3% 4+ 0.16535/3
— 0.23512%/35+0.009457247/3 4+ 0.041447%/3
— 0.08902z*/3 +0.0213z4%/% +0.4983741/3
+0.02522%7 - 0.04937%/% 1.0.0542177/%
1 0.110712%6/35 1003587 4 0.128434/35 1 0.07794732/35
+ 0.02882°1/35 4 0.00964257 — 0.3090172/35+

— 0.00132227/35 — 0.003477%0/3% — 0.033787°/7
—0.1669724/35 10.12742%2/35 —0.007257%/5
+0.1676z*7 4 0.078582'/35 4+ 0.077287'7/%

+ 0.0031937/7 — 0.0144982%/5 4+ 0.070917'2/3

— 0.045987%/7 —0.01123z'/° +0.0793z'/7 4 0.0007197 .

Assuming ¢ = 35, a = 1/35 and substituting A = z% = z!/35 we obtain the associ-

ated polynomial of natural degree
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W(d) = A% 4+0.27574%0 4+ 0.14791%* +0.16531°"
— 0.2351A% +0.0094571%7 +0.04144 14
— 0.08902A* 4 0.02134%? 4 0.49831.4!
+ 0.0252440 — 0.04931% 4+ 0.054211°%
+ 0.11071A%° 4+0.03584% 4-0.128413* 4-0.077941 %
+ 0.02884%' +0.0096413° — 0.309011%°
—0.001324%7 —0.003471%6 — 0.033781%
— 0.1669A%* +0.12742%2 — 0.00725).%"
+ 0.16764%° +0.078581 ' 4 0.077281"7
+ 0.003193415 — 0.0144981'* +0.070912.'?
— 0.045981'° —0.0112317 4-0.07934° +0.0007197 .

05 0 1 2 3 Re

Fig. 9.10 Plot of the function (9.77). Illustration to Example 9.6.

Plot of the function (9.77) with the polynomial w(4) and the reference polyno-
mial as in Example 9.5, is shown in Fig. This plot begins with @ = 0 in the
point y(1) =w(1) =1.6173 and finishes for @ = 1 in the point y(—1) = —w(—1) =
0.5177. These points are denoted by e in Fig.

The plot shown in Fig. does not encircle the origin of the complex plane,
and by Theorem [0.12] the fractional system is stable.

9.4 Robust Stability of Convex Combination of Two Fractional
Polynomials

Consider the fractional degree polynomial

w(s,p) =wi(s) +pwa(s), peP (9.80)
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linearly dependent on one uncertain parameter p, where P = [p~, p™| with p~ < p*
is the value set of uncertain parameter and
wi(s) = aips® 4+ ai 15+ +a s +anp, (9.81a)
wa(s) = a27msﬁm + azﬁm,lsﬁm—l 4. —|—a2_,1sﬁ1 +az, (9.81b)
are given polynomials of fractional degrees where oy, > ¢, > --- > ¢p > 0 and
Bn > Bn—1 > ---> B1 > 0 are arbitrary real numbers, a;; (i =0,1,...,n) and a; ;
(k=0,1,...,m) are real coefficients.

The polynomial (9.80) with uncertain parameter can be written in the form of
convex combination of two fractional degrees polynomials

W(S7Q) = {W(qu) qeEQ= [071]}a (9.82)

where
w(s,q) = (1= q)wals) +gws(s), (9.83)

withg=(p—p~)/(p* —p~) and

Wa(s) = w(s,p”) = wi(s) +p~wa(s)

= a,s" +a,_ 18"+ +ais" +ag, (9.84a)
wy(s) = w(s,p*) = wi(s)+pFwa(s)
= bps" + by 15"+ -+ bis" + by, (9.84b)

withy, =0, and y, > Y1 > --- > 71 > 0.

In general case the family of fractional polynomials is of the non-com-
mensurate degree.

This family is of the commensurate degree, if polynomials have commen-
surate degrees, i.e. if y; =iyfori=0,1,...,nand 0 < y < 1. In such a case polyno-
mials (©.84) can be written in the forms of natural degree polynomials

wa(A) = apA" +ap A" - Fa A +ap , (9.85a)
Wp(A) = byA" + by 1 A" Vb b A+ by (9.85b)

where A = s7.
We will assume that the leading coefficient of the polynomial ([9.83)) is non-zero
forallg € Q,i.e.
(1—q)an+qb, #0, Vg€ Q.

If the above condition holds then the family of fractional polynomials is
degree invariant.

From the theory of stability of fractional order systems given by [198, 199] and
[307], for example, we have the following theorem.

Let w(s) be any fixed fractional degree polynomial.
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Theorem 9.13. The fractional order system with characteristic polynomial w(s) is
stable if and only if the fractional degree characteristic polynomial w(s) is stable,
i.e. w(s) has no zeros in the closed right-half of the Riemann complex surface, i.e.

w(s) #0 for Res>D0. (9.86)

The fractional order polynomial w(s) is a multivalued function whose domain is a
Riemann surface. In general case, this surface has an infinite number of sheets and
the fractional polynomial w(s) has an infinite number of zeros. Only a finite number
of which will be in the main sheet of the Riemann surface. For stability reasons only
the main sheet defined by — 7 < args < & can be considered [307].

Definition 9.1. The family (9.82) of fractional degree polynomials is called robustly
stable, if polynomial w(s, q) is stable for all g € Q.

By generalization of Theorem[9.13|to the robust stability case we obtain the follow-
ing theorem [19].

Theorem 9.14. An uncertain system of fractional order with characteristic polyno-
mial is robustly stable if and only if the family of fractional degree
characteristic polynomials is robustly stable, i.e. w(s,q) has no zeros in the closed
right-half of the Riemann complex surface for all g € Q, that is

w(s,q) #0 for Res>0 andforall qe€Q. (9.87)

The problem of robust stability analysis of family of fractional polynomials
was considered in [29] in the case of commensurate degrees of polynomials (9.84),
ie. with 4, =1iy,i=0,1,...,n,0 <y < 1. In such a case family is robustly
stable if and only if all zeros of the polynomial w(4,q) = (1 — g)ws(1) 4+ gwp(A)
with w, (1) and wy (1) of the forms satisfy the condition |argA| > 0.5yx for
allge 0 =10,1].

In this section following [19] the frequency domain methods for robust stability
analysis of family of fractional polynomials of non-commensurate degrees
will be presented. The methods proposed are based on the Argument Principle and
they are a generalization to the fractional polynomials case of the methods given in
[14] in the case of natural degree polynomials.

First we consider the problem of stability analysis of fixed fractional polynomial
of non-commensurate degree, in general, of the form

W(S) :ansan +an71san71 +...+alsa1 +a07 (988)

where o, > o, > --- > ap > 0 are real numbers.
From [17] we have the following frequency domain method for stability analysis
of the fractional polynomial (9.88§]).
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Theorem 9.15. The fractional degree polynomial (9.88)) is stable if and only if

Aarg y(jo)=0, (9.89)

we(fw)w)

with y(jo) = y(s) for s = jo and

is) = —=%, (9.90)

where w,(s) is the reference fractional polynomial of the same order o4, as (9.88)
and it is stable, i.e.
wr(s)#£0 for Res>0. (9.91)

Proof. From (9.90) for s = jw it follows that
Aargy(jo) =Aargw(jo) —Aargw,(jo).

By assumption the reference polynomial w, (s) of the same fractional degree as poly-
nomial (9:88) is stable. Therefore, the fractional polynomial (9.88) is stable if and
only if

Aarg w(jo)= Aarg w,(jo),

WE(—o0,00) WE(—o0,00)
which holds if and only if (9.89) is satisfied. O

The reference fractional polynomial w,(s) can be chosen in the form
wi(s) = an(s+¢)*, ¢>0. (9.92)

Note that for ¢ > 0 the reference polynomial is stable.
Condition ([@.89) of Theorem@. 13 holds if and only if the plot of y(j®) does not
encircle the origin of the complex plane as @ runs from —eo to +oco.

From (0.90), (0.88) and (9.92)) we have

. o w(jo)
wl—l»lgm W(]a)) - wl_lgtlm Wr(]w) - 17 (993)
and
w(0)  ao

0)= = . 9.94
v(0) W(0) ~ ance (9.94)
By Theorem [0.13] the fractional degree characteristic polynomial (9.88) is unstable
if ao/an <0.

Now we consider the robust stability problem of the family (9.82) of fractional

polynomials.

Without loss of generality we will assume that w,(s) is the nominal polynomial of
this family and that w,(s) is stable, i.e. w,(s) # 0 for Res > 0. Theorem[@.13]can by
used for stability analysis of this polynomial.
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Let w be any fixed real number. Substituting s = jo in (9.84) one obtain complex
numbers w,(jw) and wy,(jw) - values of polynomials w,(s) and wy(s) for s = jo.

Definition 9.2. For any fixed complex number s = j® the set defined by

w(jo,0) ={w(jo,q):q€ Q=10,1]}, (9.95)

where w(j®,q) has the form (9.83) for s = jw, is called the value set of the family
(9.82)) of fractional polynomials.

The value set ([©.93) is the straight line segment joining the points w,(j®) and
wp(jo) in the complex plane.

Theorem 9.16. Let the polynomial w,(s) be stable. Family (9.82) of fractional poly-
nomials is robustly stable if and only if the following condition (called as the Zero
Exclusion Condition)

0¢w(jo,0), VYoecQ=I[0,=), (9.96)
holds, where w(jw,Q) is defined by ([0.93).

Proof. If the condition (9.96) does not hold, then there exist ® = @ € 2 and g =
g € O such that w(j®@,g) = 0. This means that polynomial w(s,q) € W(s,Q) has
zero s = j® on the imaginary axis and the family (9.82) is robustly unstable.

Now we assume that the family (9.82) of fractional polynomials is robustly unstable.
Then in this family exists at least one unstable polynomial w(s,§) with § > 0. This
follows from the fact that the nominal polynomial w,(s) = w(s,0) by assumption is
stable.

From the above and continuous dependence of coefficients of the polynomial
w(s,q) on uncertain parameter ¢ it follows that there exists g € (0,§) such that
polynomial w(s,g) has at least one zero on the imaginary axis, i.e. w(jo,q) = 0 for
a some fixed @ € Q and the condition is not satisfied. O

If the condition (9.96)) holds then the origin of the complex plane is excluded from
the value set (@.93) for all @ € = [0, ). Therefore, the condition (9.96) is called
as the Zero Exclusion Condition, see [5], for example.

It is easy to see that w,(j®) and w,(j®) (endpoints of the value set for
fixed w) quickly tend to infinity as @ — co. Therefore, application of Theorem[0.16]
is in general case a difficult problem.

To remove this difficulty, similarly as in [14] in the case of natural degree poly-
nomials, we will consider the normalized value set instead of the value set ([9.93)).

Definition 9.3. Let the polynomial w,(s) be stable. For the fixed complex number
s = jo the value set defined by

Wnor(jva) = {Wnor(ja)aQ) geQ= [O, 1]}, (9.97a)
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with
Wior (J@,q) =w(jo,q)/wa(j®), wa(jo)#0, (9.97b)

where w(j®,q) has the form (0.83) for s = jo is called the normalized value set of
the family (©.82) of fractional polynomials.

For any fixed complex number s = j the normalized value set is the straight
line segment with endpoints wy,r(j®,0) = 1+ jO and wye(jo,1) = wp(jo)/
wa(jo). Because wyor(j®,0) = 1+ jO for all @ € Q, the normalized value set
(0.974) always lies near of the origin of the complex plane.

From the above and Theorem [0.16]it follows that the Zero Exclusion Condition
for the normalized value set can be formulated as follows.

Theorem 9.17. Let the nominal polynomial w,(s) be stable. Family of polynomials
(9.82) is robustly stable if and only if the following condition is satisfied

0 ¢ waor(j©,0), Vo € Q =10,0). (9.98)

The parametric description of the boundary of stability region, i.e. of the imaginary
axis of the complex plane, has the form s = j®, @ € (—oo,0). Zeroes of fractional
polynomials with real coefficients are complex conjugate. Therefore, in the Zero
Exclusion Conditions and we can consider only the interval Q = [0, )
of the parameter .

Satisfaction of the condition (3.98) can be checked directly by plotting the
normalized value set (straight line segment) for all fixed @ = i- Aw,
i=0,1,..., where Aw is the sufficiently small step.

Now we consider the methods for checking of the Zero Exclusion Condition
without plotting the normalized value set (©.974).

It is easy to see that if for fixed @ = @ € Q the straight line segment
crosses the origin of the complex plane then

Waor (J@, 1) = wp(j@) /wa(j@) <0,

since wyor(j@,0) = 1+ jO. In such case the following condition holds

|arg(wa(j@)) — arg(wy, (j©))| = 7, (9.99)

where arg(+) € [-7, 7).
From the above it follows that the condition of Theorem[9.17] holds if and
only if
o(w)#0, VYoeQ, (9.100)

where
p(0) =1 —|arg(w,(jo)) —arg(wp(jo))| (9.101)

is the testing function.
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Hence, we have the following lemma.

Lemma 9.10. Let the nominal polynomial w,(s) be stable. Family of polynomials
9.82) is robustly stable if and only if the condition (9.100) is satisfied.

Now we shall prove the following theorem.

Theorem 9.18. Ler the nominal polynomial w,(s) be stable. Family of polynomials
(9.82)) is robustly stable if and only if plot of the function

wp(j®)

8(j) = 2.

weQ, (9.102)

does not cross the non-positive part (—eo,0] of the real axis in the complex plane.

Proof. From the above considerations it follows that for any fixed @ € €2 the straight
line segment wy,,(j®,Q) with one endpoint wy,,(j®,0) = 1+ jO does not cross
the origin of the complex plane for all @w € € if and only if plot of the function
wp(jo)/we(jo), @ € Q, does not cross the non-positive part of the real axis. O

From (9.102) and (9.84)) it follows that

bO . . by
9(0) = — lim 9(jo)=—. 9.103
0= Jim d(je)= " (9.103)
Lemma 9.11. Let the nominal polynomial w,(s) be stable. Family (9.82) of frac-
tional polynomials is robustly unstable if by/ay < 0 or b, /a, < 0.

Proof. If by/ag < 0 or b, /a, < 0 then plot of the function (9.102) crosses the non-

positive part of the real axis and by Theorem [0.18] the family (9.82) of fractional
polynomials is unstable. 0O

Example 9.7. Consider the control system shown in Fig.[0.7] with the fractional order
plant described by the nominal transfer function

1 1
G = = 9.104
o) = 582 050951 Do(s) ©-104)
and fractional order PID controller
k:
C(s) = kp + = +kas. (9.105)
s

In [313] it was shown that closed loop system with the plant is stable and it
has the gain margin A,, = 1.3 and phase margin ¢,, = 60° for the controller
with A =0.1, p = 1.15, k, = 233.4234, k; = 22.3972 and k; = 18.5274, i.e. for the
controller PID with the transfer function

18.52745'25 4+ 233.4234501 +22.3972 N, (s)
Cls) = 0.1 = :
s D.(s)

(9.106)
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Characteristic polynomial of the closed loop system with the plant (9.104) and con-
troller (9.106)) has the form

weo(s) = Do(s)D¢(s) + N (s)
= 0.85>3 +18.52745"% 4+ 0.55 + 234.42345°1 +22.3971. (9.107)

It is assumed that the model of the plant is not precisely known and it is described
by the family of transfer functions

1 1
G(s,p) = Dol + pAGs) D(s’p),peP: [—1,1], (9.108)

where Dy(s) has the form shown in (9.104) and
A(s) = 0.45>2+0.25%° 4+ 0.5 (9.109)

is the perturbation polynomial.
Characteristic polynomial of the closed loop system with the plant (9.108) and
controller (9.106) has the form

Wc(s,p) = D(SJ))DC(S) +Nc(s)
= [Do(s)Dc(s) + Ne(s)] + pA(s)De(s)
= weo(s) + pA(s)Dc(s) = weo(s) + pd(s), 9.110)

where p € P = [—1,1], weo(s) has the form (©.107) and

d(s) = 0.4s*3 +0.25 +0.55". (9.111)
The polynomial with uncertain parameter p € P = [—1, 1] can be written in
the form
w(s,q) = (1= q)wa(s) +qwp(s),g € 0 =0,1], (9.112)
where
wa(s) = we(s,p~ ) =weo(s) —d(s), (9.113a)
wy(s) = we(s,pT) = weo(s) +d(s). (9.113b)

For the given polynomials wo(s) and d(s) from @.113) we have

Wa(s) = 0.45%3 +18.52745'2° +0.35 +233.92345%1 +22.3971, (9.114)
wp(s) = 1.25%3 +18.5274s"% 4+ 0.75 4 234.92345"1 +22.3971. (9.115)

First, we check stability of the polynomial (9.114).

Plot of the function (jo)
. wa(jo

o) = — (9.116)
y(jo) wr(jo)
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where w, (s) has the form (0.114) and w,(s) = 0.4(s + 10)>3 is the reference frac-
tional polynomial, is shown in Fig.@.11] From ([©.93), (©:94) we have

22.3971

Y(0) = 57 ozr =02806,  lim y(jo)=1.

From Fig. it follows that the plot of y(j®) does not encircle the origin of
the complex plane. By Theorem[9.13] the nominal polynomial is stable.

imag T T T T . T

0 1 2 3 real

Fig. 9.11 Plot of the function (0.116)

Plot of the function (@.102) with w,(s) and wy(s) of the forms (@.114) and

(O113), respectively, is shown in Fig. From (0.103) and (©.114), (O.113) we

have 0) Lo
Wp . . .
o0 =m0 = S ole) =57 =3 (9.117)

The plot of ¥(jw) does not cross of the non-positive part of the real axis and by
Theorem 0.18] the system is robustly stable. Therefore, the control system with the
controller (0.106) and uncertain plant (9.108) is stable for all p € P = [—1,1].



220 9 Stability Analysis of Fractional Linear Systems in Frequency Domain

imag T T T T T

0.5 1 2 3 real

Fig. 9.12 Plot of the function ¥ (jw) defined by (9.102)



Chapter 10

Stabilization of Positive and Fractional Linear

Systems

10.1 Fractional Discrete-Time Linear Systems with Delays

Consider the fractional discrete-time linear system with & delays:

i+1 h
Xip1 = 3 (—1)7H! (J.)xij+1+ > (Akxik+Biui—y), i € Ly,
j=1 k=0

vi =Cxi+Du;, 0<a<l,
and with the state-feedback
u;=Kx;, i€Zy,

where K € R™*" is a gain matrix.
We are looking for a gain matrix K such that the closed-loop system

h i+1

Xis1 = Y (Ap+BiK + Iicigr ) Xick + Y, CiXimji1,
k=0 J=h+2

(o
Cj(l)]H(j) for j=1,...,i+1;

is positive and asymptotically stable.

(10.1a)

(10.1b)

(10.2)

(10.3)

Theorem 10.1. The fractional closed-loop system [[0.3) is positive and asymptoti-

cally stable if and only if there exists a diagonal matrix

A =diag[A ... 4], (10.4)
with positive diagonal entries Ay, > 0, k = 1,...,n and a matrix D € R™*" such that
(Ak+1nck+1)A -I-BkDERyJ’rX”, k=0,1,....h (10.5)

T. Kaczorek: Selected Problems of Fractional Systems Theory, LNCIS 411, pp. 221-p43.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011



222 10 Stabilization of Positive and Fractional Linear Systems

and
h

Y (AyA +ByD)1, <0, (10.6)
k=0

where 1, = [1,...,1]T ¢ R™",

The matrix K is given by
K=DA' (10.7)

Proof. First we shall show that the closed-loop system (IQ.3)) is positive if and only
if the condition (I0.3) is satisfied. Using (10.7) and (I0.3) we obtain

Ap+BiK + Iicir1 = Ax+BiDA ™' + Lici
= [(Ax + Iick+1) A + ByD] A~ € R (10.8)
since the condition (10.J) is met.
Taking into account that
KA1l,=DA 'A1l,=D1, and Al,=A, (10.9)
and using (8.47) we obtain
h h

> (A +BiK)+ Y Iucj— I | & = Y, (Ax+ ByK) AL,
k=0 j=1 k=0

=Y (Akd +BD)1, <0,  (10.10)
k=0

when the conditions (8.47) and (10.6) are satisfied.

By Theorem 8.12 the closed-loop system (I0.3) is asymptotically stable if and
only if the condition (T0.6) is met. O

If the conditions (I0.3) and (I0.6) are satisfied then the gain matrix K can be found
by the use of the following procedure:

Procedure 10.1

Step 1. Choose a diagonal matrix (I0.4) with A; > 0, k = 1,...,n and a matrix
D € R™ " satisfying the conditions (I0.3) and (I0.6).
Step 2. Using (I0.7) find the gain matrix K.

Example 10.1. Consider the fractional system (IQ.I) witch oc = 0.5, h =2 and

—04 04 0.1 0.05 ~0.04 0.05
o= [ 0.6 —0-3} AL [ 0.1 —0.1} A2 = [ 0.05 —0.05]’ (10.11)

fo= “] = [8%] B2 = [(?.615]' (10.12)
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Find a gain matrix K € R'*? such that the closed-loop system is positive and asymp-
totically stable.

The fractional system is positive but unstable since the matrices

(0.4 0.4 107 _[0.104
Aotali=10¢ —0.3] 05 {0 1} - {0.6 0.2}’

(0.1 0.05 107 [0.025 005
Artal=19, 0.1]“)'125[01} _[ 0.1 0.025]’ (10.13)
[-0.04 0.05 107 00225 0.05

Arteshi =105 —0.05} +0.0625 [o 1] _[ 0.05 0.0125}’

have positive entries and the characteristic polynomial of the matrix A = Ay +
A1+ A,

_|z+054 —05 |
det[lz—A] = { 075 Z+0.45] =27z"+0.99z-0.132, (10.14)
has one (ap = —0.132) negative entry. Using Procedure 10.1 we obtain the
following:
Step 1. We choose:
10
A= {0 1} , D=[-0.1-02], (10.15)
and we check the conditions (T0.3) and (10.6)
[0 02
(Ag+1,c1)A +BoD = 0.5 0 },
[0.005 0.01
Arthe) A+BID = | g 0.005]’
[0.0125 0.03
(A2 1) A+BaD =1 045 0.0025]’
and )
—0.43 0
> (AA+BD) 1, = {_0 045} < [0]. (10.16)
k=0 :

Thus, the conditions (I0.3) and (I0.6) are satisfied.
Step 2. Using (I0.7), we obtain the desired gain matrix

K=DA'=[-0.1-02]. (10.17)

The closed-loop system is positive and asymptotically stable since the matrices
(L0.13) have positive entries and the condition (10.16) is satisfied.
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10.2 Fractional Continuous-Time Linear Systems with Delays

Consider the fractional continuous-time linear system with delays

4ox(t) _ i [Awx(t — di) + Buu(t — dy)], (10.18)
dr® =

with the state-feedback
u(t) = Kx(t), (10.19)

where K € R™*" is a gain matrix.

Substituting (10.19) in (10.18)) we obtain the closed-loop system

d%x(t)
o = 2 At BK)a(t—dy), 0<a<l. (10.20)
k=0

The positive system with delays (10.20) is asymptotically stable if and only if the
positive system without delays

d%x(1)
dt®

q q
=(A+BK)x(t), A=Y A, B=) B, (10.21)
k=0 k=0

is asymptotically stable.

We are looking for a gain matrix K such that the closed-loop system (L10.20) is
positive and the zeros of the characteristic polynomial

det[L,s* — (A4 BK)] = (s*)" + @y (s“)" ' +---+a@s+ao, (10.22)
are located in the sector ¢ = 5.

Theorem 10.2. The closed-loop fractional system (10.20) is positive and the zeros
of the polynomial (10.22) are located in the sector ¢ = 7% if and only if there exist
a diagonal matrix

A =diag[Ay,..., Ay with A4 >0, k=1,...,m (10.23)
and a real matrix D € R™" such that the following conditions are satisfied

AA +BD € M,, (10.24)

(AA 4+ BD)1,, < 0. (10.25)

The gain matrix K is given by the formula

K=DA"!. (10.26)
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Proof. First we shall show that the closed-loop system (I0.20) is positive if and only
if (10.24) holds. Using (I0.20), (I0.21) and (I0.26) we obtain

q
> (Ax+BK) =A+BK=A+BDA ™' = (AA+BD)A™' € M,, (10.27)
k=0
if and only if the condition (10.24) is satisfied.

Taking into account that
KA1l,=DA 'A1,=D1, and Al,=1=[A1,..., 4", (10.28)
and using we obtain
(A+BK)A=(A+BK)A1l,=(AA+BD)1, <0. (10.29)

Therefore, by Theorem 8.4 the zeros of the characteristic polynomial (I0.22) are
located in the sector ¢ = 5z if and only if the condition (I0.25) is met. O

If the conditions of Theorem[10.2]are satisfied then the problem of stabilization can
be solved by the use of the following procedure:

Procedure 10.2

Step 1. Choose a diagonal matrix (10.23) with 4 >0,k =1,...,n and a real matrix
D € R™*" satisfying the conditions (10.24) and (I0.23).
Step 2. Using (I0.26) find the gain matrix K.

Example 10.2. Given the fractional system (10.18) with o = 0.8, ¢ = 2 and the
matrices

(0.5 0.3 —0.2] 0.3 04 —0.3
Ag=102 -1 0 |, A,=]01-05 0 |,
0 —02 1 | 0 —0.1 1
0.2 0.3 —0.5]
Ay=107-15 0 |, (10.30)
| 0 —0.7 05 |
[0 0.1 005 0 0.4
Bo=|0 0|, Bi=|0 0], Bb=|0 0
102 0 0.3 0 0.5 0

Find a gain matrix K € R?*3 such that the closed-loop system is positive and the
zeros of its characteristic polynomial are located in the sector ¢ = 5%

Note that the fractional system with (10.30)) is not positive since the matrices A,
A1 and A, have negative off-diagonal entries.
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In this case

2 11 —1 2 01
A=Y A=[1-30 |, B=YB=|00]. (10.31)
k=0 0-125 k=0 10

Using Procedure and (I0.31)) we obtain the following

Step 1. We choose
100 [0.52 -35

A=1]020|, D= ] (10.32)
001 | —40 1.4

and we check the condition (T0.24)

(1 1 =17[100] 01
AA+BD=[1-3 0 [|020]+ |00 [‘ii(z)_ff]
|10-125] (001 ] 10 '
[—3 2 04
= 1 -6 0 € Ms,
105 0 —1]
and the condition (10.23))
-3 2 04 1 —-0.6
(AA+BD)1,=| 1 -6 0 1= -5
05 0 —1 1 -0.5
Therefore, the conditions are satisfied.
Step 2. Using (I0.26) we obtain the gain matrix
1
100
052 -35 051 -3.5
_ -1 _ _
K=DA _{—40 1.4} 83(1) _{—40 1.4}

The closed-loop system is positive since the matrix

31 04
Ac=A+BK=|1 -3 0 |,
050 —1

is a Metzler matrix.
The characteristic polynomial

A+3 —1 —04
detbA —AJ=| =1 A+3 0 |[=A3+7A%+ 1381 +74,
—05 0 A+1
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has positive coefficients. Therefore, zeros of the characteristic polynomial of
the closed-loop system are located in the desired sector ¢ = %n.

10.3 Application of LMI to Stabilization of Fractional Linear
Systems

10.3.1 Fractional 1D Linear Systems

Definition 10.1. An inequality of the form
Fx)+Z >0 (10.33)

where x takes values in real vector space V, the mapping F : V — S" is linear, and
F € 8", is called the linear matrix inequality (LMI). The LMI is called feasible if
there exists an x € V such that the inequality (I0.33) is satisfied, otherwise the LMI
is called infeasible.

A matrix A = [a;;] € R"" is called the Metzler matrix if its off-diagonal entries are

nonnegative,i.e. a;j > 0fori# j,i,j=1,...,n. The matrix A = [a;;] € R"*" is called
Hurwitz matrix if it has all eigenvalues with negative real parts (the system x = Ax is
asymptotically stable). The matrix A = [a;;] € R"*" is called Schur matrix if it has

all eigenvalues with module less than one (the system x;,; = Ax; is asymptotically
stable).

Lemma 10.1. A Metzler matrix A € R"™" is Hurwitz matrix if and only if the LMI
block diag [ — (ATP+PA) , P] =0, (10.34)
is feasible with respect to the diagonal matrix P.

Remark 10.1. It is well-known that A € R’} is Schur matrix if and only if (A —1,) is
Hurwitz matrix.

Lemma 10.2. A nonnegative matrix A € R’ is Schur matrix if and only if the LMI
block diag {f ((Afln)TP+P(A—I,,)) ,P] -0, (10.35)
is feasible with respect to the diagonal matrix P.
Lemma 10.3. A nonnegative matrix A € R’} is Schur matrix if and only if the LMI
block diag[P—ATPA , P| -0 , (10.36)

is feasible with respect to the diagonal matrix P.
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Theorem 10.3. The positive fractional system (8.68) is practically stable if and only
if one of the following equivalent conditions holds:

a) The LMI
_Pl —AgPlAa —C]Agpl —Ch71A5P1 —ChAgpl
—c1PiAg ﬁzfc%Pl ... —cicp 1 PL —cienPy
block diag : : : : ,
_Chflplec _Clchflpl ﬁh—6%71P1 _Chflchpl
L _ChPIAa —Clchpl _ChflchPI Pthl—C%Pl
(PO ...0 O
0P~...0 O
ST -0, (10.37)
00...p O
L O O . O Ph+]
F’l:Pi_PH-h l:17 ;h’
is feasible with respect to the diagonal matrix Py, ..., Pyy|.
b) The LMI
_A£P1+P1Aa—2P1 Po4cPy ... cp 1P Py
P +cP —2P, ... 0 0
block diag : : TR : ,
ch1 Pt 0 coo 2Py Py
L cpPr 0 U A
(Pr0O...0 O
0P...0 0
SRR =0, (10.38)
00..P, 0
L 0 O 0 PI’H’I

is feasible with respect to the diagonal matrix Py, ..., Py.
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c) The LMI
[P 0o ... O 7A£P1 —P ... 0
0 P2 ce 0 —6‘1P1 0 ... 0
. 0 0 Ph+1 _ChPI 0 ... —Ph+1
block dlag —PlAa —ClPl —ChPl P1 0 ... 0 ’
—P, o ... 0 0 p ... 0
L 0 0 .7Ph+] 0 0 P}’H‘l B
[(Pr0...0 O
OP...0 O
A B AL (10.39)
00...Pp O
L O 0 0 Ph+]
is feasible with respect to the diagonal matrix Py, ..., Py.
Proof. Proof is given in [121]. 0O

Example 10.3. Using the LMI approaches check the practical stability of the posi-
tive fractional system

Aaxkﬂ =0.1x,, k€Z,4, (10.40)
foroo=0.5and h =2.
In this case we have:
1 1
= - =—, Ay=0.6
Cl 87 2 167 o )
and
Ay C1 C2 0.6 % 11_6
A=|100|=]100
010 010

Applying Theorem [[0.3] and using MATLAB environment together with SE-
DUMI solver and YALMIP parser we obtain for the LMI (10.37)

P —P,—ALPAy  —ciALPL —cALP P00
block dlag —c1PlAy P, —P;— C%P] —cic P , 1 0P 0 =0
—cyPlAg —cieaPy P3—d3p 0 0P
where
block diag [Py P, P3| = diag [7.8921 3.5026 2.1132] .
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For LMI (10.38)
AP+ PAy —2P Po+ 1Pl 2Py PO O
block diag P, +c 1P —2P; P ,10P 0 =0
C2P1 P3 —2P2 00 P3
where

block diag [Pl P Pg} = diag [6.9266 3.1156 2.6096} ,
and for LMI (10.39)

P 0 0 —ATP—P, 0O
0 P2 0 —6‘1P1 0 —P3 P00
. 0 0 P —cP 0 0 !
block diag _PiAy —ciPy —023P1 le ! 0 o |- l 8 I(’)z}()) ] >0
-p, 0 0 0 P 0 3
0 —P3 0 0 0 P
(10.41)
where
block diag [Py P, P3| = diag[7.7203 3.6738 2.2765 | .

Therefore, the LMIs are feasible with respect to the matrices Py, P>, P; and the
positive fractional system (10.40) is practically stable.

Example 10.4. Using the LMI approaches check the practical stability of the posi-
tive fractional system

A%y = {‘&2 H X, keZg, (10.42)

for oo = 0.8 and h = 2 and the following two values of the coefficient b:
a) b=-0.5, b) b=0.5.

In this case we have:
c1 =0.08, ¢, =0.032.

In Case a) we have:

(0.6 1
Aer = 10.103]
0.6 1 008 0 0032 0
- 0.103 0 008 0 0.032
_ |Ae i ab 100 0 0 0
Av=1L 0 0 0=1, 1 5 o o o
L0 L0 00 1 0 0 0
00 0 1 0 0
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In Case b) we have:

(0.6 1
Ay = 0.1 1.3]
06 1 008 0 0032 0
- 0113 0 008 0 0.032
_ Ag €1l c2ly 10 0 0 0 0
A=1h 0 0=, 9 09 0 0o o
L0 & 0 00 1 0 0 0
00 0 1 0 0

In Case a) applying Theorem[10.3]and using MATLAB environment together with
SEDUMI solver and YALMIP parser we obtain for the LMI (I0.37)
block diag [P} P, P3| =

block di 16.0915 0 42540 0 2.5726 0
ock diag 0 84368|°| 0 163556|'| 0 8.6007|(’

for LMI (10.38)

block diag [Py P, P3| =

block di 8.8848 0 25601 0 22771 0
ock diag 0 355971|'| 0 72962|'| 0 52364]|("

In Case b) for LMI (10.39) we obtain

block diag [Pl ) Pg} =

block diaed | 700834 0 04152 0 0.4417 0
¢ 0 —03933('| 0 0316|'| 0 0.685] "

In Case a) the positive fractional system (10.42) is practically stable. In Case b) the
positive fractional system (10.42)) is unstable for any /4 (not only for 4 = 2) since the
matrix Ag, has one diagonal entry grater then 1.

The characteristic polynomial of the matrix Ay, — I,

z—04 -1

p(Z> = det[ln(z'i' 1) _Aaz} =1 —o0.1 7—0.3

‘ =722-0.7z-0.22,

has two negative coefficients. Therefore, the system (10.42) is also unstable
for any A.

10.3.2 Positive 2D Linear Systems

Theorem 10.4. The positive Roesser model (3.40) is asymptotically stable if and
only if one of the following equivalent conditions is satisfied:
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a) LMI
. 2P, —AT P —PA;, —AT P,—PAp,
block dia 11 21 ,
& { [ 7A{2P1 —PAy 2P 7A§2P2 —PA»
PO
{0 PJ}»O , (10.43)
is feasible with respect to the diagonal matrices P, and P;.
b) LMI

block diag P — A\ PIAN — A} Ay —A[ PiAL —Af PyAn
_ATZPIAll _A§2P2A21 P2 _A’]rzplA]z —A;2P2A22 ’

P 0
{0 PJ } -0, (10.44)

is feasible with respect to the diagonal matrices P, and P».

Proof. By Theorem 8.10 the positive Roesser model (3.40) is asymptotically stable
if and only if the equivalent 1D system (8.42) is asymptotically stable. Using Lemma
10.2 to the system (8.42) we obtain LMI (10.43) since

. L, —AT, —AL [P O
block diag {[ —A1T2 I, —Agz 0 P,
n (PO [Ly,—An —An
0P| | —An Iy, —An

= blockdiag{ {2P1_A1T1P1_P1A11 —A P~ PlAp ] 7

—ALP —PAy 2P, —ALP — PAy

P 0]
el

Similarly, using Lemma 10.3 to the system (8.42) we obtain LMI (I0.44) since

. PO AT AT TP 0] [A Ay PO
block dia — |l ,
£ {[0 PJ {AszAgz 0P| |AAR| | 0P
. P —AT PLA; — AL PAyy —AT PlA, — AT PAS
— block dia 11 21 11 21 ,
& { [ —ALP A —ALPAY P —ALPAL, — AL P A,

PO
I 0

Theorem 10.5. The positive (general model) system (8.10) is asymptotically stable
if and only if one of the following equivalent conditions is satisfied:
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a) LMI
2
block diag [210 — Y (A{P+PAY) ,P| =0, (10.45)
k=0
is feasible with respect to the diagonal matrix P.
b) LMI
2 2
block diag | P— Y Y (A{PA;) ,P| =0, (10.46)
k=01=0
is feasible with respect to the diagonal matrix P.
c) LMI
block dia 2P — (AT +AT) P — P (A1 +Ay) =P, — PiAg
& —P,— Al P, P |
PO
{ 0 Pz} } >0, (10.47)
is feasible with respect to the diagonal matrices P, and P».
d) LMI
T T
block diag { [Pl — (A1 +ATz) P, (A] +A2) —-P — (A1 +A]g) PlA()} ,
—Ay Py (A1 -‘r—Az) P, —AyPAg

PO
[0 PJ } =0, (10.48)

is feasible with respect to the diagonal matrices P, and P;.

Corollary 10.1. The positive 2D SF-MM is asymptotically stable if and only if one
of the following equivalent conditions is satisfied:

a) LMI
2
block diag lzp — Y (A{P+PAy) ,P| -0, (10.49)
k=1
is feasible with respect to the diagonal matrix P.
b) LMI
2 2
block diag [ P— Y > (A{PA)) ,P| -0, (10.50)
k=11=1
is feasible with respect to the diagonal matrix P.
10.3.3 Positive 2D Linear Systems with Delays
Consider the positive 2D Roesser model with g delays
o q ho
L@fw} = Ay [x;fkal} . LjEZL, (10.51)
i,j+1 k=0 i,j—k
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where xf’j eRY, x;; € R? are the horizontal and vertical state vectors in the point

(i,j) and

ko Ak
e By

k k
A21 A22

(10.52)

Theorem 10.6. The positive Roesser model (I0.X]) is asymptotically stable if and
only if one of the following equivalent conditions is satisfied:

a) LMI
. Py Py
block dia,
g{ {le Py |’
where
2P) — (AT P) — PPAY, —P! —PA], ...
byt o
P = : :
—(AIHTPY 0
il 0
0 \TpO . p0A0 pOgl
(A31) fJZTJfI(J)IAZI PrAp, ..
(A3)" Py 0
Po=Pj =— : :
-1
“UTE
(A3,)" Py 0
2P) — (AS))T P — PRAG, —P) — PRA}, .
AN R
Pn = : I
_(A(le_])Tf(? 0
—(A3)" P 0

P =block diag [P} P! ... P!], k=12,

is feasible with respect to the diagonal matrices P, and P».

b) LMI o
. Py P2
block dia g ,
g{ {le Py
where
P, Pl
52 52
_ Ppy — PP,
Py = : , Pp=Py=—1 .
PIR]II ~1212

P 0
0 PJ }>0 , (10.53)
—1
—PPAT; T —PPAY|
0 0
: : . (10.54a)
p) L
—p! 2p!
-1
PPATy " PIAT,
0 0
L |, (10.54b)
0 0
0 0
—1
P! Pty
0 0
: . (10.54¢)
it Pt
-p]  2pP]
(10.54d)
PO
0 PJ }>o , (10.55)
P,
_ P
Py = ., (10.56)
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Py = [P} — P — (A) )TPPAw —(AYPAL,., —(A))T PPAY,,
—(A9)TPAY, ( DIPAY L —(A5) T PAY ],
By = [—(A1)"PPAY, Pl — P} — (A} PPALy, o, —(AL)TPPAT,
—(A3) " PAYy  —(Ag)) PAY oo, —(Ag)) T PYAY ],
P = [—(A1)TPAY,  —(A1)TPIAL . P - (AT PPAY,
—(AI)TPAS —(AS) T PAS . —(AS)T PAL T,
Bl = [(AI)TPAY, , (AY)TPPAL, , .., (AY)TPAT,
(A21)TP§A227 (AS)TPRAY, .., (AS))T PRAY,],
Ph = [(A1) PPAY, . (A1) PAL,, ..., (A" PPAY,
(A5)TPIAY, , (A3) PA, ..., (Ay) PAL,],
P = (1) PPAL, (AT ERAL o (A7 AT,
(A 21)TPOA22a (A9)TPAL, ., (AS)TPDAL,],
Py =[P ) PIAY,  —(A%)TPAS, ..., —(A) PAL,
—(A} )TP1OA12a (A D PPAL o, —(A) T PPAY,]
Py = [—(Ap) PAY, , Py — (A%) PPAY, , ..., —(A3) PAY,
—(AL)PIAY, , —(AL) PPAL, , ..., —(A]) T PPAT,]
Pt = [—(A%)  PIAS, . —(A5) PAY, , ..., P —(A,)" PAS,
—(AL)TPIAY, , —(A)TPPAL, , ..., —(AT)T PPAT,]

is feasible with respect to the diagonal matrices P, and P;.

235

Proof. The positive Roesser model (I0.3]) is asymptotically stable if and only if
the reduced model (3.69) is asymptotically stable. Applying to the reduced model
(3.69) Theorem [[0.4] and using (3.70) and (I0.43) we obtain (I0.34). Similarly,

using (3.70) and (I0.44) we obtain (I0.36).

0

Example 10.5. Using LMI check the asymptotic stability of the positive Roesser

model (I0.51) for ¢ = 1 with the matrices:
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0102 | 0 0201 | 02
ap=| " 0t _1_ R T _||_ 02 (10.57)
0 0 | 02 0 0 | 02

In this case the matrix (3.70) of the reduced positive Roesser model has the form

0.102020.1 0 0.2]
A9, Aél Agz AO}Z (1) 0(.)1 8 0(.)1 0(.)3 0(.)2
bL
A= = (10.58)
A9, AL AY, AL 01 0 000
0 0 I 0 0 0 0 00202
0000 1 0]

Using Theorem [10.6] and using MATLAB environment together with SEDUMI
solver and YALMIP parser we obtain LMI (I0.33)).

block diag [Pl Pz] = diag [0.7799 0.7883 0.5625 0.5615 0.9452 0.5931} ,
and for LMI (10.53)
block diag [Pl Pz] = diag [ 1.5526 1.5897 0.8374 0.8074 1.8736 0.9290} .

Moreover, LMI is feasible with respect to the diagonal matrices P; and P, and the
positive Roesser model is asymptotically stable.

The above considerations can be easily extended for the positive Roesser model
with delays of the form

q1 92
i+1,, k, ..

|: ) ]:| ZZAkl|: v J:|7 leEZ+a
l/+1 k=01=0 i,j—l

where xf’j eRY, xj; € R’? are the horizontal and vertical state vectors in the point
(i, j) and Ay € RU )< (mtn),
Theorem 10.7. The positive 2D (general model) system with q delays (3.72) is

asymptotically stable if and only if one of the following equivalent conditions is
satisfied:

a) LMI
block diag [2P— (Py+ P +P,) , P] -0 , (10.59)



10.3 Application of LMI to Stabilization of Fractional Linear Systems 237

where

P = block diag [Py Py ... Py ],

[ (AT Py + PoAY P+ PoAY ... POAgfl PyAY
ANTP+ Py 0 ... 0 0
By = : : oo © |, (10.60a)
A)_)"R 0o ... 0 P
(AD) Py o .. P O
[ (AK)T Py + PoAk PoAK ... POA{;_ | PoAk
AT PRy 0 ... 0 0
B = : Do S (10.60b)
AL )P 0 .0 0
(AT Ry 0 ... 0 0
q
is feasible with respect to the diagonal matrix P.
b) LMI
block diag[P— P, P] =0 . (10.61)
where
P = block diag [Pg P ... Pq] ,
(A0)TPAG+P1 (A0)TPAT ... (A0) PoAg—1 (A0)T PoA,
ADNTRPAY  (A)TRAI+P ... (A1)TPA, (A1) PA,
P = : : - : :
(Ag1)"RPA0  (Ag1)"RAL ... (A1) PoA, 1+ Py (A1)  PoA,
(Aq)TPOAO (Aq)TPOAI (Aq)TPOAqfl (Aq)TPOAq
A=AV FALFAL k=0,1,....q , (10.62)

is feasible with respect to the diagonal matrix P.

Proof. The positive 2D system (3.72) is asymptotically stable if and only if the re-
duced system (3.75) is asymptotically stable. Applying to the reduced system (3.75)
LMI (10.43), we obtain LMI (10.60). Similarly, applying to the reduced system
(3.75) LMI (10.46), we obtain LMI (10.62). O

Remark 10.2. In a similar way using LMI (I0.47) and (I0.48)) to the reduced system
(3.75), we obtain LMI for the positive system (3.72).

Remark 10.3. Substituting AY = 0, k = 0,1,...,¢ in Theorem[I0.7] we obtain the
corresponding LMI conditions for the positive 2D SF-MM.



238 10 Stabilization of Positive and Fractional Linear Systems

Example 10.6. Using LMI check the asymptotic stability of the positive 2D system
(3.72) for g = 1 with the matrices:

o 06017 , [0102] . [00
AO_[O 02]" A=]0 021" %= [o0]

. [oo]  [0201] ,, [002
Al_[oo A=l 001) M 004

The matrices (3.74) of the reduced system (3.75) have the form:

0.60.100 0.1 0.2 0.20.1 0000.2
— 0 0200 — 0 021 0 0.1 — 0000.4
A=119 900l" M=o 0 0ol A ]000o0
0 100 0 0 0 0 000 0

Using Theorem [I0.7] and using MATLAB environment together with SEDUMI
solver and YALMIP parser we obtain LMI (10.59)

P = diag [0.1382 2.0346 0.0414 1.0731} ,

and for LMI (10.61)
P = diag [0.2681 3.5981 0.0647 1.8976} .

Moreover, LMI is feasible with respect to the diagonal matrix P and the positive 2D
system is asymptotically stable.

The consideration can be easily extended for the positive 2D system of the form

q1 492
0 1 2 .
Xip 41 = O, O (AQXicjot + Al Xis 1k jt T AlXik j41—1) s B J € Loy,

k=01=0
(10.63)
where x;; € R" is the state vector in the point (i, j) and A}, € R"™*", k=0,1,...,q1;
1=0,1,...,q0:t =0,1,2.

10.3.4 Fractional 2D Roesser Model

Consider the positive fractional Roesser model (3.49) with the state-feedback

o
wj=[Ki K] | "V (10.64)
ij

where K = [K,K>] € R™*", K; € R™*", j = 1,2 is a gain matrix.
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We are looking for a gain matrix K such that the closed-loop system

i+1
A ca(k)xt g1
Mg | [AutBiKi A+ Biko ] [ ] 122 o (10.65)
X j+1 Az +BoKy An+BoKs | | ) j+l ) , )
2 cp (DX j-141
=2

is positive and asymptotically stable [127].

Theorem 10.8. The positive fractional closed-loop system (I0.6D) is positive and
asymptotically stable if and only if there exist a block diagonal matrix

A =block diag[A; Ay ], A =diag [ Mty A . Aj >0, (10.66)

k=1,2; j=1,....n4

and a real matrix
D= [Dl Dz], Dy c R™%  k=1,2; (10.67)

satisfying conditions

s iy Aok e | €T
and A11A1+B1Dy AjpAy +B 1D 1 0
e (1] <[o] - a0w
where 1, = [1,...,1]T € R}, k = 1,2. The gain matrix is given by the formula
K=[Ki K| =[D D]A "= DA DAy (10.70)
Proof. Proof of this Theorem is similar to the proof of Theorem [I0.1][166]. 0O

It is well-known that the positive closed-loop system (10.63) is asymptotically stable
if and only if the positive 1D system with the matrix

A1+ BiKi Ain+BiK, < | Incalk) 0
= — , 10.71
Ao +BoK; A22+32K2} ,;2[ 0 Incp(k) ( )
is asymptotically stable.
Taking into account that
oealk)=a—1, Y cgl)=p—1, (10.72)
k=2 =2
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and A1y =A11 +1,, &, Axy = Axy + 1, B, we may write the matrix (I0.71) in the form

[1‘111 +B1K1 A2+ B1K>

> — A+ BK, 10.73
Az + ByKy Ay +Bsz] * ( )

WhereAU =Aq —|—In1,A22 = Ay +1,, and

Ay Ap By
A= M2l p— : 10.74
[AQI Azz] [32] ( )

Theorem 10.9. The fractional closed-loop system (10.63) is positive and asymptoti-
cally stable if and only if there exist a positive definite block diagonal matrix (10.66)
and a real matrix (I0.6)such that the condition (10.68) is satisfied and the LMI

{ —A AA+BD] =<0, (10.75)

(AA+BD)"  —A
is feasible with respect to the positive definite diagonal matrix A.

Proof. The closed-loop system (10.63) is positive if and only if the condition
(LO.68)) is satisfied since the condition

Ayl +BiK, Ap+BiKy| _ (A1 +B1D1A;! élz—i—BlDzA{l
Az + BaKy Ao + BoK> | Az +BoDy Ay Ay + BaDoAy !
[A11A1+B1D1 AjpAy + BiDs

| A21A1 + BaD1 Ao As + BoDs
A7 0

0 A{l )

is equivalent to (10.68).
The closed-loop system (L0.6J) is asymptotically stable if and only if the LMI

P—(A+BK)"P(A+BK) =0 , (10.76)

is feasible with respect to a positive definite diagonal matrix P.
Using the Schur complement we can write the condition (I0.76) in the form

{ -P P(AJFBK)} <0 . (10.77)

(A+BK)'P  —P
Substituting of (I0.Z0) and P = A~ ! into (I0.77) yields
-A~! A" (A+BDA™Y)] [-A"1 0
(A+BDAH) A —A! Lo -

x[ —A AA+BDHA—1 0

(AA +BD)T  —A 0 —A‘] <0 (10.78)
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Applying the congruent transformation with the matrix block diag[A, A] we obtain
the condition (10.75). O

Example 10.7. Given the fractional 2D Roesser model with ¢ = 0.4 § = 0.5 and

~0.5 0.1 —0.1 —0.1 ~0.3 0.1
A = { 0.1 0.01 ]’A”_ { 02 0.1 ]’AZ‘ - { 02 0.1 ] (10.79)

~1-0.1 ~0.2 ~0.3
A = {0.4 0.1 }’Bl N [ 0.1 ]’Bz_ { 0.2 } (10.79b)

Find a gain matrix K = [K{,K>], K; € R'*2, i = 1,2 such that the closed-loop system
is positive and asymptotically stable.
The fractional 2D Roesser model with (10.794) is not positive since the matrices

~0.1 =0.1 —0.1 —0.1
Al A 0.1 041 02 0.1
[Ag] KZJ ~ | -03-0.1-05-0.1

02 0.1 04 06

have negative entries. The model is also unstable since the matrix

—-0.5 -0.1 -0.1 -0.1

Ajpr Azl | 0.1 0.01 02 0.1
|:A21 A22:| ~ 1 -03-0.1 -1 —0.1 (10.80)
02 0.1 04 0.1
has positive diagonal entries.
We choose:
D= Dy D], Di=D,=[-04-02]. (10.81)

Applying Theorem [10.9] and using MATLAB environment together with SEDUMI
solver and YALMIP parser for the LMI (10.73) we obtain:

A0 040 (02258 0
A[o Az]’ Ar= [ 0 0.4]’ AZ[ 0 0.2413} (10.82)

Therefore, the LMI is feasible with respect to the diagonal matrix A.
Using (10.70) we obtain the gain matrix

K=[Ki K| =[DiA[' DyAs | =[—1-05-1.7712 —0.8289]. (10.83)
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The closed-loop system is positive since matrices:
0.1 0
0 0.36

00.05
00

0.0229 0.0171
0.0313 0.1487]

Aj1+BK| = {

2542 0.
]7 A12+BIK2:{0 5 00658]’

Ay +BKy = [ 0.0458 0.4342

}, An+BKy = [

have all nonnegative entries.
The closed-loop system is asymptotically stable since its characteristic polynomial

det |:InIZ_(A]l+BlK]) —(A12+B1K3) ]

—(A21 +B2Ky)  Inyz— (An+BK>)
= 74 4+0.87447° +0.21662% +0.0141z + 0.0003,

has positive coefficients.

Example 10.8. Given the positive fractional 2D Roesser model with o = 0.4,
B =0.9and

A _ 04001 oo1001]  _[0.01 02
=10.03 0001”727 (001 02 "7~ | 0 001

~0.9 0.01 0 0
A = [0‘01 —0‘8} » Bi= [0.001] B2 = [0.002} (10.84b)

Find a gain matrix K = [K{,K;], K; € R'*2, i = 1,2 such that the closed-loop system
is positive and asymptotically stable.

} . (10.84a)

The fractional 2D Roesser model with (I0.84) is unstable since the matrix

~0.4 0.01 0.01 0.01
A Ap] | 0.030.001 0.01 0.2
[Azl Azg] 0.0l 02 —0.9 0.01

0 0.01 0.01 —0.8

(10.85)

has positive diagonal entries.

We choose:
D=[D| D;], D;=[013-037], Dy=[-3.19-0.11].  (10.86)

Applying Theorem [10.9] and using MATLAB environment together with SEDUMI
solver and YALMIP parser for the LMI (10.73) we obtain:

_[ar0 _[0.0554 0 _[0.8659 0
A[o AJ’AI[ 0 0.0755}”‘2{ 0 0.0032] (10.87)

Therefore, the LMI is feasible with respect to the diagonal matrix A.
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Using (10.70) we obtain the gain matrix

K=[K K] =[DiA]" DA ']
= [2.3460 —4.9035 —3.6840 —34.1058 ] . (10.88)

The closed-loop system is positive since matrices:

_ 0 0.01 0.01 0.01

A1 +BiKy = [0.0323 0.3961] » AntBik = [0.0063 0.1659] ’
001 02 = 0 001

Az + Bk = {0'0047 0‘0002] » Ant Bk = {0.0026 0.0318] ’

have all nonnegative entries.
The closed-loop system is asymptotically stable since its characteristic polynomial
Inyz— (A +B1K1) —(An+BiK)
—(A21 +32K1) I,z — (A22—|—32K2)
= 7'+ 2.17212° + 1.4953z% + 0.3159z + 0.0004,

det {

has positive coefficients.

These considerations can be extended to the closed-loop systems with poles lo-
cated in desired sectors of the left half complex plane [187].






Chapter 11
Singular Fractional Linear Systems

11.1 Singular Fractional Continuous-Time Linear Systems

Consider singular fractional linear system described by the state equations

E;%x(t) Ax(t) + Bu(r), (11.1a)

(1) = Cx(t) +Du(r), (11.1b)

where x(z) € R”, u(t) € R™, y(t) € R? are the state, input and output vectors and
E,A c Rnxn’ Be }Rnxm7 Ce Rpxn, D € RPXm,
The initial condition for (IT.1d) is given by

x(0) = xo. (11.2)
It is assumed that the pencil of the pair (E, A) is regular, i.e.
det[Es —A] #£0, (11.3)

for some z € C (the field of complex numbers). It is well-known [62, 89] that if the
pencil is regular then there exists a pair of nonsingular matrices P, Q € R"*" such that

PlEs—A]Q = [161 ](\),]s— [/?)1 IS } (11.4)

where n; is equal to degree of the polynomial det[Es —A], A € R"*" N € R"™*™
is a nilpotent matrix with the index u (i.e. N =0 and N*~! £ 0) and n| +np = n.

Applying to the equation (IT.1a) with zero initial conditions xy = 0 the Laplace
transform (.%) we obtain

[Es® — A|X(s) = BU(s), (11.5)

where X (s) = Z[x(t)] = [y x(t)e *'dt and U(s) = Z[u(t)]. By assumption (IT.3)
the pencil [Es® — A] is regular and we may apply the decomposition (IT.4) to
equation (TT.1d).

T. Kaczorek: Selected Problems of Fractional Systems Theory, LNCIS 411, pp. 245[264.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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Premultiplying the equation (IT.1d) by the matrix P € R"*" and introducing the new
state vector

W =070 =10 | moern wpern  ate
2
we obtain
d(X
dt_o‘xl(t) =A1X1(I)—|—Blu(l‘), (11.7a)
o
Nozxa(t) = xar) + Bou(r), (11.7b)
where
PB = [gl}, By € R"X™M By € R™*M, (11.8)
2
Using (2.15) we obtain the solution to the equation (IT.7a) in the form
13
x1(t) = Bro(t )0 + /0 @11 (1 — 7)Biu(t)dr, (11.9)
where
oo Aktkoc
Dp(t) = Y —1—— 11.10
10(2) %F(ka—#l)’ ( a)

oo A]ft(kJrl)O!fl

D(t) =Y =t————| (11.10b)
]Zz) Tl(k+1)a]
and xjo € R™ is the initial condition for (IT.7a) defined by
X10 ~1
[ } =0 'x0, xo=x(0). (11.11)
X20

To find the solution of the equation (L1.7b) we apply to the equation the Laplace
transform and we obtain

Ns®X(s) — Ns* 'xp0 = Xa(s) + BoU (s), (11.12)
since [36, 100] forO < o < 1

o
7 [%xz(t)} = 59X, (s) — 5% xy0, (11.13)

where X5 (s) = .Z[x2(¢)]. From (ITI2) we have

Xo(s) = [Ns® —I,] " (B2U (5) + Ns*'xa9) . (11.14)
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It is easy to check that
[Ns® =1, = — 2 Nis'®, (11.15)

since

ot
[Ns* — 1] <— D N’W) =1, (11.16)

i=0
and N' =0fori=pu,u+1,....
Substitution of (IT.13) into (IT.14) yields

N )
Xa(s) = —BaU (s) — 2 [N’B SOU (5) 4 N+ s+ Da- )Qo} (11.17)

Using inverse Laplace transform (. ~!) to (IL.I7) and the convolution theorem we
obtain for 1 —a >0

0(t) = £ [Xa(s)] (11.18)
— u—1 i » qlitho—1
—_— _ 1 1
= Bzu([) NXZ()F(I P N )+N PRGN 1220 »
since .Z ! La%} = F(1+a> foror+1>0.

Therefore, The following theorem has been proved.

Theorem 11.1. The solution to the equation (I114) with the initial condition (I1.2)
has the form

x(1) =0 B;gﬂ : (11.19)

where x1(t) and x,(t) are given by (1I9) and (ILI8) respectively.

Knowing the solution (IL19) we can find the output y(¢) of the system using the
formula

y(t)=C0 [28] + Du(t). (11.20)

11.2 Singular Fractional Electrical Circuits

Let the current ic(7) in the supercondensator with the capacity C be the o order
derivative of its charge ¢(r) [143]

d%q(t)

ic(t) = — 5~ (11.21)
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Taking into account that g(7) = Cuc(t) we obtain

d%uc(t)
dre

ic(t)y=C (11.22)
where uc(t) is the voltage on the supercondensator.

Similarly, let the voltage u; (¢) on the supercoil (inductor) with the inductance L
be the f3 order derivative of its magnetic flux y(7)

Py (r)
t)= . 11.23
ML( ) diB ( )
Taking into account that y(z) = Liz () we obtain
dP iL(l‘)
(1) = L= 5=, (11.24)

where iz (¢) is the current in the supercoil.

Example 11.1. Consider electrical circuit shown on Fig. [[T.1] with given resistance
R, capacitances C1, C>, C3 and source voltages e and e,. Using the Kirchhoft’s laws

Fig. 11.1 Electrical circuit. R
Illustration to Example 11.1. I —
L
Y
Cy ::lul Cy ::IUJg Cy ::luz
A 61 62 A
© ©

we can write for the electrical circuit the equations

e = RCEM (11.252)

1 = ]dla 1 3, .
d%u; d%us d%us

0=C C —C 11.25b
ldtO‘Jrzdt“ 3 e ( )

e =1up+usz. (11.25¢)

The equations (IL.25) can be written in the form

RC1 0 0 d° ui -1 0 —1 ui 10 e
Cl G =G|z |m|=]0 0 0| u|+]|00 Ll} (11.26)
0 0 0 u3 0 —1-1||us 01| L%
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In this case we have

RC, 0 0 10 -1 10
E=|C G-G|, A=l0 0 0|, B=|00]. (11.27)
00 0 0 —1—1 01

Note that the matrix E is singular (detE = 0) but the pencil

RCis*+1 0 1

detlEs* —A] =| C1s* Cos* —Css*
0 1 1
= (RC1s* +1)(Co+ C3)s* + Cy5%, (11.28)

is regular. Therefore, the electrical circuit is a singular fractional linear system.

Remark 11.1. If the electrical circuit contains at least one mesh consisting of bran-
ches with only ideal supercondensators and voltage sources then its matrix E is
singular since the row corresponding to this mesh is zero row. This follows from the
fact that the equation written by the use of the voltage Kirchhoff’s law is algebraic
one.

Example 11.2. Consider electrical circuit shown on Fig. [I11.2] with given resis-
tances Ry, Ry, R3, inductances L, Ly, L3 and source voltages e; and e;. Using the

Fig. 11.2 Electrical circuit. R, Ry
INlustration to Example 11.2. I— I—
Ly
b b
1 R, 2
kil €1 i3 €2 ti2
O
Kirchhoff’s laws we can write for the electrical circuit the equations
dPi, dPi,
el = Riij +Li—% +R3iz3+L3——, 11.29a
I it Lhi—g si3+La g ( )
dPi, dPis
e = Roir +Lo——F +R3i3+L3——, 11.29b
2= Raby+ Lo +Rais + L — g ( )

0 =i +ir—is. (11.29¢)
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The equations (L1.29) can be written in the form

Ly 0 Ls B i —R; 0 —R3 i 10
0 LyLy| <z || =] 0 R =Ry | |i2|+ |01 [ﬂ (11.30)
000|954 11 =1 | | 00| L€
In this case we have
L 0 Ls R, 0 —Rs 10
E=|0LLy|, A=| 0 —R,—Ry|, B=|01]. (11.31)
000 11 -1 00

Note that the matrix E is singular but the pencil

LlS[3 + Ry 0 L3Sﬁ +R3
0 Lgsl3 +R2 L3Sﬁ +R3
—1 -1 1
(L1 (Lo + L3) -i—LzL_g}szl3
+ [(Lo+ Ls)R1 + (L1 + L3)Ry + (Ly +L2)R3}sﬁ
+ Ri(R2+R3) + RyR3, (11.32)

det[EsP — A]

is regular. Therefore, the electrical circuit is a singular fractional linear system.

Remark 11.2. If the electrical circuit contains at least one node with branches with
supercoils then its matrix E is singular since it has at least one zero row. This follows
from the fact that the equation written using the current Kirchhoff’s law for this node
is algebraic one.

In general case we have the following theorem.

Theorem 11.2. Every electrical circuit is a singular fractional system if it contains
at least one mesh consisting of branches with only ideal supercondensators and
voltage source or at least one node with branches with supercoils.

Proof. By Remark 11.1 the matrix E of the system is singular if the electrical circuit
contains at least one mesh consisting of branches with only ideal supercondensators
and voltage source.

Similarly, by Remark 11.2 the matrix E is singular if the electrical circuit contains
at least one node with branches with supercoils. O

Using the solution of the equation (I1.1d) we may find the voltages on
the supercondensators and currents in the supercoils in the transient states of the
singular fractional linear electrical circuits. Knowing the voltages and currents and
using we may find also any currents and voltages in the singular fractional
linear electrical circuits.

Example 11.3. (an continuation of Example 11.1) Using one of the well-known
methods [36, 39, 89] we can find for the pencil (11.28) the matrices
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1 0o - (&)
RC, RC|(Cr+C3) 10 0
_ 1 1 C)
P= R(C+C3) G+C3 R(Cy+C3)? ., 0= 01 &
Cr+C3
! 0 - 0 -1 CZC—EC3

which transform it to the canonical form (IT.4) with

1 1
T RC, RCy
A= |
R(G+G)  R(G+G3)

Using the matrix B given by (11.27), (11.33) and (I1.8)) we obtain

1 G
RCy RC{ (G +G3)
B] _ 1 Cy
=PB= R(G+G)  R(C+C3)? ,
By
0 —1

from (TT.9) we have
13
x1(8) = Brot)xi0 + /0 @11 — 7)Buu(7)dr,

for any given initial condition xjo € R™ and input u(¢), where

o Akpke
Do(t) = ), =7
,Zg) I'(ka+1)

o Alft(kﬂ)aq

Dy (1) = Igz)if[(k—&—l)a]’

and0< o < 1.
In this case using (LL.18) we obtain

since N = [0].

, N=[0], m=2, m=1.

251

(11.33)

(11.34)

(11.35)

(11.36)

(11.37)

In a similar way we may find currents in the supercoils of the singular fractional

electrical circuit shown on Fig.[11.2)

11.3 Singular Fractional Discrete-Time Linear Systems

Consider the singular fractional discrete-time linear system described by the state

equation
EA%x; 1 =Axi+Bu;, i€Zy=1{0,1,...},

(11.38)
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where, x; € R"” u; € R™ are the state and input vectors, A € R"*", E € R"", B €
R™™ "and the fractional difference of the order « is defined by

i
A%y = 2(1)k<Z)xik, 0<a<l, (11.39)
k=0
o 1 for k=0

_ 11.40
) {z@:ﬂigzziu for k=1.2,... (40

It is assumed that
detE =0, (11.41a)

and

det[Ez—A] #0, (11.41b)

for some z € C (the field of complex numbers).

Lemma 11.1. /62, 89] If (I1.41) holds then there exist nonsingular matrices
P,Q € R™" such that

Iy O Ar 0 ] : (11.42)

reo= | V|, mo= 4}

where N € R"™*™ js a nilpotent matrix with the index [t (i.e. N* =0 and N*~! £ 0),
Ay € RM*M g is equal to degree of the polynomial

det[Es —A] = ap, 2" +---+aiz+ao, (11.43)
andny +ny =n.

A method for computation of the matrices P and Q has been given in [39].

Using Lemma 11.1 we shall derive the solution x; to the equation for a
given initial conditions x¢ and an input vector u;, i € Z. .

Premultiplying the equation by the matrix P € R"*" and introducing the
new state vector

(1)
X = [’_“z@] =0, ®erm FPerm icz,, (11.44)
X
we obtain
PEQQ 'A%x; ;1 = PEQA*Q ™ 'x;, 1 = PAQQ™ 'x; + PBu;, (11.45)

and after using (I1.42) and (I1.44)

(1) —(1)
I, 0 o | X | A O X; B | .
I R A A R AT
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where

{21] =PB, By €R"™ B, cR™2*" (11.47)
2

Taking into account (11.39) from (11.46) we obtain

i+1
— o\ _ —
xl(i)l ==Y (-1t ( k)xfl)kH —I—Alxlm + Biu;

k=1
i+1
_| _ o\ _
— A+ Y (1) 1(k)x§9,€+1+31ui, (11.48)
k=2
and
0 N k(@)L )
N (x4 > (—1) v )Tk | =T +Ba, (11.49)
k=1

where A1q = Ay 41, x.
The solution Xl-l to the equation (1 1.48)) is well-known [100, 135] and it is given
by the theorem.

Theorem 11.3. The solution )_cfl) of the equation (LLA4Y) is given by the formula

i—1
2 —ox) +Y & By, i€, (11.50)
k=0

where the matrices @; are determined by the equation
i+1 o
D) = DA+ Z(—l)k_l (k)(pi—k+17 (D():Irzl' (11.51)
k=2

To find the solution X? of the equation (TL.49) for N # 0 it is assumed that

00...00
10...00

N: O 1... OO ER”ZX'Q. (11.52)
00...10

For (LL.52) the equation (11.49) can be written in the form

(21
00...00 52 20 .
10...00 it o )_6(22) x(zz) Boy
0100 Z(—l)’( ) AR N B T I P TR
N N P J : : :
00...10 7 72 | [ Bam
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From (11.53) we have
)_6521) = —Boyu;,
L (o _(21
xf = 2(‘”’ . xz(—j)+1_322“i
j=0 J
it+1 a
= - Z(—l)j . | Ba1ui— j+1 — Baou;,
j=0 J
(23 o if O\ _(22
xf ) = 2(—1)1 . xg_j)Jrl—Bzwi (11.54)
j=0 J
it i—j+2
Mo o
=- 2(—1)J< ) > (_1)k<k)321ui—j—k+2
j=0 =

i+ o
- > (=1 <j>322uij+1 — Bou;,
=0

+
2 n (2,n
2> z < > l ]i] 1) B2,n2“i~
If N = 0 then from we have
) =By, i€Z,. (11.55)
This approach can be easily extended for
N =block diag[ N1 Nz ... Ny], (11.56)

where N, € R™**" has the form (I1.52) and 22:1 ne = ny.
If the matrix N has the form

010...0
001...0

N=|:::- 1| eRum, (11.57)
000...1
000...0

the considerations are similar (dual).
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Note that the matrices (IT.32) and (IT.37) are related by N = SN'S where

00...01
00...10
S = -
10...00

(1)

Knowing X;

and 252)

255

we can find the desired solution of the equation (I1.38)) from

(11.58)

Example 11.4. Find the solution x; of the singular fractional linear system (11.38])

with the matrices

—1-1-1 0.81.72.8 1
E=|2 4 2|, A=|040814|, B=|0 |,
1 4 1 224622 ~1

(11.59)

fora=05u=u,i€Ziandxo=[12—1 ]T (T denotes the transpose).
It is easy to check that the matrices satisfy the assumptions (IL41). In

this case the matrices P and Q have the forms

BRI —21-1
P:H—241,Q:100,
4 3 -2 001
and
- (100
PEQ = 161](\),}: 010,
L (000
- (0.1 1 0
PAQ = Aollo}z 0 020/,
" |0 01
- [—4
Bl} 1
PB = =—|-31,
| B2 11 6
B 061 ny =2,
Ala—Al"‘Inla—_O 0.7} I

The equations (I1.48) and have the forms

) _[06 1 o 05 ) 1[4
xi+1[() 0.7 +2 i k17T 3] %

(11.60)

(11.61a)

(11.61b)

(11.61¢c)

(11.61d)

(11.62)
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and 6
)_c,@ = —Bu; = 1 S/

The solution %" of the equation (11.62)) has the form

i

i1
351) = <1’i)_6(<)1) + Y Dy 1Buy, i€Zy,

k=0
where
10
%= o1]
0.6 1
P =Ata = [ 0 0.7]’
_ 42 alo—1)  [0.4851.300

(DZ —Ala—lan = 0 0615 |
and

010 1 ) 5
To=0'xo=]121 2 =1 4|, )_CEJI)ZL}» —(2)

001 —1 —1

(11.63)

(11.64)

(11.65a)

(11.65b)

(11.65c¢)

[—1]. (11.66)

The desired solution of the singular fractional system with (11.59) is given by

x; = Q0x; = 100
(001

-21-1 )_Clm
5

where XE Y and )_cl(z) are determined by (11.63) and (11.64), respectively.

(11.67)

Example 11.5. Find the solution x; of the singular fractional linear system ([ 1.38)

with the matrices

10 0 02 2-2 1
E=|01-1|, A=| 2 10|, B=|-12
1-11 ~1.80 -1 2 -1

for o = 0.8, arbitrary u;, i € Zy and xo = [1 1 1]7.

(11.68)

It is easy to check that the matrices (I1.68) satisfy the assumptions (IL.4T). In

this case the matrices P and Q have the forms

12 2 100
P=|1-1-1|, o=|-211],
—12 1 —201

(11.69)
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and
I 0 100
PEQ = [61 N] —looo0], (11.70a)
010
0200
PAQ = [Al 0]: 010/, (11.70b)
0 Ly 001
PR — [31} , (11.70¢c)
B 11
=1
Alg = A1 +1,00 = [1], Zizzf (11.70d)
In this case the equations (I1.48) and have the forms
i+1
1 (0.8 .
NS 1( p )xl(l),<+l+[l Olus, i€Zy, (11.71)
=2
i —(21) —(21)
00] (lf 708\ [x7Y,, T 01
(— 1 )J . _l<22]) = _l(22) + uj, (1 1 72)
L O\ J Ximjt1 X -1l
and
10 0 1 1 0
=0'"x=[01-1]|1]=]0of, V=], xP= [3] (11.73)
20 1 1 3

The solution )_cl(l) of the equation (IL.7I) with f(()l) =1 can be easily found using

(I1.30) and (IL.51).
From (11.72) we have

ngl) _ [0 _1]141,7 i€Z,, (11.74a)
i1 .

xEZZ) = 2 (—1)./ (08> [0 —1 ]ui,j+1 + [ 1 -1 ]I/t,'. (11.74b)
Jj=0 J

The desired solution of the singular fractional system with (11.68)) is given by

1007 [x"
=0n=|-211] |z, (11.75)
—201] |
1

where Xl(l), )_c(zl)

i

and Xf»zz) are determined by (IT.71) and (IT.74), respectively.
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For example for singular positive linear systems with different fractional order.
The linear systems with different fractional orders are described by the equation
[10].

i p—1l<a<p;
e Al A B
dif p.q €N;

where x; € R™, x, € R" are the state vectors and A;; € R"*"i, B; € R"*™,
i,j=1,2; and u € R™ is the input vector. Initial conditions for (11.76) have the
form x1(0) = x10 and x,(0) = xp0.

11.4 Reduction of Singular Fractional Systems to Equivalent
Standard Fractional Systems

Consider the singular fractional discrete-time linear system described by the state
equation
EA%x; 1 =Axi+Bu;, i€Zy=1{0,1,...}, 11.77)

where, x; € R",u; € R™ are the state and input vectors, A € R"*" E € R"*" |
B € R"™ "and the fractional difference of the order « is defined by

A“x,-:Z(—l)k<Z)x,-k, O<a<l, (11.78)
k=0
(Oc) 1 for k=0 (11.79)
k) | Aol e i) for f—1,2,. '
It is assumed that
detE =0, (11.80a)
and
det[Ez—A] #0, (11.80b)

for some z € C (the field of complex numbers).
Substituting (IT.78) into (I1.77) we obtain
i+1
N Ecixi—gy1 =Axi+Bui, i€Zs, (11.81)
k=0

where

ck:(—l)k@). (11.82)
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The following elementary operations on rows(columns) will be used [89]
(Appendix D).

a) Multiplication of the i-th row (column) by nonzero scalar c. This operation will
be denoted by L(ixc) (R(ixc)).

b) Addition to the i-th row ( column) of the j-th row (column) multiplied by
nonzero scalar b. This operation will be denoted by L(i + jxb) (R(i + jxb)).

c) Interchange of the i-th and j-th rows (columns). This operation will be denoted

by L(i, j) (R(i, j))-
Applying the row elementary operations to (IT.81) we obtain
i+l
E, . A . B, ' .
%{O}Ckxz—kﬂ— {Az]x’—F[Bz]u” €72y, (11.83)

where E; € R™*" ig full row rank and A € R"*" A, € R('“"l)xn, B € Rmxm,
B, € R(v=m)>m The equation (IT.83) can be rewritten as
it1
Y Eicixik1 = A1xi+ Buuj, (11.84a)
k=0

and
0 =Ayx; + Bu,. (11.84b)

Substituting in (IT.84B) i by i + 1 we obtain
Arxip1 = —Boujq. (11.85)

The equations (I1.844d) and (I1.83) can be written in the form

E Al —c1E o FE cirE
[ijm—{ 1 01 1}&,_[ zol}xl_l_m_[ ,+6 1})(0
B 0
+ {Ol}uﬁ—[_Bz]u;H. (11.86)
If the matrix
2 (11.87)
Ay |’ :

is nonsingular then premultiplying the equation (I1.86) by the inverse matrix

~1
{fl } we obtain the standard system
2

Xir1 = Aox; +A1xi_) + -+ Aixo + Boui + Bujt 1, (11.88)
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where
-1 -1
T E1 Al—ClEl T El C2E1
e I e B N e
-1
| El cir1Eq
2] ) 0189
—_ El -1 Bl E _ El - 0
A, [ R —By|"

If the matrix (I1.87) is singular then applying the row elementary operations to
(L1.86) we obtain

E, _ A0 [A ]| Az
I 7 e

By |  |Ba|
+ [Ezo} ui + |:§21:| Uipl, (11.90)

=l
I

o
IS
|

where E, € R is full row rank with ny > nj and A, j € R"X" A4, ; € RO—n2)xn,
J=0,1,...,i; By € R™*M By € RU=m)xm o — 0 1.
From (L1.90) we have

0 = Axx; + A1 Xi—1 + -+ + A ix0 + Bootti + Boittiy 1 (11.91)
Substituting in (IT.91) i by i + 1 (in state vector x and in input u) we obtain
Agoxit1 = —Agxi— - — Agix1 — Baoutir1 — Baruiso (11.92)

From (11.90) and (11.92) we have

Ey | | A | Ay | Az,
[Zz():|x’+l l:_le Xi+ —Zzz Xi—1+ -+ 0 X0

By | By ) 0 )
+ { 0 }u,+ {Fm]u,ﬂ+ {FZI w2 (11.93)
If the matrix
E;
1, 11.94
2 (11.94)

is nonsingular then premultiplying the equation (L1.93)) by its inverse we obtain the
standard system

Xis1 = Aoxi+Arxisy + - +Axo + Bou + Byui + Bouiyo, (11.95)
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where
o A A R A N e et
Ai = -KE;O:_I :Aé"}? (11.96a)
w-[2] ) a-2] (%)
B = _715220:] __%21]. (11.96b)

If the matrix is singular we repeat the procedure. Continuing this procedure
after at most n steps we finally obtain a nonsingular matrix and the desired stan-
dard fractional system. The procedure can be justified as follows. The elementary
row operations do not change the rank of the matrix [Ez — A]. The substitution in
the equations and (I1.91) i by i + 1 also does not change the rank of the
matrix [Ez — A] since it is equivalent to multiplication of its lower rows by z and by
assumption holds. Therefore, the following theorem has been proved.

Theorem 11.4. The singular fractional linear system (I1.81) satisfying the assump-
tion (LLL.8Q) can be reduced to the standard fractional linear system

Xi1 = Aoxi +Ar1xi_1 + -+ Apxo + Boui + Bruiy + -+ Bpuii p, (11.97)

where Aj ER™" j=0,1,...,i; By e R k=0,1,...,p < n whose dynamics
depends on the future inputs u; 1, ..., Uiy p.

Example 11.6. Consider the singular fractional linear system (I1.77) for o« = 0.5
with

502 02 2-2 1 2
E=1(201|, A= 2 10|, B=|-12/{. (11.98)
100 —1.80 -1 2 -1

In this case the conditions (11.80) are satisfied since

52—0.2 -22z+42
detE=0 and det[Ez—A]=| 2z—2 -1 z |=z-02.
z+1.8 0 1

Applying to the matrices (IT.98) the following elementary row operations L[1 + 2 x
(=2)], L[341 x (—1)] we obtain
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(502 022-2 1 2
[EAB] = {201 2 10 —12 (11.99)
100 1801 2 -1

[aer s ) e
0 Ay By |’

000 2 01 —11

and the equations (I1.84) have the form

i+1
100 —3.80 -2 3 =2
k—zock[zo l]xikﬂ = [ 5 10 ]xi+ [_1 5 ]u (11.100a)
and
0=[201]x+[—11]u. (11.100b)
Using (IT.82) we obtainc; = — (§) = —ae = —0.5, co = (—1)*(5) = a%‘?” = —%,

s Cigl = (—1)HW

os and the equation (L 1.86) has the form

100 —-330-2 1 100
201 | x4 = 3 105(xi+<-1201|x-
201 0 00 000
100
— =iy 201 | xo (11.101)
000
3 =2 00
+ | =1 2 Juj+ |0 O |ujy.
0 0 1 -1
[100]
The matrix | 2 0 1 | is singular and we perform the elementary row operation L[3 4+
201
2x (=1)] on (IT.I01) obtaining the following
(1007 -33 0 -2 1 100
201 | x4 = 31 05 (xi+<5| 201 |x
1000 | -3 —1-05 —20-1
(100
—=cir1 | 201 |x (11.102)
|20 -1
3 2] 00
+ =12 [u+ 1|0 0 | ujyq.
1 =2 1 -1
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The matrix

E>
Ao

is nonsingular and we obtain the equation (LL.93) with the matrices

- —1
A ) Ao ]
Ag = | = 12
0 _Azo} [_A21
10 o ]!
= 2 0 1
| —3-1-05
(E, ] ' [-A
i | E —Ay;
w=la] o]
10 o 1"
= 2 0 1
| -3-1-05
- —1
B — E By
07 Ay 0
10 o 1"
= 2 0 1
| -3-1-05
- —1
A E B»
B p— —_— —
! _Azo} [—Bzo]
10 o 1"
= 2 0 1
| -3-1-05
- —1
R E 0
B f— _— —
> _Azo} [321]
10 o 1"
= 2 0 1
| —3-1-05

263
1 0 0
}: 20 1 |, (11.103)
—3-1-05
330 -2 330 0 -2
3 105 |=| 485 —053.63],
0.25 0 0.125 960 1 4.50
100 10 0
201|=|-30-05],
000 00 1
3 -2 3 -2
12 |=1]-553/[,
0 0 -7 6
00 00
00|=|1-2],
12 0
00 00
00|=11-1 (11.104)
11 0

11.5 Decomposition of Singular Fractional System into
Dynamic and Static Parts

Consider the singular fractional system (IL.81) satisfying the assumptions (TT.80).
Applying the procedure presented in section[I1.4] after p steps we obtain
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Ep _ | Apo| o |Apr| Api
[ 0 :|)C,+] = |:Kp,0 Xi+ Zp,Z Xi1+-+ Zpi X0 (11.105)
Bpol| . |Br1}|, Bpp-1]|
+ |:§p,0:| ui+ |:§p,1 Uipp+ -+ Ep,pfl Uitp—1;

where E, € R">" is full row rank, A,; € R"*", 4,; € RO j=01,... p;
and B, € R">"™, Epk e R=mp)xm j—0.1,..., p— 1 with nonsingular matrix

[—E" ] e R™". (11.106)
Apo

Using the elementary column operations we may reduced the matrix (LL.106)) to the
form

{I”p 0 },AHER(”"P)X”P, (11.107)
AZI In—np

and performing the same elementary operations on the matrix I, we can find the
matrix Q € R"™" such that

E, L, 0
= 11.108
[AP,O] 0= {AN In-n, ( )
Taking into account (11.108) and defining the new state vector
N R @)
=0 xi= o %€ R", %7 eR""™, ieZy, (11.109)
X

from (11.105) we obtain

~(1 _ _ _ _
) = Epxics = EpQ0 'xiv1 = 4,000 ' xi+ 4,100 xii + -+ 4,00 'xo
+ Bpoui +Bp i1+ A Bp poiltiyp1

(1) ~(
1 2 X; 1 2 X
= (450 4p0] [ o [+ (AT | )
i i—1
m 40| %
ot Ay Ay f(()z> (11.110)
0

+ Bpoui+ By i1+ +Bp p iy p1
= A AR L AD 4R
+ Bpouti+Bp i1+ +Bp p1Uitp-1, i €Zy,

and

1 —(2) =(2 —(1) (1 —(2) (2
SRRV R WE AR ey

— Byoui—--—Bpp 1ttivp 1, i€Zy, (11.111)
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where

A=A A@ j=01,....i. (11.112)

Pj }’ pj “*pj

Substitution of (ILITT) into (IT.110) yields

ApQ =4} AT

A = A0t 4o 4 A 4 Bpoui+ 4By wuisp 1, i€Zy (11.113)

i+1 = i
where
Apo=Aly—AR s, o A=Al —ADIAl), (11.114a)
o3 )= ~ 2N —
BP70:BP7O_A§77()) p,0s ) BpAp—l :Bpﬁp—l_AEL()] p,p—l~(11'114b)

The standard system described by the equation is called the dynamic part
of the system (IT.81) and the system described by the equation (ITI1]) is called
the static part of the system (IL.81).

Therefore, the following theorem has been proved.

Theorem 11.5. The singular fractional linear system (IL81) satisfying the assump-
tion (LL8Q) can be decomposed into the dynamical part (LLL113) and static part
([TIT0) whose dynamics depend on the future inputs ujy1,. .. Uiyp—1.

Example 11.7. Consider the singular fractional system (I1.77) for o¢ = 0.5 with the
matrices (I1.98). The matrix is nonsingular. To reduce this matrix to the
form (IT.I07) we perform the elementary operations R[1 43 x (—2)], R[2 x (—1)],
R[2,3]. The matrix Q has the form

1 00
0=1]00-1
-210
and
E 1 0 O 100 1 0 O
[KZ]Q=201 00-1|=|0 1 0],
20 —3-1-05||-210 -2 -051
A21 = [—2 —0.5], ny =2.
The new state vector is
1007 [x1 )
5=0 =120 1| |x|= [f@)},
0-10] |xs, %
(1) X1,i
= 11.115
3 {2x1,i+x3,,~]’ (11.115)
x‘gz):,xm.
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In this case the equations (IL110) and (TT.111) have the forms

-2 1 )
%= {02 0.5})@(1”[_01}f52)+§f§1>1—"'—Ci+1f(()l)+{_31 o | M
{11.116)
and
2 = 120518 41025018, 441 [—2 0]
1 =2 — 1 —1 ey (11.117)
Substituting (IT.117) into (IT.116) we obtain
(1 07 2|1 110 |_.1 1 0] .
@ [ 7 ]X§ e [O_l]x§_>l_..._ci+l [_2 1%)
3 -2 00
+ [0 0 }ui+[1_1:|u,'+1. (11.118)

The dynamic part of the system is described by (LL.118) and the static part by
ILI1D).

This considerations can be extended for singular fractional continuous-time and
discrete-time linear systems with delays.



Chapter 12
Positive Continuous-Discrete Linear Systems

12.1 General Model of Continuous-Discrete Linear Systems
and Its Solution

Consider the general model of linear continuous-discrete systems described by the
equations

X(t,i+ 1) = Agx(r,i) + A1x(2,0) + Apx(t,i+ 1)
+ Bou(t, i)+ Byu(t,i) + Bou(t,i+ 1), (12.1a)
y(t,i) = Cx(t,i)+ Du(t,i), t€Ry =[0,+c|, i€Zy, (12.1b)

where %(t,i) = %, x(t,i) € R", u(t,i) € R™, y(¢,i) € R? are the state, input and
output vectors and A, € R™", By € R k=0,1,2;C € RP*" D e RP*™,

Boundary conditions for (I2Z.1d) are given by
x(0,i)=x;, i€Zy and x(1,0) =x0, x(,0)=x1, tER,. (12.2)
The transition matrix 7;; of the model (I2.1) is defined as follows

I, for i=j=0
ApTi 1, j 1 +A T j 1 +AT
=T ,j-1A0+T; j 1A +Ti1,jA2
0 for k<0 or <0

T, = for i+j>0;i,j€Z, (12.3)

Theorem 12.1. The solution of the equation (12.14) with boundary conditions (12.2))
has the form

T. Kaczorek: Selected Problems of Fractional Systems Theory, LNCIS 411, pp. 267-B05]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2011
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- t(t— 1)k
ZZ(TM - 130/ ( k') u(t,0)dt+ T ;1B

t ( ) tk
< [ a0t = T By u0.0)
Jo ’ k!

tk t*
+ Tk,iflyx(ovl) —Thi1-144 k—x(O, l))

_|_
Ms
Ms

(t—T)k !
Tk,'—l—lBl/ ———u(t,l)dt | + To,i—1—1Bu(t,!
k”O( i 0 (k— 1) ( Z i— ( )
> t(r— 1)k
— Z Tk,Bz/ ( ' ) u(T,O)dT+Tk7iA2
=0 0o k!
t (4 _ )k k
x / (’ va) x(r,O)dHTk.iZ—‘x(o,O))
0 . !
& Lt —T)k !
+ Z (Tk’,-/ ﬁx(l’,())d‘[) +Tp,ix(¢,0). (12.4)
k=1 0 :

Proof. Let X(s) be the Laplace transform of the continuous-time vector x(¢)

X(s) = Lx(r)] = /0 x(t)e M, (12.5)

and X (z) be the zet transform of the discrete-time vector x(i)
X(z) = Zx(i)] = Y x()z " (12.6)

Using (12.3) and (12.6) it is easy to show that

ZAL(e,0)]} = Z{sX(s,0) —x(0,0)} = sX(s,2) = X(0,2),
F{L(ei+ 1))} = Z{sX(s,i+1)—x(0,i+1)}
= 52X (s,2) — 52X (5,0) — zX (0,2) +zx(0,0),  (12.7)
Z{Lx(t,i+1)]} = Z{X(s,i)} = z2X(5,2) — 2X (5,0),

where X (5,0) = Z[x(1,0)], X (0,z) = 2°[x(0,i)].
Using (12.7) from (I2.1a) we obtain

X(s,2) = [[n —Aps 'z —A! —Azs_l]
(Bos ™'z '+ B1z7 ' + Bos MU (s,2) — B1s~'27'U(0,2)
X | =Bas'U(s,0) + (I, — Aas 1) X(s,0) ,(12.8)
+(Lis™ ' —A1s~1z71HX(0,2) — s7'x(0,0)

-1

where U (s,z) = 2 {Lu(t,i)]}, U(s,0) = .L[u(t,0)], U(0,z) = Z[u(0,i)].
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Let

[In —Aos_lz_1 —A]Z_l —Ags_l} - z z Y},js_"z_j (12.9)
i=0j=0

From the definition of inverse matrix we have

L= [Li—Aps 'z = A1z —Axs!] ZZT,s 7
i=0j=0

= ZZTUS 2 [ —Aos 'z — Az AT (12.10)
i=0j=0

Comparing the matrices at the same power of s~! and z~! of (IZI0) we obtain
@3).
Substitution of into (IZ.8) yields

ZZTJS z /[Bos 1Bz '+ Bys U (s,2)

i=0j=0
— Bys 'U(5,0) = B1s 'z7'U(0,2) + (I, — Aps )X (5,0)
+ (Iis™' = A1s 271X (0,2) — s~ 'x(0,0)] . (12.11)

Applying to (IZ.11) the inverse transforms and the convolution theorem we obtain
O

Knowing the matrices Ay, By, k =0, 1,2 of (I2.1a), boundary conditions (12.2)) and
input u(z,i), t € Ry, i € Z, we can compute the transition matrices (I2Z.3) and using
(I24) the state vector x(¢,i) for t € Ry, i € Z. Substituting the state vector into
we can find the output vector y(¢,i) fort €R,,i € Z,.

12.2 Positive General Model of Continuous-Discrete Linear
Systems

Definition 12.1. The general model (I2.1) is called positive if x(7,i) € R". and
y(t,i) eRE, 1 € Ry, i € Z, for any boundary conditions

xR, x1eR], teRy, xeR|, i€Z,, (12.12)

and all inputs u(r,i) € R, u(r,i) e R, t e Ry, i € Zy.
Theorem 12.2. The general model (12.1)) is positive if and only if

Ay €M, (12.13a)

Ag, A ERPM A =Ag+A Ay € RV, (12.13b)
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By e RV k=0,1,2, CeRI™, DeRY™, (12.13¢)

where M, is the set of n X n Metzler matrices (with nonnegative off-diagonal entries).
Proof. Necessity. From (I2.1d) fori =0 and B, = 0, k =0, 1,2 we have
x(t,1) = Apx(t,1) + F(2,0), (12.14)

where
F(1,0) = Agx(,0) + A1x(2,0). (12.15)

Assuming x,0 = 0, x;; = 0 we obtain F(z,0) = 0 and from (I12.14)
x(t,1) = ' x(0,1). (12.16)

Necessity of Ag € R and A; € R"*" follows immediately from since
F(1,0) e R, t € Ry and xy9, x;; are arbitrary. From (IZ.I6) it follows that A, € M,
since €2 € R only if Ay is a Metzler matrix, x(¢,1) € R, # € R and x(0,1) is
arbitrary.

From (I21d) fori =1 and By = 0,k =0,1,2 we have

£(1,2) = Ayx(1,2) + F(1,1), (12.17)

where
F(t,1) = Agx(t, 1) + Apx(z, 1). (12.18)

Substitution of (IZ.14) into (I2Z.18) yields
F(t,1) = (Ao +A1A2)x(t,1) + A1 F (2,0). (12.19)

From (12.19) it follows that F(s,1) € R", r € Ry for any boundary conditions
only if A = Ay +A1A; € R, Proof of the necessity of is sim-
ilar to the one for standard general 2D model [77].

The proof of sufficiency will be accomplished by induction with respect to i. For
i = 0 the equation (I12.14d) for B; # 0, k = 0, 1,2 takes the form (12.14) and

F(r,0) =Aox(¢,0) +A1x(¢,0) + Bou(r,0) + Byu(r,0) + Bou(t, 1). (12.20)

If the conditions (I2.12) and (I2Z.13) are satisfied and u(z,i) € R, u(t,i) € R,
t € Ry, i =0 then F(r,0) € R, r € R.. The solution of the equation (I2.14) has
the form

1
x(t,1) = *'x(0,1) +/ MR (7,0)dT €RY, Ry, (12.21)
0

since e’ € R, t € R and x(0,1) € R".
From (12.1b) for i = 1 we have

y(t,1) =Cx(t,1)+ Du(t,1) e R, reR,. (12.22)
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Substituting (1Z.21) into
F(t,1) = Aox(r, 1)+ A1%(t, 1) + Bou(t, 1) + Bi(t, 1) + Bou(z,2). (12.23)

we obtain

1
F(i,1) = AeAZ’x(O,1)+A/ AP (1,0)dT + A F(1,0)
0
+ Bou(t,1) 4+ Byu(t,1) + Bau(t,2) € R, (12.24)

since A € R, A; e RV, et e R, F(1,0) € R, u(t,i) € R%, i=1,2 and
u(t,1) e R, r € Ry. Assuming that the x(r,i) € R, F(t,i—1) € R’ fort € Ry,
i > 1 we shall show that x(¢,i+ 1) € R”. for t € R if the assumptions (I2Z.13) are
satisfied.

From (I2.1d) we have
x(t,i4+ 1) =Aox(t,i+ 1)+ F(z,i), (12.25)
where
F(t,i) = Aox(t,i) + A1 x(2,0) + Bou(t,i) + Byu(t,i) + Bou(t,i+ 1)
= A x(0,i) +A/' MUTOF (i —1)dT+AF(t,i— 1)
+ Bou(t,i) +Blu(t,0i) +Bou(t,i+1) e R, (12.26)
if the assumptions are satisfied.
The solution of has the form

f
x(t,i+1) = ex(0,i+1) +/ MR (i) dT e R (12.27)
0

and it satisfies the condition x(r,i 4+ 1) € R, since et e R, r € Ry and
F(t,i) e RY.

From (I2.1B) we have y(r,i+ 1) = Cx(t,i+ 1) +Du(t,i+ 1) e R" 1 € R, since
x(t,i+1) €RY, u(t,i+ 1) € RT and C € RY™" , D € RE™™. This completes the
proof. ]

Consider the general 2D model [77, 192]

Xip1,j+1 = AoXi j +A1xip1,j +A2X j41
+ Boui j+ Biuis1 j+Bouj j11, i,j€ Ly, (12.28)

where x; j € R", u; j € R™ are the state and input vectors, and Ay € R"*" | B € R"*™,
k=0,1,2.
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The model (12.28) is called positive if x; ; € RY, i,j € Z, for all boundary
conditions
xp€ERY, i€Zy, x;eR}, jeZy (12.29)

and every input u; j € R, i,j € Z.
Theorem 12.3. [77] The model (12.28)) is positive if and only if
A e Ry, By e RY™ for k=0,1,2. (12.30)

It is well-known (Lemma 5.2 in [77]) that the transition matrix 7;; (defined also
by (I2.3)) of the positive model is a positive matrix, i.e. T;; € R} for
i,j € Z. Note that the transition matrix 7;; of the positive model (I2.1) may be not
always a positive matrix. For example for the model (I2.1) with the matrices

(21 _[10 _[-12 22 g
A0_|:10:|a A1_|:21:|a A2_|:1 2:|7 Bk€R+ ) k_071727
(12.31)

we have
13

02

Therefore, by Theorem[12.2]the model with the matrices (I2.31)) is positive, but the
matrices

A=Ag+A A = [ ] € R, (12.32)

45
Ty = Ao +A1A2 +A2A; = [_3 0] )

o _[3 -6
Ty = A _[3 . } (12.33)

have some negative entries.

Remark 12.1. From (IZ.13) it follows that if A, = O then the general model (I2.1))
of the continuous-discrete systems is positive if and only if the general 2D model
12.28) is positive.

12.3 Reachability of the Standard and Positive General Model

Definition 12.2. The model (I2Z.I) is called reachable at the point (z¢,q) if for any
given final state x; € R” there exists an input u(¢,i) , 0 <t <17, 0 <i < g which
steers the system form zero boundary conditions to the state x¢ ,i.e. x(t7,q) = x¢ .

Theorem 12.4. The model (IZ) is reachable at the point (ts,q) for ty > 0 and
q = 1 if and only if one of the following conditions is satisfied.
a) rank [Bo,AzBo, ... Ag”Bo] =n < rank[l,s—A,By)l=n, VseC
b) the rows of the matrix ¢*2' By are linearly independent over the field of complex
numbers C.
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Proof. Let By = By = 0. For i = 0 and zero boundary conditions from (I1Z.1a) we
have
X(I, 1) :AZX(t7 1) +Bou(t70)7

and

tr
xp=x(tr,1) = /ef‘ﬂ’f*f)Bou(r,O)dr, (12.34)
0

since x(0,1) = 0.

From Sylvester formula we have
n—1
M =Y Aei(ty). (12.35)
k=0

Substitution of (12.33) into (12.34) yields

iy
n—1
xp = Y Ak / calty — Dyu(t,0)dt
k=0
0

vo(tr)
= [By,A2By,..., Ay 'Bo] vl(ff) , (12.36)
anl.(tf)
where 3
vk(tf):/ck(tf—r)u(m)dr. (12.37)
0

The equation (12.36) has a solution v (zs) for k =0,1,...,n— 1 and any given x; if
and only if the condition a) is satisfied.
The equivalence of the condition @) and b) are known (see [75], page 131). O

Theorem 12.5. The model (IZ1)) is reachable at the point (ts,q) for ty > 0 and
q = 1 if and only if the matrix

Iy
Rf:/eAﬂBoBgeAgTdT, ty>0, (12.38)
0

is positive definite (nonsingular), (see [77], page 130).
Moreover, the input which steers the system from zero boundary conditions to x¢
is given by
T(tr—1) e
u(t,0) = B2 IR Ly (12.39)
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Proof. 1f the matrix Ry is invertible (nonsingular) then (12.39) is well defined. We
shall show that the input (12.39) steers the system from zero boundary conditions to
x. Substituting (IZ.39) into (IZ.34) we obtain

Iy
xp=x(ty,1) = / MO BB (D dTR = xy, (12.40)
0

since

Iy
/eAz(ff*T)BoBgeAg(’f*T)dr =Ry.
0

Remark 12.2. Reachability is independent of the matrices Ay, A, By, B>.

Remark 12.3. To simplify the calculation we may assume that u(#,0) is piecewise
constant (is the step function).

Example 12.1. Consider the general model (I2.1) with the matrices

Ay = H g} By = [(1)] (12.41)

and arbitrary remaining matrices of the system.
Applying the condition @) of Theorem [[2.4] we obtain

rank [By,A»By| = rank [(1) i } =2, (12.42)
and
s—1 0 1
rank [I,s — A, By] = rank 1 s-20l7 2, VseC. (12.43)

Therefore, the system (I2Z.I) with matrices (I12.41) is reachable for ¢ = 1 and
tr>0.

Assuming f; =2 and
Xf= [ﬂ 5 (12.44)

from (12.39) and (12.38) we may find the input that steers the system form zero
boundary conditions to the desired state (12.44)

u(t,0) = B2 (DR Ty =0.5519¢> —0.0953¢* 2. (12.45)

The plots of the state variables forg =1, ¢ € [0,2] and input for g =0 and 7 € [0,2]
are shown on Fig.[[2.T]and Fig.[12.2] respectively.
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State variables x(t,1)

Fig. 12.1 State variables of the system. Illustration to Example 12.1.

Input uit,d)

1 ; : , .

Fig. 12.2 Input of the system. [llustration to Example 12.1.

Let us assume, that the input of the system is piecewise constant, i.e.

~Jupfor 0<r <
”(t’o)_{uz forty <t <ty

where u; and u; are constant values.

275

(12.46)
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Taking into account (I2.41)) and (12.44) for (1I2.36) we obtain

V(t) _ _ o 11 -1 2 B 1
0] oot =[] 2] <[1] azen
From (IZ.37) for (I2.46) we have

1 Iy

/co(tf —1)dt ./co(tf —1)dt

{Zﬂ _ bn_ i, m , (12.48)
/cl(tf —1)dt /cl(tf —1)dt
0 I

Using (12.33) it is easy to show that
co(t) =2¢' —e¥, ci(t) =e* —¢'. (12.49)

Using formula (12.48) we may compute values of the system input for arbitrary
fandn (0 <1 <tf).
Fort; =1 andt; =2, we obtain

u]  [—0.0481
[W]_{ 1.2948]‘ (12.50)

The plots of state variables and input for ¢ = 1 and ¢ € [0,2] are shown on
Figure [[2.3]and Figure [[2.4] respectively.

Definition 12.3. The positive system (I2.) is called reachable at the point (z,q)
if for any given final state x; € R’ there exists a nonnegative input u(z,i) € R ,
0 <t <ty,0<i< g which steers the system form zero boundary conditions to the
state xy , i.e. x(fr,q) = x5 .

Theorem 12.6. The positive model (I2.1) is reachable at the point (t,q) for ty >0
and g = 1 if the matrix

tf
Ry = / ABBT T, 1> 0, 12.51)
0

is a monomial matrix.

The input that steers the system in time ty from zero boundary conditions to the state
Xy is given by the formula (12.39).

Proof. If Ry is a monomial matrix, then there exists the inverse matrix RJZl e R
and the input is well defined and nonnegative for 0 <r <1, . Similarly as
in proof of Theorem [[2.4] it can be shown that the input steers the system
from zero boundary conditions to nonnegative final state x; € R’} . a
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State variables x(t,1)

g ko & @ & & 5 3
u]

Fig. 12.3 State variables of the system. Illustration to Example 12.1.

Input uit,d)

1.4 T T T T T T T T

T SVl VYYTIN SNVRTINTI DT TN TV, T na—— i
Ghsrmivnislmnainuns nunndusadusnelsoaiineei neng 4
ek ........ ......... ........ ................ ........ ........ ........ ....... 4

o2k ........ ........ ........ ........ ........ ......... ........ ....... 4
T I 4
02 A TN S TENS NS SR S T
0 0z 04 0 08 1 1.2 1.4 1.6 148 2
t

Fig. 12.4 Input of the system. [llustration to Example 12.1.

The considerations for the controllability to zero of the general model (IZ.1)) are
similar.
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12.4 Stability of the Positive General Model
Consider the continuous-discrete linear 2D system [77, 76]

X(ti41) = Agx(t,i) + A1%(¢,1) + Apx(t,i+ 1) + Bu(t,i), (12.52)
teRy, i€Z,,

where i(r,i) = 2400 x(1,i) € R”, u(t,i) € R™ Ag,A1,As € R, B € R,

Definition 12.4. The positive model (12.52) is called asymptotically stable if for
u(t,i)=0
lim x(,i) =0, (12.53)
t,1—00

for bounded boundary conditions.

The matrix A € R"*" is called asymptotically stable (Hurwitz) if all its eigenvalues
lie in the open left half of the complex plane.

Definition 12.5. The point x, is called equilibrium point of the asymptotically stable
system (I232) if for Bu=1,=[1 ... 1]T e R"

0 = Agx, + Aox, + 1. (12.54)
Asymptotic stability implies det[A¢ + Az] # 0 and from (I2.34) we have
Xe = —[Ag+A5] 1, (12.55)

Remark 12.4. From (12.52) for B = 0 it follows that the positive system is asymp-
totically stable only if the matrix A| — I, is Hurwitz Metzler matrix [77, 52].

In what follows it is assumed that the matrix A| — I, is a Hurwitz Metzler matrix.

Theorem 12.7. [109] The linear continuous-discrete positive 2D system (12.52)) is
asymptotically stable if and only if all coefficients of the polynomial

det[lns(z+ 1) —Apg—Ajs _AZ(Z+ 1)] =s"7" +a’17n_1snzn71 +an—1,nsn71Zn
+ ---4ajos +ap1z+ apo, (12.56)

are positive, i.e.
Gy >0 for kl1=0,1,....n; (Gun=1). (12.57)

Theorem 12.8. Let the matrix A} — I, be a Hurwitz Metzler matrix. The positive
continuous-discrete linear 2D system is asymptotically stable if and only
if there exists a strictly positive vector A € R’ (all components of the vectors are
positive) such that

(Ap+A2)A <O. (12.58)
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Proof. Integrating the equation (I2.52) with B = 0 in the interval (0,+4oe) for i —
+co we obtain

o0
X(+o0,+00) —x(0,4o0) = AO/O X(T,4o0)dT + Ajx(o0, +o0)
~+oo
— A1x(0, +<><>)+A2/ x(T,4e0)dt.  (12.59)
0

If the system is asymptotically stable then by (12.53) from (12.59) we obtain

(A} — 1,)x(0,4o0) = (Ag+Ay) /0 +mx(r, +o0)dT. (12.60)

If the matrix A; — I, is Hurwitz Metzler matrix then for every x(0,-+e0) > 0 such
that (A; —I,,)x(0, +oo) is a strictly negative vector, A = [" x(7, +0)d 1 is a strictly
positive vector and holds.

Now we shall show that if there exists a strictly positive vector A such that
holds then the positive system is asymptotically stable. It is well-known that
the positive system with B = 0 is asymptotically stable if and only if the
corresponding transpose positive system

X(t,i+ 1) = Adx(t,i) + ATx(t,0) + Alx(r,i+ 1),
teRy, ic€Zy, (12.61)

is asymptotically stable. As a candidate for a Lapunov function for the positive
system (IZ.61) we choose

V(t,x(i)) =x"(t,i)A, A >0, (12.62)
which is positive for every nonzero x(z,i) € R".. Using (I2.62) and (IZ.61) we obtain
AV (2,x(i)) = V(t,x(i+ 1)) =V (t,x(i)) = 2T (t,i+1)A — T (¢,i)A

= xT(t,0)[A; — LA +xT (£,)AoA +xT (1,i+1)Ah  (12.63)
- xT(¢,i)(Ag +A2)A for x(t,i) >x(t,i+1)
T X"t i+1)(Ag+A2)A for x(t,i) < x(t,i+1)
since by assumption [A; — I,]A < 0. If (I2.38) holds then from (I2.63) we have
AV (t,x(i)) < 0 and the positive system is asymptotically stable. 0
Remark 12.5. As the strictly positive vector A we may choose the equilibrium point
(12.35) since for A = x, we have
(Ao+A)A = —(Ag+A2)(Ag+A42) 1, =—1,. (12.64)

Theorem 12.9. The positive system (12.52) is asymptotically stable if and only if
both matrices
Ay —1I, Ag+Ay, (12.65)

are Hurwitz Metzler matrices.
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Proof. From Remark 12.4 it follows that the positive system is asymptoti-
cally stable only if the matrix A| — I, is Hurwitz Metzler matrix. By Theorem [12.§]
the positive system is asymptotically stable if and only if there exists a strictly posi-
tive vector A such that holds but this is equivalent that the matrix Ag + A, is
Hurwitz Metzler matrix. O

To test of the matrices (12.65)) are Hurwitz Metzler matrices the following theorem
is recommended [211, 77].

Theorem 12.10. The matrix A € R™" is a Hurwitz Metzler matrix if and only if one
of the following equivalent conditions is satisfied:

a) all coefficients ay, . . .,a,—1 of the characteristic polynomial
det[l,s —A] = "+ a1+ 4 ars+ag, (12.66)
are positive, i.e. a; > 0,i=0,1,...,.n—1,
b) the diagonal entries of the matrices
AW for k=1,...n—1, (12.67)

are negative, where

Gir -4 (0) ,(0)
aflam) S
0 0
agl) ag,r)z—l
0 . .
AEH = : ’
0
6’517)171 aﬁljlﬂnfl
o0
b£,0—1 = : ; 0510—1 = [anog : afl(,)r)l—l]’
0
aif)l,n
(%) (k)
k (n—1) b(k_kl) (k_kl) o o
A=A~ a(k_l) = : . :
n—k-+1,n—k+1 aflk—)m a’(f_)k?n_k
k k
[ ]
Cn—k—1 n—k,n—k
k
a<l,n7k
k ) k k
bi—)k—l = : ) C1(1—>k =1 ;(1—)1(,1 . aizk,n—k—l]’
a®
n—k—1,n—k
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To check the stability of the positive system (12.52)) the following procedure can be
used.

Procedure 12.1

Step 1. Check if at least one diagonal entry of the matrix A; € R"*" is equal or
greater than 1. If this holds then positive system is unstable [77].

Step 2. Using Theorem[IZ.10Icheck if the matrix A| — I, is Hurwitz Metzler matrix.
If not the positive system is unstable.

Step 3. Using Theorem [I2.10| check if the matrix Ay + A, is Hurwitz Metzler ma-
trix. If yes the positive system is asymptotically stable.

Example 12.2. Consider the positive system (12.52) with the matrices

020.1 0402 ~05 0.1
AO_{ . } A= [0.10.3}’ 42 = [ 0.2 —0.6} (12.69)

By Theorem[I2.2]the system is positive since Ay € My, Ag,A; € R'" and

0.04 0.02

Aot Az = {0.11 0.13

2x2
}eRﬁ.

Using Procedure 12.1 we obtain the following

Step 1. All diagonal entries of the matrix A; are less than 1.
Step 2. The matrix A| — I, is Hurwitz since the coefficient of the polynomial

s+0.6 —0.2

detlhs—A;+1,) = —0.1 s4+0.7

‘ =54+ 135+04,

are positive.
Step 3. The matrix

0.3 —0.3
is also Hurwitz since (using condition ) of Theorem [12.10)

A Ayt Ay — {—0.3 0.2 ]

0.2%0.3
0.3

By Theorem[12.9 the positive system (12.32) with (I12.69) is asymptotically stable.
The polynomial (12.56) for positive system has the form

=-0.1<0.

AV =03+

det[hs(z+1) —Ag—A1s—Az(z+1)]
_|s(z+1)—02-0.4s54+0.5(z+1) —0.1-0.25—0.1(z+1)
- —0.1-0.1s—0.2(z+1)  s(z+1)—03—-0.35+0.6(z+1)

=272 + 1.35%2+ 1.1s7%> + 12657+ 0.287% 4+ 0.267 + 0.45* + 0.315 + 0.03.

All coefficient of the polynomial are positive. Therefore, by Theorem[12.9] the pos-
itive system is also asymptotically stable.



282 12 Positive Continuous-Discrete Linear Systems

It is well-known [77] that substituting Ag = 0, B = 0 in (I2Z.32) we obtain
the autonomous second Fornasini-Marchesini continuous-discrete linear 2D model
(system)

X(ti4+1)=Ax(e, i)+ Aox(t,i+1), reRy, i€Z,. (12.70)

The autonomous Roesser type continuous-discrete model has the form [77]

A (t,i) Apy A | [%"(2,0) .
[xv(tv”rl) © Ao A | [ XV(0) )7 tERy, €Ly, (12.71)
where x(#,1) = —3"5’” ,x'(t,i) € R™ and x"(¢,i) € R™ are the horizontal and vertical

vectors and Ay € R k. | = 1,2. The model (I1Z.71) is positive if and only if [77]
Ay is a Metzler matrix and Ajp € R’ ™", Ay € R2™", Ay € R'2*™. The positive
model (IZ.7]) is a particular case of the model (I2Z.70) for [77]

) A1 A
A = l:Azl AZJ, Ay = [ } . (12.72)

Theorem 12.11. The positive Roesser type continuous-discrete model (I2Z.71)) is
asymptotically stable if and only if the coefficients of the polynomial

dget | IS+ 1) =Anz+1)  —Ap(z+1)
—Ass InZS(Z—F 1) —Anps
— g Jrﬁnl,nzflsnlznz_l +&n]717n25"1_1z"2 (12.73)

+- -4 drsz+dios + doi1z + doo,
are positive.

Proof. To transform the model (I2.71) to the model (I2.70) we perform the follow-
ing two operations:

1) In the equation

/1 .
Ny x"(2,0)
X(t,i) = [An Ap] Lv(m)],
we substitute i by i+ 1.
2) We differentiate with respect to ¢ the equation

X(t,i)

vV . _ I
X (l7l+ 1) = [Az] Azz} |:xv(t,i) .
Note that to operation 1) corresponds the multiplication of the z-transform by z and
to the operation 2) the multiplication of the Laplace transform by s. These operations
do not change the asymptotic stability of the positive system (model). To shift the
unit circle of the complex plane in the left half of the complex plane we replace z by
z+1.
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Taking into account

I, 57— Az —Az _|Inz O Iys—An —An
—Ajs IHZS(Z-I-I)—AzzS 0 Inzs —Ar Inz(Z-i-l)—Azz

and Theorem [I2.10 we conclude that the positive Roesser type model (I2.71)) is
asymptotically stable if and only if all coefficients of the polynomial (12.73)) are
positive. O

Example 12.3. Consider the positive scalar model (I2Z.71) with [26]

10 0 _|an an a1 <0, az >0,
A= |:a21 6122] Az_[o 0] a220, axn=>0. (12.74)

The polynomial (12.73) for (12.74) has the form
det S(Z+1)—6111(Z+1) —alz(z )
—a S s(z+1) —ans
=7+ (2 —an)s’z—ays? + (1 —apn)s’ (12.75)
(a

+(=2a11 4+ anaxn — anaz)sz+ (ar1axn — annaz —ai)s,

and its coefficients are positive if and only if a;; <0, 0 < ay < 1 and ajjax» —
appaz; > aypy. This result is consistent with the one obtained in [26] by different
method.

Theorem 12.12. The positive linear continuous-discrete 2D system (12.52)) is asymp-
totically stable if and only if all coefficients of the polynomial

det[l,s(z+1) —Ag—A1s — Az (z+ 1)]
=" Ty 18" A Ty 8" (12.76)
+---+ajos + ap1z+ aoo,

are positive, i.e.

Gr; >0 for kil1=0,1,...,n(Gy,=1). (12.77)
Proof. Tt is well-known that the zeros wy, ..., w, of the characteristic polynomial
det[l,w —A] =w" +a,_w" '+ +aw+a, (12.78)

located in the unit circle in the left half of the complex plane w can be shifted into
the unit circle of the complex plane z by the substitution w = z+ 1 (Fig. [12.9)) i.e.
the zeros z1,...,2, (zx =wr + 1, k= 1,...,n) of the characteristic polynomial

det[l,(z+1) — Al =2"+dp12" '+ + 12+ do, (12.79)

are located in the unit circle of the complex plane.
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Im Im

w1

W2

Fig. 12.5 Shifting the zeros w into unit circle of the complex plane.

Therefore, the positive continuous-discrete 2D system (12.52)) is asymptotically
stable if and only if the coefficients of the polynomial (I2.76)) are positive. 0

Theorem 12.13. [77] The positive linear system
X=Ax,A €M,, (12.80)
is asymptotically stable if and only if the characteristic polynomial
det[l,s —A] = 5"+ a,_ 15" '+ ... +a1s+ag, (12.81)
has positive coefficients, i.e. ap > 0fork=0,1,...,.n—1.

Lemma 12.1. [52] Nonnegative matrix A € R is asymptotically stable (nonneg-
ative Schur matrix) if and only if the Metzler matrix A — I, is asymptotically stable
(Metzler Hurwitz matrix).

Example 12.4. Consider system (12.52) with the matrices

02 0 0.4 0 0.3 0
AO_[0~10~1}’ Al_{o.sos}’ A2—{ 1 _0.2} (12.82)

The matrices (I12.82)) satisfy the conditions (IZ.13) since

0.08 0

Aot A1z = [0.25 0.04

] € R, (12.83)

and then the system is positive.
In this case the polynomial (12.76) has the form

det[l,s(z+1) —Ap—A;s—Ax(z+1)] (12.84)
s(z+1)—02-0.45+0.3(z+1) 0
—0.1-055—(z+1) s(z+1)=0.1-035+0.2(z+1)

= 5?72 +1.35%2+ 0.557> + 0.425> +0.06z> 4+ 0.535z + 0.135 + 0.05z + 0.01.

= det
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All coefficient of the polynomial (I2.84) are positive. Therefore, by Theorem
12.12]the positive continuous-discrete system (12.52) with (12.82)) is asymptotically
stable.

Theorem 12.14. The positive continuous-discrete 2D linear system ({12.52)) is un-
stable if one of the following conditions is satisfied

a) det[—(Ao+A42)] <0,
b) det[—A;] <0,
c¢) det[l, —A;] <0.

Proof. Substitution s = z = 0 into (12.76) yields
det[— (Ao +A2)] = a@oo. (12.85)

If the condition a) is satisfied then from (12.83) we have apy < 0 and by Theorem
12,13 the system (12.32)) is unstable. Substituting s = 0 into (I2.76) we obtain

det[—Ayz— (Ag+A2)] = GonZ" + - +a012+ doo, (12.86)

and det[—A,] = dp 5. If the condition b) is met then @y, < 0 and by Theorem [12.12!
the system (12.52) is unstable. Similarly, substituting z = 0 into (12.76) we obtain

det[(I, —A1)s — (Ao —i—Az)] = 5,,,05‘" + - -4ajos +apo, (12.87)

and det[(f, —A1)] = @y . If the condition ¢) is met then @, ¢ < 0 and by Theorem
12. 13| the system (12.52) is unstable. ]

Example 12.5. Consider the system (12.52)) with the matrices

0503 0.20.1 —0.3 0.1
Ao = {0.4 0.4}’ Ar= [0.1 0.3}’ Az = [ 0.2 —0.4} (12.88)

The matrices (12.88)) satisfy the conditions[12.13] since

0.46 0.28

AotAid, = {0.43 0.29

} € R, (12.89)

and then the system is positive.
Using (12.88) we obtain

-0.2-04

det[—(Ag +A43)] = det [—0.6 0

} = —0.24,

0.3 —0.1
det[—A;] = det [_0.2 04 } =0.1,

0.8 —0.1

det[l, — Aj]det {_0.1 07

] =0.55,
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and the condition a) of Theorem [[2.14] is satisfied. Therefore, the positive system
U2.52) with (12.88) is unstable.

In this case the polynomial (12.76)) has the form

det[ls(z+1) —Ag—Ais—Ax(z+1)] (12.90)

s72+0.85+0.3z—0.2 —-0.1s —0.1z— 0.4
—0.1s—0.2z—0.6  sz+0.7s+ 0.4z

= 222 +1.55%2 407522+ 0.5557 +0.12> + 0.357 — 0.24s — 0.227 — 0.24,

= det

and by Theorem|[12.]3|the system is also unstable.

12.5 Robust Stability of Linear Continuous-Discrete Linear
System

Following [26] we shall consider the new general 2D model of scalar continuous-
discrete linear system (fori € Z; andt € R})

xl(tai) = aix (tvi) +a12x2(t7i) +b1u(t7i)7 (12.91a)
)C2(l,i+ 1) = a1 X1 (l,i) +Cl22)€2(l,i) +b2u(t,i)7 (12.91b)
y(t,i) = crx(t,0) + caxa(t,i) + du(t,i), (12.91c¢)

where x; (1,i) = dx;(1,i)/0t, x (t,i) € R, x2(¢,i) € R, u(t,i) € R, y(t,i) € Rand ay,
ap, a1, ax, by, by, ¢y, ¢ and d are constant coefficients.
The boundary conditions for (I12.91d) and (1I2.91B) have the form

x1(0,i) =x1(i), i€Zy and x2(2,0) =x2(t), t€R,. (12.92)

The model (I2.97)) can be written in the form

[ X1 (t,1) } _ [an a12} [Xl(l‘,i)} + [Z;]u(t,i), (12.93a)

XQ(t,i—Fl) dar| an XQ(t,i)
N )C](l‘,l') .
y(t,i) = [c1 2] {xz(t’i)} +dul(t,i). (12.93b)
The general model (I2.91) is called positive (internally) if x; (z,i) > 0 and x,(z,i) >0
for all boundary conditions x; (i) > 0, i € Z and x,(¢) > 0,7 € R, and all inputs

M([,i) Z 0, te R+, i € Z+.
The general model (I12.97)) is positive (internally) if and only if

ayy €R, aga, azy, axp >0and by,by >0, ¢y, c2>0,d > 0. (12.94)

Characteristic function of the model (12.91) (and (12.93)) is a polynomial in two
independent variables s and z, of the form
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s—ap —a
w(s,z) = det 1 12
—dazy z—daz

= sz—sax —zay + (anan —anaz). (12.95)

The general model (IZ.91) is called asymptotically stable (or Hurwitz-Schur stable)
if for u(t,i) = 0 and bounded boundary conditions the condition x(z,i) — 0
holds for¢,i — co.

From the papers [8, 67] we have the following theorem.

Theorem 12.15. The general model (12.91) is asymptotically stable if and only if
w(s,z) 20, Res>0, |z]>1. (12.96)

The polynomial satisfying condition is called continuous-discrete
stable (C-D stable) or Hurwitz-Schur stable [8].

Now we consider the system (IZ.91) with uncertain coefficients a1, a2, a1, ax
and assume that

ai € lay, aj], k=12, (12.97)

where a;, and a?,; with a;; < a;,g (i,k = 1,2) are given real numbers.

By generalization to the case of systems with uncertain parameters one obtains
the following definition and theorems.

Definition 12.6. The general uncertain model (12.97)) is called robustly stable if for
u(t,i) = 0 and bounded boundary conditions (12.92)) the condition x(z,i) — 0 holds
for ¢,i — oo and for all coefficients ajy, i,k = 1,2, satisfying (12.97).

Theorem 12.16. The general uncertain model (1I2.91), (I2.97) is positive if and
only if
an € laj,af,] CR, ap,a5,,a5, >0, (12.98a)

and
b1,bp >0, c¢1,c0>0, d>0. (12.98b)

Theorem 12.17. The general uncertain model (1I2.91) is robustly stable if and only
if condition (12.96) holds for all coefficients ay, i,k = 1,2, of the polynomial (12.93)
satisfying (1I2.97).

In this section following [26] a simple analytical conditions for stability and for ro-
bust stability of general model (I2Z.91) of continuous-discrete linear systems, stan-
dard (i.e. non-positive) and positive will be presented.

Theorem 12.18. The general model (1I2Z.91) is asymptotically stable if and only if
the following two conditions hold

w(s,exp(jo)) #0, Res>0, Vo €]0,2x], (12.99)

w(iy2) 20, =1, Vye[o,e). (12.100)
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Proof. From [67] it follows that (12.96) is equivalent to the conditions

w(s,z) #0, Res>0, |z]=1, (12.101)
w(s,z) #0, Res=0, |z]>1. (12.102)
It is easy to see that conditions (IZ.101) and (I2Z.102) can be written in the forms
(12.99) and (12.100), respectively. a

Solving the equation w(s,z) = 0 for z =exp(jo), where w(s, z) has the form (12.95),

we obtain
appazy

exp(ja)) —an ’
From (I2.103) it follows that s(j) is a discontinuous function in the points ® =0
and w = & for ay; = 1 and ap; = —1, respectively. Therefore, for excluding this
discontinuity, we assume that ap; # +1.

Substituting @ = 0 and @ = 7 in (12.103) we obtain, respectively,

s(jo) =ap + (12.103)

s0=5(j0) = a1 + f‘zﬁ (12.104)
—dan
. appang
- = ayy — 21202 12.105
sz =s(jm) =ay Tt an ( )

Let s(jo) = u(w) + jv(w), where u(®) = Res(jo), v(®) = Ims(jo). It is easy to
check that [u(®) — s¢]> +v?(®) = r?, where s. = 0.5(sg +sz), ¥ = |so — S¢|. This
means that the plot of s(jo), @ € [0, 2], is a circle with the center s, and radius .
Hence, the condition Res(j®) < 0 holds for all @ € [0,2x] if and only if

m{ e ST } <0 (12.106)

From the above we have the following lemma.

Lemma 12.2. For the general model (12.91) the condition (12.99) is equivalent to
12.106)).

Now we consider the condition (12.100).
Lemma 12.3. For the general model (12.91)) the condition (I2Z100) is equivalent to
—1<axn<l1 and a%l—(allazg—a12a21)2>0. (12.107)

Proof. From (12.93) for s = jy we have that the root of the equation w(jy,z) =0
has the form

(y) = Jyax — (anax —appas)

gy ; (12.108)
Jy—an
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The condition (I2.100) holds if and only if |z(jy)| < 1, Vy € R, i.e.

V(1 —ad) +d2, — (an1an —anaz)* >0, YyeR. (12.109)
It is easy to see that (I2.109) is equivalent to (I2.107). O

Theorem 12.19. The general model (12.91) is asymptotically stable if and only if
<ap<l, (12.110)

and (12.106) is satisfied, or equivalently, one of the following conditions holds:

apda]

apaz > 0,a11 < , (12.111)
ajy) — 1
anay < 0,a < 221 (12.112)
I +axn
Proof. 1t follows directly from Theorem[I12.18 and Lemmas 12.2 and 12.3. O

Example 12.6. Consider the model (12.91) with a;» = —1 and a>; = 1. Check sta-
bility of the model for ay; = —0.5 and az; = 0.5.

In this case ajpas; = —1 < 0 and the necessary condition (IZ.110) holds. From
U2.112) it follows that the model is asymptotically stable if and only if:

a) a; < —2foray =-0.5,
b) aj < —2/3foray =0.5.

In the case of positive general model (I2.91)), from (12.94) and Theorem[12.19] we
have the following theorem.

Theorem 12.20. The positive general model (12.91) is asymptotically stable if and

only if
apnaz)

ap,ay >0, 0<axn<l and ap; < .
6122—1

(12.113)
Remark 12.6. Note that the conditions (12.113) follows immediately also from The-
orem[I2.171

Example 12.7. Let us consider positive model (IZ.91) with a1, = ap; = 1. Check
stability of the model for ay; = 0 and ax, = 0.5.

From Theorem[12.20/ we have that the model is positive and asymptotically stable
if and only if:

a) ap < —1foray =0,
b) a;; < —2foray =0.5.

Let us consider two real interval numbers A = [a~,a"|,a” <a™ and B=[b",b"],
b~ <bt.

Recall, that real interval number X = [x,x"] is the set of real numbers x such
that x~ < x < xT.
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It is well known from the interval analysis that (see [1, 7] for example)

A-B={a—b:acAbeBy=la —b",a"—b7], (12.114)
A-B={a-b:acAbcB}=]a,p, (12.115)
where
o =min(a b ,a bT,a"h ,a"b"), (12.116)
B =max(a b ,a bt,a b ,a"h"), (12.117)
and
A/B={a/b:acAbeB}=[a ,a"]-[1/b",1/b7],0¢ B. (12.118)

Hence, for any fixed ai» € [a},,a},] and az; € [a5;,a3,] we have apaz € [0, 045],
where

T R

oy = min(a),a,, d1ydyy, Ajdyys Ajpdy)), (12.119a)

o5 = max(a,as,, aj,ay,, dihds, ajas) (12.119b)
12 12921, Q129215 412831, A1pdy;)- :

From (I2Z.110) and (I12.97) it follows that the necessary condition for robust stability
has the form
—1 <a2_2<a;2< 1. (12.120)

Using the rules (1I2.113), (12.118) we obtain the following:

2D ¢ oy, B, (12.121)
ay —1
where
o o ot o
Oclmin< 12 2z ) (12.122)
a22 1’ Ay — 1 azzfl a2271
il :max< ap O _%p o ) (12.123)
ay—1ay—1"a,—1"ay—1
and 61126121
o 12.124
o € [, B, ( )
where
- - + +
(04 o o o
(xgzmin< —2 1 Iz 12 ) (12.125)
ay+1 ay+1 ap+1 ayp+1

ﬂgzmax< O O %h % ) (12.126)
an+1ayn+1"a5,+1 ay+1



12.5 Robust Stability of Linear Continuous-Discrete Linear System 291

Theorem 12.21. The general uncertain model (12.91), (12Z.97) is robustly stable if
and only if the necessary condition (12.120) is satisfied and

al; <min(oy, ). (12.127)

Proof. Using the rule (I2.114) and (I2.97) with i = k = 1, (I2121), (1I2.124), from
(IZ.106) we obtain the condition max{a}, — 04, a]; — 0o} < 0, which can be written
in the form (I2.127). The proof follows from Theorem[12.19 O

From the above considerations the following algorithm for robust stability analysis
of the standard uncertain general model (12.91), (12.97) follows.

Procedure 12.2

Step 1. Compute 0, ¢, from and oy, 0 from (12.122) and (12.123)
respectively.
Step 2. Check satisfaction of the conditions of Theorem[12.21]

Example 12.8. Find values of coefficient a;; for which the uncertain general model
({I2.91) with aj; € [—1,2], ap; € [2,3] and as; € [—0.5,0.5] is robustly stable.
According to Procedure 12.2 we have:

Step 1. From (12.119) and (12.122), (12.12)) one obtains: ¢, = —3, ocf2 =0,

o =—12, 0p = —6.
Step 2. In this case the necessary condition (IZ.120) holds and from (I2.127)
we have alﬁ < min(0y, o) = —12. This means that the model is robustly stable

if and only if aj; € (—e0, —12).
Now we consider the following special cases:

a) [0, 045] C[0,00)& 0, >0,
b) [a,,005] C (—,0]< a5 <0,
where o, and O‘1+2 are computed form (I2.119).

Assume that the necessary condition (12.120) holds. From (12.122)) and (12.125)
we obtain the following:

a) if o, >0 then

o o,
o = % <0, op= - 12_ 0, (12.128)
Ay — 1 ay + 1
b) if OCI_E < 0 then
4 _
o o
o = ——— 12 > 07 Oh = % < 0. (12129)
a3 — 1 ay + 1

Hence, from Theorem[12.21] we have the following lemmas.
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Lemma 12.4. The standard uncertain general model (1IZ91), (I2Z.97) with o, > 0
is robustly stable if and only if

Jr
[0
—1<ay<ah <1 and af) <——"2. (12.130)
ay, —1

Lemma 12.5. The standard uncertain general model (12.91), (12.97) with ot1+2 <0
is robustly stable if and only if

o
“l<ay<ah, <1 and af, < —2_. (12.131)
22 22 11 a2—2+1

In the case of positive uncertain model (12.91)), (12.97)) the conditions (12.98)) holds.
In this case ¢, > 0. From (12.98) and Lemma 12.4 we have the following theorem.

Theorem 12.22. The uncertain general model (12.91), (12Z.97) is positive and ro-
bustly stable if and only if

+

o
0<ay<ap<l and af < +‘21. (12.132)
ay —

Example 12.9. Consider the general uncertain model (I2.91) with a;, € [-5,—1],
azy € [2,4], ax € [—0.6,0.6]. Find values of the coefficient a;; for which the model
is robustly stable.

In this case from we have a;, = —20, o, = —2. Because o, <0
and holds, we apply condition (I2Z.131) of Lemma 12.5. From this condi-
tion we have that the model is robustly stable if and only if af, < &,/ (a5, +1) =
—20/0.4 = —50. The same result one obtains from Procedure 12.2.

Example 12.10. Find values of the coefficient a;; for which is robustly stable the
positive uncertain general model (I2.91) with aj, € [1,4], a1 € [2,6] and ay; €
[0,0.5].

From (IZI19) and Theorem [[2.22 we obtain ¢, = 2, ¢, = 24 and af, <
—24/0.5 = —48. This means that the positive model is robustly stable if and only if
aj) € (—eo,—48). The same result one obtains from Procedure 12.2.

The considerations can be extended to the matrix general model of continuous-
discrete linear systems.

12.6 Positive Realization Problem for Continuous-Discrete
Linear Systems

12.6.1 Problem Formulation

Consider a continuous-discrete linear system described by the 2D general model
[77]



12.6 Positive Realization Problem for Continuous-Discrete Linear Systems 293

Xt i+ 1) = Agx(r,i) +A1x(t,1) + Aox(r,i+ 1)
+ Bou(t,i) + Byu(t,i) + Bou(t,i+ 1), (12.133a)
y(t,i) = Cx(t,i) + Du(t,i), (12.133b)

teRy =[0,40], i€Zi={0,1,...},
where %(t,i) = axgt’i) , x(t,0) € R*, u(r,i) € R™, y(t,i) € R? are the state, input and
output vectors and

A e R By e R™™  k=0,1,2;, CeR*" DeRP™  (12.133¢)
Boundary conditions for (I2.1334) have the form

x(0,i), i€Z,, and x(t,0), *(,0), tER,. (12.134)

Definition 12.7. The continuous-discrete system (12.133a) is called internally posi-
tive if x(¢,i) € R% and y(t,i) € R, 1 € Ry, i € Z for arbitrary boundary conditions
x(0,i) eRY, i€Zy, x(1,0)eR], i(r,0)eR], reR,, (12.135)

and any inputs
u(t,i) e RY, a(t,i)eRY, teRy, i€Z,. (12.136)
The transfer matrix T'(s,z) of the continuous-discrete system (12.133a) is given by
T(s,2) = Cllsz— Ao — A1s — Ayz) ' (Bo+ Bys+ Baz) +D € RP*™(s,2), (12.137)
where RP*" (s, ) is the set of p x m rational matrices in s and z with real coefficients.

Theorem 12.23. The continuous-discrete system (I2.133d) is internally positive if
and only if
As €M, (12.1384a)

Ao, A1 RV Ag+A 1Ay €RY, By, By, B, eRY™, CeRY™, DeRP™,
(12.138b)
where M, is the set of n x n Metzler matrices (with nonnegative off-diagonal entries).

From (I2.137) we have
D= lim T(s,2), (12.139)

§,72—00
since
lim [I,sz—Ao—A;s —Azz]_1 =0

§,72—00

Knowing the matrix D we can find the strictly positive transfer matrix

Typ(s,z) =T(s,z) — D. (12.140)
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Definition 12.8. The matrices (I12.133¢) satisfying the conditions (12.138)) and
(IZI37) are called positive realization of the transfer matrix 7 (s, z).

The realization problem can be stated as follows. Given a rational matrix 7'(s,z) €
RP*™M (s, 7), find its positive realization.

Sufficient conditions for the existence of a positive realization will be established
and a procedure for computation of a positive realization for a given transfer matrix
T (s,z) will be given.

12.6.2 SISO Systems

First we shall solve the problem for single-input single-output (SISO) continuous-
discrete systems using the state variable diagram method [77, 169].

Let a given transfer function of the SISO continuous-discrete system have the
form

by, ., 51 212 +bq1,q271Squq2_l + -+ by1sz+b1os+ bo1z+ boo

T(S,Z) =

SNz —ag, g, 15712271 — - —ay157— a108 — ag1z— aoo
n\s.z
= dEs’zg € RP"(s,2), (12.141)
b

which by definition is the ratio of Y (s,z) and U (s,z) for zero boundary conditions,
where U (s,z) = Z{Lu(t,i)]}. Y(s,z) = Z{Ly(t,i)]} and £ and & are Laplace
and z-operators.

Using (12.139) and (12.140) we can find

D= lim T(s,2) = by, 4, (12.142)

§,72—00
and the strictly proper transfer function

by, .q,57' 2% + bql,qulsqlzqzil 4+ by11s2+b1os + bo1z+ boo

T(s,z) = _
(5:2) SN2 —ay g s 78— )82 — 108 — doiz — dgo q1.92
_ 71 _ _ _ _
_ bql,qz_lsqlzqz + -+ bi152+ b1os + bo1z + boo (12.143)
91292 — g, g, 18912927 — - — 1157 — aios — ap1z — doo’

where by = by + by, gyars k=0,1,...,q1; 1 =0,1,...,q2; (k+1 # q1 +q2).
Multiplying the numerator and denominator of (I2.143) by s~ 9'z~%2 we obtain

T( ) Y s7z) thqulz_l+”‘+51151_‘“Zl_q2+"'+EOOS_‘“Z_‘]2
5,2) = = .
2 U(S,Z) 1—aq17q271z_1—---—ansl_‘ilzl_‘h—~~~—a00s—‘11z—‘72
(12.144)
Defining
Uls,
E(s,2) = (5,2) (12.145)

l—ag g1z = —ans!—0nzl =2 — ... —agos— 01z
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From (12.143) and (12.144) we have

E(s,2) = U(s,2) + (agq-12" '+ Fans' 1272 4 pages™ 1272 E(s,2),
(12.146)
and

Y(s,2) = [bgrqp12 4 +bus' T2 TR o4 boos™ 2 E(s,2). (12.147)

Using (1IZ146) and (I2147) we may draw the state variable diagram shown on
Fig.[[2.0
The number of integration elements 1/s is equal to ¢; and the number of delay
elements 1/z is equal to 2¢q. The outputs of delay elements are chosen as the vari-
ables xg, 41 (2,1), .- Xg, 145 (t,0),Xg, +go+1(2,7), - - -, Xg, 424, (¢,7). Using the state vari-
able diagram we may write the equations
X1 ([,i) = XQ(t,i),
)Q(f,i) = )C3(t,i),
(12.148a)
lefl(tﬂi) = Xq (t.0),
Xqy (1,0) = a0,g,x1(1,0) + a1, x2(t,0) + -+ + ag,—1,9,%q, (1,1)
+x g1 (2,0) Fult,i),
Xgi+1 (l,i+ 1) = do,g,—1X1 (l‘7i) -l—ﬁ]?qz,l)Cz(l, l) + ot ag—1,9,-1%g, (l‘7l')

+ agy gy 1% +1(t,0) +Xg,12(2,0) + ag, g,—1u(t, i),

Xgi+qu—1(t, i+ 1) = @o1x1(t,0) + a1 x2(t,0) 4 - - 4 Tgy 1,1, (£,1)
+ Qg ,1%g,+1 (tvi) +qu+qz(t7i) +aq171”(t»i)v
Xgy+q, (1,14 1) = Gooxy (¢,0) +aroxa(t,0) + - + g, —1,0%¢, (,0)
+ ag, 0%, +1(8,1) +ag, ou(t,i), (12.148b)
xﬁll+q2+1(tai+ 1) = dooX1 (tai) +d10x2(t,i) +e +&6I|*170x111 (tai)
+ 54170qu+1(t7i) +Eﬂ1|70”<tvi)a

qu+2q2(t,i+ 1) = ClA()_’qulxl (I,i) +dl.q271x2(t7i) + - +dql,17q2,1qu (l,i)
+ bfh’qz—lquﬂ (t,i) +Xg42g,-1 (t, i) =+ bth,qz—lu<t7i)a
Y(t,1) = bo.gyx1 (t,0) + b1 gyx2 (1,0) 4+ -+ by —1,gyXg, (1,1) +Xq, 124, (1,1), (12.148c¢)
where

Q= g+ ag,1akgy, k=0,1,....,q1—1;
ay = by +bgiarg,, 1=0,1,...,g2—1, (12.148d)
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b1 —1byp,

1+ 1Dy

1—2b*thy,

ehiy— SQ

1—eb‘r—Thyp

1'c—hp

c+hy

T—eht1by

@b+ 1b g

1+3b+ by

Z+3b+1hy

;

2hig—1b,

9

ehg+ by

Fig. 12.6 State variable diagram for transfer function (12.144)
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Substituting in the equations (12.1484) i by i + 1 and differentiating with respect to
t the equations (IZ.148B) we obtain the equation (I2.133d) with

Ag=0, By=0, C=][C 0GC;] € RIx(a1+292)

[0 0 o0
A = Agll) Aglz) 0 | e IR(¢11+242)X(<11+2112)7
(1) 4(1) 41
_A31 AgZ) A33)
r.2 2
Agl) A(IZ) 0 ) )
A2 _ 0 00 GR(QIJF q2)*(q1+ (12),
L 0O 00
[0 By
B, = | B | eR@t22)x1 g — | o | e Rrt2a2)x1
_313 0

where
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ao,g,—1 Al,gy—1 --- Qg1 —1,g5—1

eR‘]Zqu’
ap,| aiy ... dg—-1,1
L dop.0 ap ... ﬁql,hg
_aq17q2_1 10...0
Agi,.qr—2 01...0
L | R
ag1 00...1
| 44,0 00...0
[ doo 1o .- dgi-10 -|
aop,1 ar ... dg—1,1 eququ7
[ G0.g-1 A1.gy-1 - Ggy—1,45-1
[ by0 00...0
bq1,1 00...0
| erme
byg,200...0
1 bg1,40-100...0
[00...00
10...00
01...00| cparxar,
_OO...]O
[ 1 o ... 0
0 0 1 ... 0
GquXQI’

LA0,q2 Al.q2 A2,y -++ g1 —1,q2
[00...0

Do | g ROXe
00...0

(10...0

(12.149a)
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[ { b111~,0
q1,92— 7
. bqlJ
By = : eR®2*l B3 = : e R2<1
Adgy,1
q1
_Aq11
L an-,O b
q1.92—1
[0
By = |- e R ~!
1

G = [E()ﬂz El,qz bqﬁlm] R,
C3=[0...01] e R,
Theorem 12.24. There exists a positive realization (IZ.149) of the transfer function
(IZI4]) if the following conditions are satisfied
Cl) Agl > OfOVk:(),l,...,Q],' l :Oalv"'qu" k+l§£q] +‘12;
b) bkl ZOfOVk:(),l,...,q],'l:(),l,...,qz,'

Proof. If the condition b) is met then D = by, ¢, = 0 and the coefficients of the
strictly proper transfer function are nonnegative. From it follows
that if the conditions @) and b) are satisfied then Ay € R"", B, € R, C € R,
k=0,1,2; D > 0 and by Theorem[12.23] the realization is positive. O

From we have the following corollary.

Corollary 12.1. If the conditions a) and b) of Theorem[I[2Z.24lare satisfied then there
exists a positive realization of the transfer function (I2Z_141) with Ag = 0 and By =0
and Ay € R

Example 12.11. Find the positive realization of the transfer function

22,222
s+ s zz+s"+ 77+ z2+2
T = . 12.150
(S7Z) S2Z2_2s2z_s2_z2_2z_1 ( )
Using and (12.140) we obtain
D= lim T(s,z) =1, (12.151)

§,72—00
and the strictly proper transfer function

35274252+ 272 +3z+3
§272 —2s27— 52— 72— 27— 1
377 427 2425 2435 27 4357272

= 12.152
1-2z71—z 252252771 — 572772 ( )

Tp(s,2) =T(s,2)— 1 =
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In this case and (I2.147) have the form
E(s,z) =U(s,z) + (22_1 42 24524252 s_zz_z) E(s,z), (12.153)
and
Y(s,2) = (32 '+ 2272+ 25 2435 22 + 352 ) E(s,2). (12.154)

Using (I2133) and (I2134) we may draw the state variable diagram shown on
Fig. 0271

= — —
-~ — —
z + +
=
> S s < B
© © [ia) 0
s 1 8 8 1 8
9 z- ) z- +
\S
2 3 3 2

Fig. 12.7 State variable diagram for transfer function (12.152))

The outputs of the integration elements are chosen as the state variables x; (s,z),
x2(s,z) and the outputs of the delay elements as the state variables x3(s,z), x4(s,2),
xs5(8,z2), x6(s,z). From the state variable diagram we have the equations

X1(ti+1) =xp(t,i+ 1),
X+ 1) =x(ti+ ) +x3(t,i+ 1) +u(t,i+1),
= A%y (¢,0) + 2x3(1,0) + x4(2,0) + 20(2,0), (12.155)

= 231 (2,0) + %3(¢,0) +u(z, i),
= 5x1(1,0) + 2x3(t,1) + 2u(t, i),
= 6x1(t,1) + 3x3(1,1) + X5(¢, 1) + 3u(t, i),

ti+1
Xs(t,i+1
Xe(t,i+1

(
(
x3(t,i+1
24 (

(

(

\/\_/\_/\_/\_/\/
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and
y(t,i) = 2x1(2,0) + x6(2,0). (12.156)

The equations (I2Z.133) and (IZ.136) can be written in the form (I2.133d), where

x(t,0) = [x1(2,0) xo(t,0) x3(2,0) x4(z,0) x5(2,0) xﬁ(t,i)]T, (12.157)

000000 010000
000000 101000
402100 000000
A=0A=15051000|" 4= |000000]"
502000 000000
1603010 000000
[0 0
0 1
2 0
By=0, Bi=|7|, Ba=|,| C=[200001].
2 0
3 0

The desired positive realization of (IZ.130) is given by (IZ.131) and (I2Z.157).

12.6.3 MIMO Systems

First we shall consider linear continuous-discrete m-inputs and one-output systems
with the transfer matrix [153]

T(s,2) = [Ti(s5,2) ... T(s,2) | € RP™(s,2), (12.158)
where (5.2
- ng(s,z -
Ti(s,2) = o) k=1,....m. (12.159)

It is assumed that the minimal common denominator d(s, z) satisfies the assumption
m

d(s,z) = [ [ di(s,2). (12.160)
k=1

Using and (I2.140) we can find the matrix D and the strictly proper transfer
matrix T, (s,z). Applying the approach presented above for SISO systems to MIMO
system with we may find a realization of each transfer function (I2Z.139).
A realization of the transfer function can be found by use of the following
theorem.

Theorem 12.25. Let

AOk:07 Alka A2k7 Bok:()a Blka B2k7 Ca k= 17"'7m7 (12161)
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be a realization of the transfer function (IZ.139). Then a realization of the strictly
proper transfer matrix

Tip(s,2) =T (s,2) =D = [T1(5,2) =Dy ... Tu(5,2) =D |, (12.162a)
Dy = lim Ti(s,z), (12.162b)
§,7—00
is given by

A1 = block diag [A“ Alm} , Ay =Dblock diag [A21 Azm] ,
B = block diag [B” Blm} ,  Bp =Dblock diag [le Bzm] ,
C=[C...Cu]. (12.163)

Proof. Using (12.139), (1I2.1624) and (I2.163) we obtain

Top(s,2) = [C1 ... Gy ] {block diag [ Isz—Ars —Axz]} "
{blOCk diag [an—l—lez B]mS—FBsz} }

= [C1 ... Gu] {block diag [ 15z~ 15— Azz] ' }

X

x {block diag [ B115+B21z ... Bims+Bonz | } =

= [Cl [Insz—Als—Azz]_l (Bi1s+ B2i2)
C, [I,,szfAlszzzr1 (Blms—l—Bzmz)}
= [Ti(s,2) =Dy ... Tu(s5,2) =D | .
O

Theorem 12.26. There exists a positive realization (I2.163) of the transfer matrix
(I2138) if all coefficients of the numerator ni(s,z), k = 1,...,m; are nonnegative
and all coefficient of the denominators di(s,z), k =1,...,m; are nonnegative except
the leading coefficient equal to 1.

Theorem 12.27. If the assumptions are satisfied then by Theorem|[2.24|the realiza-
tion ([(I2.161) of the transfer function (I21338) is positive.

Proof. From (I2.163) it follows that in this case all matrices (I2.163) have nonneg-
ative entries and by Theorem[12.23| the realization of the transfer matrix is positive.
O

Example 12.12. Given the transfer matrix
T(s,2) = [Ti(s,2) Ta(s,2) ], (12.164)

where Tj(s,z) is given by (I2.150) and
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25222+ 2524+ 322 +s+1
T(s,z) = 55 sy R Sy £ (12.165)

Using and (12.140) from (12.164), and (I2.163) we have
D= lim T(s,2) = [12], (12.166)

§,72—00
and

Ty = T(s,2) — D

— | _35%2425%42224 3243 652452 +4s24 3545
o [s2127252z73271272zfl 527225272 —257—5—2 (12.167)

| 3271227242524 35 2 14357222 6272455724 ds T T3 172 4 5572572
1277177252052 1y 2;-2 |27 25225l 117225 2,-2

The state variable diagram corresponding to the transfer function Ty, (s, z) is shown
on Fig.[[2.7]and the positive realization is given by (I2.137) i.e.

(000000 010000
000000 101000
402100 000000
An=1501000|" 42 |000000]" (12.163a)
502000 000000
1603010 000000
[0 0
0 1
2 0
B = ik By = 0 , C1=[200000]. (12.168b)
2 0
3 0

The state variable diagram corresponding to Ty, (s, z) is shown on Fig.
Using this variable diagram we can write the equations

x1(t,i+1) = x(t,i+1),
Xo(tyi+ 1) = xi(t,i+ 1) +x3(t,i4+ 1) +up(t,i+ 1),
X3t i+ 1) = 2%(8,1) + x4(2,1),
xa(t, i+ 1) = 4% (¢,0) +xa(2,0) 4+ 2x3(2, ) + 2u2(2,0), (12.169)
xs(t,i4+1) = 11k (r,1) + 3x2(2, 1) + 6x3(2,0) + 6ua (2,1),
Xo(t,i+1) = 4% (t,i) +x5(1,1),
(t,0) = 5x1(1,) +x6(t, 1)

From these equations we have the realization of Ty,,(s,z) in the form
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Ie(t,i + 1)

x6(t,1)
x5(t,4)

12 Positive Continuous-Discrete Linear Systems

Fig. 12.8 State variable diagram for transfer function (I2.167)

A=

(000000 010000

000000 101000

020100 000000

412000 4271000000 (12.1702)
1136000 000000

(040010 000000

[0 0

0 |

O g, |9 C1=[500001] (12.170b)
2| 0" : :

6 0

0 0

The state variable diagram corresponding to the transfer matrix (I2Z.167) can be
obtained as the connection of the state variable diagrams shown on Fig. [12.7] and

Fig.[12.8](see Fig.[12.9).

Fig. 12.9 Connection of
state variable diagrams

uq (¢,3) ——»

Fig. 1

Y1 (tv i)

us(t, ) ———

Fig. 2

Y2 (tv 7’)
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By Theorem[12.25]the desired realization of the transfer matrix (12.164) is given
by

_ Al] 0 o A21 0
Al_{o AIJ, Az_{o AZJ, (12.171a)
_|Bi1 O | B2 O
Bl[ ) BIJ, 32{0 BZJ, (12.171b)
c=[c G, p=[12], (12.171¢)

where the submatrices A1, A2, B11, B2, C; are given by (12.168) and submatrices
Asy, A2, By, By, Gy are given by (12.170). The realization is positive since all
entries of the matrices (I2Z.171)) are nonnegative.

Remark 12.7. If the assumption (12.160) is not satisfied and

m m
deg,d(s,z) < [ ] deg,di(s,z), deg.d(s,z) < []deg.di(s,z), (12.172)
k=1 k=1

then to decrease the dimension of a realization of (12.158)) it is recommended to find
the polynomial d(s,z) and write the transfer matrix (I2.158) in the form

T(s,z) = [71(5,2) .. Tm(s,2) |, (12.173)

d(s,z)

where deg, d(s,z) (deg,d(s,z)) denotes the degree of the minimal common denom-
inators with respect to s (z).

Note that the m-inputs and p-outputs system can be considered as the sequence
of p m-inputs and one-output systems. In this way the presented approach can be
extended for m-inputs and p-outputs linear systems.

The considerations can be extended to fractional positive continuous-discrete 2D
linear systems.






Appendix A

Laplace Transforms of Continuous-Time
Functions and Z-Transforms of Discrete-Time
Functions

A.1 Convolutions of Continuous-Time and Discrete-Time
Functions and Their Transforms

Definition A.1. The Laplace transform of a continuous-time function f(¢) is defined
by

2U0) = [ £0e ar=Fs) (A1)
where f(t) =0 fort < 0.

Definition A.2. The continuous-time function defined by

A0 = [ - DA, (A2)

is called the convolution of the continuous-time functions f(¢) and f>(¢).

Theorem A.1. If
Fi(s) =Z[A0)],  F(s) =Z[f0)], (A3)

then

Rz [ /0 -1 fz(r)dr} — Fi(5)Ba(s). (A4)

Proof
2| [ at-an@ar] =2 | [“he-onea

_ /0 B [ /0 T h—1) fg(r)} e drdt

. / " (e du / " h(t)e T dT = Fi(s)Fy(s).
0 0
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Definition A.3. The discrete-time function defined by

fi(i) i) = 3 fili— k) fa(k), (A5)

k=0

is called the convolution of the discrete-time functions f (i) and f>(i).

Theorem A.2. If:
F(z) = Z[/6)], F()=Z[fL30), (A.6)
then '
z [2 fili—k) fa(k) | = Fi(z)Fa(z). (A7)
k=0
Proof. The proof is similar to the Theorem A.1. O

A.2 Laplace Transforms of Derivative-Integrals

Theorem A.3. The Laplace transform of the function t* has the form

I'lo+1)
g[l‘a] - W, OﬂeR (A8)
Proof.
oo oo o oo
B st x* 1 . T(a+1)
Z[ta]—/o tae Sdt—/o W@ de—ﬁ/o xae de—W.
O

Theorem A.4. The Laplace transform of the first order derivative of the function
f(t) has the form

Z [%f(t)} = sF(s)— f(0"). (A9)
Proof.

<z [%f(t)} = /: %f(t)e‘”dt:/Ome—srdf:e_stf
= sF(s —f(0+).

Ty s/ ft)e "dt
0 0

Generalizing (A.9) for n order derivative we obtain

<z [%f(t)} =§"F(s)— i sk k=l o0, (A.10)
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Theorem A.5. The Laplace transform of the fractional o-order integral has the
form

LU0 =2 | s [ 0= 0w | = 50, (A1)

Proof. Using (A.4) we obtain
LU= | s [0 ae] = o2 ) 2] =T
O

Theorem A.6. The Laplace transform of the fractional o.-order integral of n-order
derivative of the function f(t) has the form

n ) O+
[l"‘f } zf 7). (A.12)
Proof. Using (A.4) we obtain

2ot 0] = 2| s [ -0 e

= 2"y [f(")(t)}

—

I'o)
— ;F(O{) SF(s) — < snfk (k—1) (+
o) s* ( F(s) kg,l f 0 ))

= Sa—n+k
O
A.3 Z-Transforms of Discrete-Time Functions
Theorem A.7. If
Zx] = inz_i. (A.13)
i=0
then
Qf[xiﬂ] = ZX(Z) — X0, (A.14a)
p _
Zlxip =7 PX()+2* z xjz 7. (A.14b)

=1
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Proof. Using (A.13) we obtain

Zxi1] = in+1Z7i = zsz’(j’l) :szjz’j —zxp = zX (2) — zx0,
i=0 j=1 Jj=0

i) = S = B g0 =7 § e

Jj=-p Jj=-p

. _p .
=7z ”sz Ip? z xjiz T=PX(@)+z Y, xz

j=0 j=-1 j=—1
O
Theorem A.8. Let X (z1,22) be the 2D z-transform of the function x;; defined by
Z[xij) = ZZx,,zl 5. (A.15)
i=0 j=0

Then
Zxig1,j11] = ZlZz[X(Zl,Zz) X (z1,0) — X (0,22) + x00), (A.16a)
P k] = 21 " 2lX (21,22) — X (21,0)], (A.16b)
Zxipr,j-1) = [ (z1,22) — X(0,22)], (A.16c)
P ik i) = 735X (21,22), (A.16d)
P [xivr,] = alX (Zlsz) X(0,22)], (A.16¢)
Zxi ] = 2[X(21,22) — X (21,0)]. (A.16f)

where

X(z1,0 Zx,ozl . X(0,22) Zxojzz .



A.3 Z-Transforms of Discrete-Time Functions 311

Proof. Using (A.15) we obtain

o oo

Z X1, j+1] Z 2x1+1 J+12) Zz Z Zxklzl * 1 !

i=0 j=0 k=1i=1

=122 [z S xuz o =Y a0zt — Y x0izy !+ x00
k=0i=0 =0

b

= oo oo

S i 1=p_~(g+1)
Z Xk j] 2 Yz =2 D et g
i=0j=0 p=1lg=—1

p=0¢g=0
LACTUNIED ) YIRS Y YRt
i=0 j=0 p=—kq=1
=7 ZZ[Z prqzl 2 ]
p=—kq=
=7 ‘2 lZ prqzl 5! Zijzzj] )
p=0g=0 j=0
g[xifk.,jfl] _ 2 infk,jflzfizz_j — 2 2 quZI*(PHc)ZZ*(qH)
i=0j=0 p=—kq=—1
=7 Z2 [2 prqzl 2 ],
p=04=0
-xl+l7j Z 2x1+1 iZ1 Z2 2 Zxkal
i=0j=0 k=1 j=0
= [2 Z XkjZy kzz ] = [Z zxkal Zz ZXOAizzjla
k=1j=0 k=0 j=0 j=0
x, ]+1 2 th 121 Zz 2 szkzl Zz
i=0j=0 i=0k=
=2 [Z inkzl"zzkl =2 lz Z xiszizz’k — inozli] .
i=0k=1 i=0k=0 i=0






Appendix B

Infinite Long Cable with Zero Inductance as an
Example of Fractional System

Consider the infinite long cable with zero inductance described by the equations
(B.1):

du(x,r)

5 = Rilx,), (B.1a)
di(x,t) _du(x,t)
T (B.1b)

where u(x,7) and i(x,) are the voltage and current in the point x and time ¢ and
R and C are the resistance and capacitance of unit length cable. Differentiating the
equation (B.1a) with respect x and using (B.1b) we obtain:

du(x,r) d%u(x,t) 1

o YToe 0 *Tke

(B.2)

It is assumed that the voltages (u(0,7) = uo(¢)) and u(x,0) are given and the voltage
at the end of the cable is zero u(es,7) = 0. Solution of the equation (B.2) will be
derived by the use of the Laplace transform method. Let

U(x,s) = Llu(x,1)] :/ u(x,t)e"dt, (B.3a)
0
and .
U(p,s) = Z4U(x,s)] = / Ul(x,s)e *dx. (B.3b)
0
Applying the Laplace transform to the equation (B.2) we obtain
1 —
(P =2 )U(ps) = ——U(P.0)+pU0.9)+T(0.5). (B
and | .
U(p,S): pz_i |:aU(p,0)+pU(0,S)+U(O,S) s (B.4b)
o
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where

T(0,5) /0°° du(0,t)

o — du(0,s)
dx
Taking into account that

dU
_ d%ls) (B.5)
X dx
1 1 1
2 s K 5\ 5 5\ (B6)
roa 2VE-VE) 2V Ve
and using the Laplace transform of the convolution to (B.4) we obtain
L |
Ulx,s) = /
(x,s) e

oVE [ L) ay
o

*o 5 1
_ IV
+ U(0,s)cosh (x\/z> + U(©.s) sin (x\/z> ,

«) vz "W
since
w1 { p S} = cosh (x\/z)7 7 { 1 } _ 1Y sinh (X\/E> (B.7b)
P—q o ‘ NES o

Substituting

cosh (x\/g) - % (ex\/§+e—x\/§), sinh ( \/j) _

W5) - eE o)
(B.8)
to (B.7) we obtain
X\/g U(
_ ¢ ‘\/—
U()C,S) - 2 U(O,S) \/g (X\/—/ ya ‘|
e Va U(0,s
+ 5 U(0,s) —

\/g Oc\/_/ ey\/_u (,0 dy]. (B.9)

Note that in (B.9) we have the product of the components

g7X£
and / V\/_u (»0
2 o \/_
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The first component decreases to zero and the second component increases to infin-
ity with x — oo. Applying the I’Hospital rule we obtain

1 X % 5
/Z Joe u(y, 0)dy %e"\/gu(x,O) u(e0,0)

A e s B
By assumption u(ee,s) = 0. From (B.9) for x = e we have
U(eo,s) = lime*V e |U(0,s)+ = / Vau(y,0)dy| =0,
= VA
(B.11)
since the second component tends to zero for x — co. From (B.11) we have
U ,\/—
U(0,s)+ —S / Vau(y,0)dy =0. (B.12)
a O‘\/_
From (B.1a) for x = 0 we obtain
1dU(0,s) U(0,s)
I 0 = 0 ) = — = . B.13
(0.5) = Z(0,0)] = =2 = 20 (B.13)
From (B.12) and (B.13) we have
RI(0
U(0,s) / y\/—u (y,0 (71S) (B.14)
0‘\/_ a
Note that
1 s
WVauy,0/dy = ——U(q,0), q=1/~. B.15
= \/— / (»,0 N (4,0), a=4/, (B.15)

Taking into account (B.15) from (B.14) we obtain

1 RI(0
V0.9 = o= Ula0) - &;X 0= (B.16)

By assumption u(x,0) = 0, (U(p,0) = 0) and from (B.16) we have

U R
(0.5) __Rvo (B.17)
1(0,s) Vs
Applying the inverse Laplace transform we obtain
1 1
1 dz 1 d2
i(0,1) = — d2u(0.0) _ d2uo(t) (B.18a)

RVa g4t RJa gt
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and 1
d—2i(0,z
uo(t) = u(0,1) = —R\/a#. (B.18b)
dt—2

Therefore, the voltage ug(t) and the current i(0,7) at the beginning of the cable are
related by (B.18). To find the voltage u(x,7) for given initial conditions we substitute
(B.16) into (B.9) and we apply the inverse Laplace transform with respect to s. Other
examples of fractional linear systems are presented in [292, 213, 251, 260].



Appendix C
Right Inverse of Matrices

Consider the matrix linear algebraic equation
Ax=b, (C.1)

where A e R"™™ b e R", x € R™, m > n.

Theorem C.1. The equation (C.1) has the solution for every b if and only if the
matrix A has full row rank.

Proof. The equation (C.1) has a solution if and only if rankA = rank[A,b]. From
this condition it follows that the solution of (C.1) for any b there exists if and only
if rank A = rank|A, b]. a

For m > n the equation (C.1) has many solutions.

Theorem C.2. The set of solutions of the equation (C.1) is given by
x=A,b, (C.2)

where A, is the right inverse of the matrix A, satisfying the condition AA, = I,.
Proof. Substitution of (C.2) into (C.1), yields

AA.b = b, (C.3)
since AA, = I,. O
Theorem C.3. There exists the right inverse A, of A € R if

rankA = n.

The right inverse is given by one of the formule

a)
A, = AT [AAT) " (1, - AT [447) " A) K, (C.4)
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X A, =K[AK]™', det|[AK]#0, K eR™" (C.5)
c)
A, =R [H A7, AR=[A1,0], A €R™"  detA; £0. (C.6)
where R is the matrix of elementary column of operations (Appendix D).
Proof.

a) If rankA = n, then the matrix AA” is nonsingular (positive defined). In this
case there exists the inverse matrix [AAT]~! and the matrix (C.4) satisfies the
condition

AA, = AAT [AAT) ! a1 - AT [AAT] 7 A K =1,

b) IfrankA = n, then there exists a matrix K such that det[AK] # 0 and the matrix
(C.5) satisfies the condition

AA, = AK[AK] ' =1,.

c) Let R be a matrix of elementary column operations satisfying the condition
AP = [A},0], detA; # 0. In this case the matrix (C.6) satisfies the condition

Iy

AA, =AR {K

_ L1, _
}Al b= [A,0] [E}Al L=AA =1,

Example C.1. Compute the right inverse of the matrix

20-3
-[223)

a) Using (C.4) and taking into account that

2 4
r [20-3 (135 o1 118 -5
AA—{411] O _{518’ AT =505 | -5 13 )



C Right Inverse of Matrices 319

we obtain
2 4 100
1718 -5
A= | 01 —{ }Jr 010
31| 209113 001
3‘1‘ 1{18—5“20—3] ]’?iz
- ana | 3 R4
25 lan i
[ 16419k —42ks 1 6ks 42+ Ok — 424 + ks
= 305 | —5 —42ki-+ 196ks — 28ks 13— 42k, + 196ks — 28k

—59+ 6k| — 28ky +4ks 28 + 6ky — 28ky + 4kg
b) The matrix K is chosen so that

det{AK] = det{ 2y —3ks 2k —3ke }

4ky + ks + ks 4ky + kg + kg
= 2k1kyq + 14k kg — 14ksky — 3ksky — 2kpks + 3keks # 0.

Using (C.5) we obtain

. 2 ’]Z 2y —3ks  2ky—3ke | "
r ke k 4ky + k3 + ks 4k + kg + ke
5 k6
1 il iz 4ky + kg + ke ke — 2k
" det[AK] kz k‘ﬁ* —4ky — k3 — ks 2k; — 3ks
kika + kykg — kaks — ksko 3kykg — 3ksky
= — | dkoks + keks — 4k ks — kska 3keks — 2kpks + 2k kg — 3kska
det/AK] | 4sky + ksky — 4k ke — koks ~Dkska + 2kikg

¢) Using the following elementary column operations we eliminate from A its lin-
early dependent columns

411 | = |a1 0 | FI+>G)
00 -3 R ~300
01 0 — 010/

To find the matrix R we perform on the identity matrix 7, the elementary column
operations

|:2 0 3:| R[+2x (1] |:2 0 3:| R[14+2x(—4)]
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C Right Inverse of Matrices
(100 LO O | Rriurox(-4)
010 FBE2XEVL 01 —1 | rusx(2)
001 oo 1 |
1 00 00 1
14 R[1,3 14
ZT1—1 RIS 1 5
201 10 3
Hence
00 1
R=|-11-4 (C.7)
10 32
and
00
2037 0,y | _[-300]_
AP_L“ 1] -k _[0 10}_[A10}
10 32
Using (C.6) for
K=k k], (C.8)
we obtain
00 1 10 o - ka
Ar=|—-11-%1101 {_03(” %+%kl 1— %k
10 2 | |kk Sl 2



Appendix D
Elementary Operations on Matrices

Definition D.1. The following operations are called elementary operations on a real
matrix A € R

a) Multiplication of any i-th row (column) by the number a # 0.

b) Addition to any i-th row (column) of the j-th row (column) multiplied by any
number b # 0.

¢) The interchange of any two rows (columns).

In this book the following notation is used.
L[i x a] multiplication of the i-th row by the number a # 0
Rli x a] multiplication of the i-th column by the number a # 0
L[i+jxDb] addition to the i-th row of the j-th row multiplied by
the number b
R[i+ jxb] addition to the i-th column of the j-th column multiplied by
the number b
L[i, j] the interchange of the i-th and the j-th rows
RJi, j] the interchange of the i-th and the j-th columns
The elementary operation can be extended to polynomial matrices [89].
The rank of the matrix A is invariant under the elementary operations.
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